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Preface 

In a series of eighteen papers published between the years 1858 and 1865 the 

French mathematician Joseph Liouville (1809-1882) introduced a powerful 

new method into elementary number theory. Liouville’s idea was to give a 

number of elementary (but not simple to prove) identities from which flowed 

many number-theoretic results by specializing the functions involved in the 

formulae. 

Although Liouville’s ideas are now 150 years old, they still do not usually 

form part of a standard course in elementary number theory. Moreover there 

is no book in English devoted entirely to Liouville’s method, and, although 

some elementary number theory texts devote a chapter to Liouville’s ideas, 

most do not. In this book we hope to remedy this situation by providing a 

gentle introduction to Liouville’s method. We will not give a comprehensive 

treatment of all of Liouville’s identities but rather give a sufficient number of 

his identities in order to provide elementary arithmetic proofs of such number- 

theoretic results as the Girard-Fermat theorem, a recurrence relation for the sum 

of divisors function, Lagrange’s theorem, Legendre’s formula for the number of 

representations of a nonnegative integer as the sum of four triangular numbers, 

Jacobi’s formula for the number of representations of a positive integer as the 

sum of eight squares, and many others. We will also treat some of the more 

recent results that have been obtained using Liouville’s ideas. 

Liouville’s method, although beautiful and arithmetic, is still an elementary 

one and as such has its limitations. As it is based on a number of identities, in 

order to obtain a particular number-theoretic result using it, the right identity 

has to be chosen as well as the right choice of the function occurring in it. 

And this is not always easy to do! Also, as with any elementary method, 

there are boundaries to what it can achieve. Indeed there are number-theoretic 

formulae which cannot be proved by Liouville’s method and other tools are 

required to prove them. However, on the other hand, although we do not know 

xi 



xi Preface 

the limitations of Liouville’s approach, there are still new number-theoretic 

formulae waiting to be discovered and proved by Liouville’s method. Hopefully, 

after reading this book, the reader will find some. 

The prerequisites for this book include the basics of elementary number 

theory such as divisibility, primes, the fundamental theorem of arithmetic, 

quadratic reciprocity, the Legendre-Jacobi-Kronecker symbol, and a little about 

the representation of integers by binary quadratic forms such as x*+xy+y’, 

x? + y? and x? + 2y”. Hopefully in reading this book, the reader will enjoy 

and appreciate the elegant arithmetic proofs that Liouville’s method enables us 

to give. After reading this book the interested reader is encouraged to study the 

theory of modular forms, where formulae similar to but deeper than the ones 

given in this book can be found. 

The author is grateful to his colleagues A. Alaca and S. Alaca for their 

comments on the draft of this book, and to M. Huband for her help with 

Chapter |. The author is also grateful for the suggestions and corrections that he 

received from B. C. Berndt of the University of Illinois. He also acknowledges 

the kindness of Professor Berndt in allowing him to name this book in a 

similar fashion to Berndt’s excellent book “Number Theory in the Spirit of 

Ramanujan.” He also thanks his wife Carole for her help with the references 

and index. 

Kenneth S. Williams 

Ottawa, Ontario, Canada 

March 2010 



Notation 

N = set of positive integers = {1, 2, 3, ...} 

No = set of nonnegative integers = {0, 1, 2,3,...} 

Z = set of all integers = {..., —3, —2, —1,0, 1, 2,3, ...} 

Q = set of all rational numbers 

IR = set of all real numbers 

C = set of all complex numbers 

Re(z) = real part of z € C, that is Re(z) = x, 

where z=x+iy,x,yER 

Im(z) = imaginary part of z € C, that is Im(z) = y, where 

C= xh +1, xy ek 

B,, = n-th Bernoulli number 

(By ly By = 3 By = son) 
d|n__ the integer d divides the integer n 

d{n_ the integer d does not divide the integer n 

p* ||n _ the prime p is such that p* | n and p**! {n 

gcd(m, n) = greatest common divisor of the integers m and n (not both zero), 

which we abbreviate to (m, n) if space requires 

[x] = the greatest integer less than or equal to the real number x 

% = the empty set 

 (.ieauite | n 
ln) =| 9 if k tn. 

Gy a{® #214 
or | deme acey, 

1, ifm isa perfect square, 

0, otherwise. 
Si) = 

Xiil 



xiv Notation 

> d*, ifneN, 

oK(n) = ee 

0, ifn g N. 

d(n) = o0(n) = se 1 = number of positive divisors of n € N 

déeN 

d|n 

Cn) =n) = De d = sum of positive divisors of n € N 

déeN 

d\n 

op (n) = S d* 

déeN 

d\n 

n/d odd 

d*(n) =05(n) = a 1 

déeN 
d\n 

n/d odd 

o*(n) =o;(n) = oes d 

déeN 
d\n 

n/d odd 

day ok ae 
déeN 

d|n 

d =k (mod m) 

A(n) = {i, j,k) € ZX Nx N|i?2+ jk =n, k odd} 

A;,(n) = Ss a(m)a(n — km) 

meéeN 

l<m<n/k 

r(n) = card{(x1,...,x¢) € ZF jn =x? +--+ +x7} 

p(n) = card {(1,...,.x4) € Z* | n = x? +--- 4x2, ged(xy, .. 

Sox(n) = card ese by EL” | n = x + x1X2. + oe 

2 2 
SF hee 4p Xan] ata X2k—1X2k SF x} 

on) aly 

t(n) = card {(x1,...,%%) EN | n= Sxy(qp +1) +---+ Sx (Xe + 1)} 

r(n) = card {(x, y) € N* | n =x? +4 y?} 

Ri(n) = card {(x, y,z,t) e N¢A|n =x2 4 ye ze 2t7) 

Ro(n) = card {(x, y, z,t) E Nt | n = x? + y? +222 + 297} 

R3(n) = card {(x, y,z,t) € NA | n =x? 4+ Ly? + 227 + 217} 



Notation 

d 
(=) = Legendre-Jacobi-Kronecker symbol, which is 

n 
defined for d € Z with d = 0, | (mod 4) and 

n € N (dis called the discriminant) 

+1, ifn =1 (mod 3), 
—3 
(=) = 4-1, ifn =2 (mod 3), 

vt 0, ifn =0(mod3). 

5G +1, ifn =1(mod 4), 
(=) ={-1, ifn =3 (mod 4), 

se 0, ifn =0(mod 2). 

24 +1, ifn =1,2,3 (mod7), 

(=) = 4-1, ifn =3,5,6(mod7), 

: 0, ifn =0(mod7). 

a +1, ifn =1or3 (mod 8), 

(=) = 4-1, ifn =5or7 (mod 8), 

y 0, ifn =0(mod 2). 

g +1, ifn = +1 (mod 8), 

(5) = 4-1, ifn =+3(mod 8), 

f 0, ifn =O0(mod 2). 

Gip= +1, if 7 =k =0(mod 2), 

Ye = 11, otherwise. 

n—\ 

Se, p(n) = ) > ae(m)o s(n — m) 
m=1 

lo 7) = ) Oe(m)o¢(n = gm) 

meN 
m<n/g 

Wavn):= D> o(mo(n—m) 
meN 

m<n 

m = a(mod b) 

S(A,B,C,D,f;n)= > (f(Aa—Bb)- f(Aa + Bb)) 
(a, b,x, y) € Nt 

Cax + Dby =n 

KV 



XVI Notation 

y(n) = Mobius function 

Il, ihe 74s = tL, 

= {(-1)*, ifn = pipo... pe, where pi,..., Px are distinct primes, 

0, otherwise. 

(= i ido, (2 eo 2) 
déeN 

d\n 

6s(n):= DO (-D" la? = s(n) — 205(n/2) 
déeN 
d\n 

O(n) := 6,(n) = a(n) — 40(n/2) 

G(n) := 6,(n) = a(n) — 20(n/2) 

d(n) := a d=oa(n) 
deN 

d\n 

Yo d =a(n) — 20(n/2) 
déeN 

d\n 

2tn 

dx(n):= ) > d = 20(n/2) 
deN 

d|n 

2\|n 

> d =a(n) - o(n/2) 
deN 

d\n 

2tn/d 

ye d= 0(71/2) 
déeN 

d|n 

2|n/d 

de(n) = ) (-I)*"!d = a(n) — 40(n/2) 
déeN 

d\n 

d(n):= S° (-1)"/4""d = o(n) — 20(n/2) 
deN 

d\n 

dy(n): 

d4(n) 4 

ds(n) : 

n—1 

DAS) Y > d-(m)d,(n —m) 

m=1 



Notation XVil 

A := set of triangular numbers 

SV alo, OOD, 2) 

R(n) := card{(ty, fo, t3, t4) € ine |n=t) +t. + 2t3 + 2t4} 

H := {z € C | Im(z) > 0} 

six@):= {| A |a,b,c,d €Z, ad-be=1| 

2k = are 
Ex(q) :=1- 3 So ox-1(n)q", g=e", ze H, k(even) > 2 

k n=1 

M,(SL2(Z)) := space of modular forms of weight k for SL2(Z) 
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1 

Joseph Liouville (1809-1882) 

In 1809, the French mathematician Jean Fourier discovered that a complex wave 

is the sum of several simple waves; Napoléon Bonaparte was engaged against 

the British forces in the Peninsular War; and in the little town of Saint Omer, Pas 

de Calais, France, Joseph Liouville was born on March 24. His father, Claude 

Joseph, was a captain in Napoléon’s army; his mother, Thérése Balland, was a 

maternal cousin of Claude’s. They came from a distinguished, upper middle- 

class Lorraine family. The Liouvilles had an impeccable reputation, many of 

the family serving France honorably in the military, government and the law. 

The baby Joseph had a brother, Felix, born six years earlier at the family home 

in Toul, near Nancy. 

Because of their father’s profession, the family could not always be together 

and the two Liouville boys spent some of their childhood with an uncle in 

Vignot, near Commercy, where they attended their first school. Joseph, accord- 

ing to C.-E. Dumont [97], writing in 1843, was no child prodigy. Indeed, his 

first teacher predicted he would not go far because he played too much. Though 

this early assessment proved to be very wrong, young Joseph demonstrated his 

early inclination for mathematics through games, most notably chess. 

When Captain Liouville retired the family moved back to Toul. There, Joseph 

entered the local collége where he studied ancient languages. He continued his 

studies in mathematics at the Collége St. Louis in Paris and began sketching 

his own mathematical ideas, transcribing them into notebooks, a practice he 

maintained throughout his life. When he graduated from the Collége St. Louis 

at the age of sixteen, he enrolled next in the famous engineering institute Ecole 

Polytechnique, established in 1794 and considered the premier institution of its 

kind in Europe. His teachers were of the highest calibre and the course of study 

was rigorous. Liouville studied applied analysis, geometry, mechanics, physics, 

chemistry, history, topographic drawing, architecture, geodesy, and literature. 

He was taught mechanical analysis by André Marie Ampére (1775-1836), a 

1 



2 Number Theory in the Spirit of Liouville 

distinguished professor and mentor of Augustin Cauchy (1789-1 857), who also 

taught at the school and was considered the bright light of the mathematical 

community in Paris. 

In 1827, Liouville transferred to the engineering college, Ecole des Ponts et 

Chaussées. During his three years at that institution he distinguished himself by 

preparing seven memoirs, mainly on the theory of electricity and heat, which 

he presented to the Académie des Sciences where they were well received. 

Some were published in the current journals of the day and Liouville enjoyed 

an early reputation as a rising star in the scientific community. It was at this 

time (1830) that four important things occurred in his life. He was ordered by 

the school to train “‘in the field” as an engineer in Normandy; he became ill — 

perhaps with rheumatism — and returned to Toul on a special leave of absence; 

his mother died; and he decided to marry his cousin, Marie Louise Balland. 

The result was that after many letters to and from the school, several delays, 

and a brief honeymoon following his June 15 wedding, Liouville did report 

for engineering duty near Grenoble. His interest in engineering, however, had 

ended and in October he resigned his post to follow a career in mathematics. 

He was fortunate to be appointed as répétiteur (or substitute) for Claude Louis 

Mathieu (1783-1875) at the Ecole Polytechnique in 1831. 

In 1833, through the good graces of his friend Jean Colladon (1802-1893), 

Liouville was appointed professor of rational mechanics at the Ecole Centrale 

des Arts et Manufactures, a position he held until 1838 in spite of reports that 

his teaching was too theoretical and strayed from the curriculum. During this 

period, in order to make ends meet at home, Liouville also held positions at 

various private schools, at a collége, as well as at the Ecole Polytechnique, 

teaching from 35 to 40 hours a week. The salaries paid to instructors were low 

and there was strenuous competition among aspiring academics to secure work. 

In Liouville’s case, his father continued to support him and Marie Louise until 

1833. The young family settled down in Toul where Liouville spent the long 

summer vacations from June until November. He also maintained an apartment 

in Paris. In 1836 he earned his doctorate, a necessary step in eventually teaching 

at the university level. 

Although teaching kept him active and involved, Liouville’s interest in 

research required another forum. He therefore joined various discussion groups 

and in 1832 was elected to the Société Philomatique. The Académie des 

Sciences, however, offered the definitive judgement on original work and Liou- 

ville continued to submit works to that body, including his comprehensive study 
on fractional calculus and his theory of integration in finite terms. The latter 
was favorably reviewed by Siméon-Denis Poisson (1781-1840) of the academy 
and published in one of its official reports. The paper contained what would 

later be labeled “Liouville’s Theorem.” 



Joseph Liouville 3 

The state of French learned journals, especially scientific journals, was in 

flux during the 1830s, but Liouville continued to find outlets for his work. The 

Journal de |’ Ecole Polytechnique accepted two of his papers and he turned next 

to a German publication edited by August Leopold Crelle (1780-1855). This 

publication was Germany’s answer to the respected Annales de Mathématiques 

Pures et Appliquées edited by Joseph Diez Gergonne (1771-1859), which 

had printed its last number in 1831. Crelle’s journal accepted mainly work by 

German authors, but Liouville was able to join a small group of French scholars 

who had papers published. This gave Liouville his first contact with, and 

exposure to, German mathematicians. In particular, some time in 1830 Liouville 

met and began a correspondence with a famous German mathematician, Peter 

Gustav Dirichlet (1805-1859), a few years his senior and on a level with such 

well-known German mathematicians as Carl Jacobi (1804-1851) and even the 

great Carl Friedrich Gauss (1777-1855). 

By 1833, Liouville decided that France needed a new journal of mathematics, 

one that would be devoted entirely to the study of mathematics and would at 

last replace the Annales, which had finished in 1831. To that end, he set about 

assembling his first edition. As Jesper Lutzen describes in his book [192]: 

Liouville intended to accept both original papers on advanced subjects and new 

approaches to more elementary mathematics. Liouville also made it clear that he 

would not allow his Journal to degenerate into a forum for the everlasting and often 

slanderous quarrels in the competitive Parisian academic circles. 

(Lutzen, 1990, p. 38) 

From the first edition in 1836, the journal was of an excellent and enduring 

quality and attracted the best and brightest mathematical minds in France, as 

well as from Germany and later, other parts of Europe. Liouville demonstrated 

a skill at selection and editing not usually seen in a scholar so young and inexpe- 

rienced. In his first editions he published contributions from the likes of Peter 

Gustav Dirichlet, Charles Sturm (1803-1855), Andre Ampeére (1775-1836), 

Michel Chasles (1793-1880), Count Gugliemo Libri-Carrucci (1803-1869), 

Gabriel Lamé (1795-1870), Victor Lebesgue (1791-1875) and Julius Plucker 

(1801-1868). The journal was so respected, so popular, and so successful that 

it soon became known simply as Journal de Liouville. In addition to the works 

of established mathematicians, Liouville accepted papers by such promising 

young mathematicians as Joseph Serret (1819-1885), Urbain Leverrier (181 1-— 

1877) and Charles Hermite (1822-1901). He continued to edit the journal for 

the next 40 years. It provided him with an international reputation and a forum 

for his own work. 

While continuing his exhaustive routine of teaching, research and editing, 

Liouville, during the 1830s and 1840s, was unrelenting in his quest for secure 
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appointments at prestigious institutions, in part to further his career but also to 

provide an adequate income for his growing family. The Liouvilles produced 

four children, three daughters and a son. They seem to have been a close-knit 

group, enjoying the company of uncles, aunts, cousins and grandparents, with 

long sojourns in Toul tending the family vineyards and gardens and making 

occasional forays to visit relatives and friends. 

Liouville lost a close contest to Jean Marie Constant Duhamel (1797-1872) 

for a permanent professorship at the Ecole Polytechnique in 1835, but was 

soon in contention again, this time for a seat at the prestigious Académie des 

Sciences. Liouville chose to compete for the seat in geometry and submitted 

various results to the academy for consideration, among them new work he had 

completed with Charles Sturm, which later became known as Sturm-Liouville 

theory. According to Jesper Lutzen, at the last moment, he 

devised an ingenious convergence proof for the Fourier series of the second-order 

Sturm-Liouville problems. 

(Liitzen, 1990, p. 45) 

In the end, however, it was not enough and the seat went to the more expe- 

rienced Sturm. Finally, in 1837 Liouville obtained a position at the Collége de 

France as a substitute for Jean Baptiste Biot (1774-1862), teaching mathemat- 

ical physics. 

In 1838 he was named Professor of Analysis and Mechanics at the Ecole 

Polytechnique. Liouville was an active member of the teaching staff at the Ecole 

Polytechnique, and in addition to those duties he served on numerous adminis- 

trative committees and was in charge of the library at least until 1847. He also 

served as editor of the school’s journal, the Journal de l’Ecole Polytechnique 

for many years. 

In 1839, the astronomer Michel Lefrangois Lalande (1766-1839) died caus- 

ing a vacancy at the Académie des Sciences, and, ever on the alert for well- 

paying academic positions, Liouville was again in competition for a seat at 

the Académie. Having earlier done work on celestial mechanics and planetary 

theory, Liouville presented three papers to the academy within two weeks of 

Lalande’s death. Vigorously opposing his bid was his nemesis, Libri, whom 

he had accused publicly of plagiarism. Nonetheless, with the strong support 

of other members of the academy, principally Dominique Arago (1786-1853) 

and his close friend and colleague, Charles Sturm, Liouville succeeded to the 

post. The animosity between Libri and Liouville continued at the academy, 

each man missing no opportunity to snarl at the other. Liouville is quoted as 

saying in a letter to Dirichlet, that Libri was a man: 
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who is beginning to be despised almost as much as he deserves. 

(Liitzen, 1990, p. 64) 

(Four years later, in 1843, Liouville resigned his temporary position at the 

Collége de France in protest when Libri was elected to a seat there). 

Liouville had many contacts in the international mathematics community, 

bringing a wide perspective to his participation on the various committees on 

which he served during his many years at the Académie. He took a-special 

interest in prize competitions and was often asked to select topics as well as 

to choose and serve on judging committees. In addition, he judged annual 

competitions at other academic institutions. 

In 1840, Liouville was elected to the Bureau des Longitudes, a society 

founded during the French Revolution for the discussion of astronomical ideas. 

It was the pre-eminent society of its type in France and election to the Bureau 

was a high honor. It also paid handsomely. Liouville presented various research 

papers to the Bureau, among them his work on astronomy and geodesy; his 

discovery of transcendental numbers; and a series of papers on rational mechan- 

ics. Liouville served as president of the Bureau three times: in 1843, 1847 and 

1872. 

By the age of just 31, Liouville had managed to secure a good living from 

his various teaching positions, his membership at the Bureau and his income 

from the vineyards in Toul. 

Eventually, in 1851, Liouville returned to the Collége de France, defeating 

Augustin Cauchy for a permanent teaching chair in mathematics. In so doing 

he took over the position his enemy Libri had held at that institution. Libri 

had fled France for England, in disgrace, having been accused of the theft of 

valuable books and manuscripts from French libraries. Libri was sentenced to 

10 years in prison in absentia for his crime, but he never returned to France. 

The Collége de France provided an atmosphere for teaching that delighted 

Liouville as it allowed him to teach topics of his own choosing and present 

his ideas and research to his students. The astronomer Hervé Faye, recalling 

Liouville’s lectures at this time, had this to say about his former professor: 

Monsieur Liouville was one of the most brilliant professors one has ever heard. 

His lectures impressed me so strongly in my youth that today I still have a vivid 

recollection of the startling clarity with which he was endowed. 

(Liitzen, 1990, p. 83) 

Faye was not the only student influenced by Liouville. Over the course of his 

50-year teaching career, he encouraged, supported and shared ideas with many 
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fine young mathematicians, among them: Joseph Serret, Jacob Steiner (1796- 

1863), Charles Hermite, Joseph Bertrand (1822-1900), Paul Laurent (1841-— 

1908) and William Thomson Kelvin (later Lord Kelvin) (1824-1907). He also 

took on the enormous challenge of trying to explain the work of Evariste Galois 

(1811-1832) on the theory of equations and elliptic functions. Galois died in 

1832 at the age of 20 after fighting a duel and his mathematical ideas had gone 

largely ignored until Liouville published them in his Journal in 1846. He also 

gave a series of lectures on Galois’ theories and influenced others to study 

Galois’ work. 

While it may seem that Liouville led a rather frantic existence — teaching at 

several institutions, attending meetings and assemblies, conducting his own var- 

ied research, editing his Journal de Liouville and contributing to others, tending 

to his family and travelling back and forth from Toul to Paris — nonetheless, 

as Litzen points out, by the end of the 1840s, mathematics appeared to him as 

one body of interconnected ideas. Liouville, he says: 

cultivated only limited areas at different places of the mathematical landscape, but 

there is no doubt that he had a great view over it. 

(Liitzen, 1990, p. 147) 

Liouville was an avid republican all his adult life. He had supported his 

colleague and friend Dominique Arago’s proposal for universal suffrage which 

he made in the Chamber of Deputies in 1840. He took part in so-called banquets 

réformistes to protest government policies, and he acted as chairman (after 

getting his father’s permission) of such an event in Toul in 1840 during which 

he gathered over 1,000 signatures on an anti-government petition. The result 

of the unrest of 1840 was a move from the liberal monarchist Louis Adolphe 

Thiers to the conservative monarchist Frangois Guizot. Although Liouvilles’s 

political ideas were considered radical, he still had no problem swearing an 

oath of loyalty to King Louis-Phillipe (unlike the Bourbonist Cauchy, who 

could not do so). 

In 1848, a popular uprising, complete with barricades and banners, caused 

the King to flee Paris and a republican provisional government was formed. 

Encouraged by Arago, Liouville agreed to stand for election to the Chamber of 

Deputies on a moderate, republican platform. He was elected in a republican 

sweep that saw 500 of the 800 seats going to form the “Second Republic.” It was 

a proud moment for the republicans, but it did not last. The workers rebelled 

against the bourgeoisie and, on December 10, 1848, the French people elected 

as President Louis-Napoléon Bonaparte, nephew of the former emperor. In the 

election of 1849, which Liouville again contested as a republican, he lost his 

seat in a conservative win. In 1850, Louis-Napoléon led a coup against the 
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assembly, and in a bizarre turn of events, he extended his term as president to 

10 years and ultimately was elected Emperor by the French people. 

Liouville retreated. He would not meet with friends in Toul, nor would he 

attend social events in Paris. In a letter to M. Grébus, the principal of the collége 

in Toul he proclaimed: 

I live in peace with my conscience, and I can go with my head held high. 

(Liitzen, 1990, p. 161) 

In fact, the defeat left him feeling bitter and disillusioned. When his beloved 

father died in 1850, he experienced further misery, proclaiming in a letter to 

his old friend P. Vogin: 

It is for me an immense and irreparable emptiness and yet another reason for me to 

sink into solitude. 

(Liitzen, 1990, p. 162) 

The number of mathematics and other science courses declined during the 

Second Empire due to conservative influences, including the Roman Catholic 

Church. But there was progress in industry and agriculture and Louis-Napoléon 

re-built Paris and extended the French railway system. He was also victorious 

(with England) in the Crimean War. Meanwhile, Liouville stayed out of pol- 

itics and after a period of inactivity, he again immersed himself in his work, 

published numerous papers on his new interest of number theory and continued 

the impressive run of his respected Journal. He was rewarded in 1857 by an 

appointment as professor of mechanics at the Faculté des Sciences. This last 

achievement assured him of a secure and generous income, for, since his father’s 

death, he had inherited with his brother, Felix, the lucrative remuneration from 

the vineyards in Toul. 

In his lifetime Liouville made many friends, especially among his mathe- 

matics colleagues in France and elsewhere. He also maintained the alliances of 

his youth and befriended young and aspiring scientists. He enjoyed the friend- 

ship and respect of some of the great men in public life and was honored in 

many ways by them. In contrast, there were enemies, notably Libri, but also his 

former student, Serret, who turned against him after acrimonious arguments 

over “possession rights” to Galois’ work and, in 1857, the fierce competition 

between them for the chair in mechanics at the Académie des Sciences (which 

Liouville won, as mentioned previously). In 1854, however, the most bitter 

hostility arose between Liouville and his former student Urbain Jean Joseph 

Leverrier. ; 

Leverrier was appointed director of the Observatory in Paris following the 

death of the great scientist and public figure, Dominique Arago (1786-1853). 
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The appointment of the conservative, Catholic, Leverrier was destined to cause 

problems, not only for Liouville but also for his son, Ernest, who had been 

appointed by Arago as an éléve @stronome at the Observatory in 1852. Whether 

deliberately or not, Liouville renewed old quarrels with Leverrier; he criticized 

his work, took issue with his research; and strenuously opposed Leverrier’s 

increasing powers and interference with the Bureau des Longitudes. Liouville 

was not alone in opposing Leverrier, however he was probably the only mem- 

ber of the scientific community who had a son working directly for his enemy. 

Ernest was dismissed along with many others who had worked at the Obser- 

vatory with Arago, In a letter t@ Dirichlet, recorded in its entirety in Jesper 

Liitzen’s biography, Liouville deseribed the painful circumstances surrounding 

this episode, He wrote: 

You are probably aware of the painful emotions I have had to face during the six 

months which have passed since your mice visit. The death of our excellent Arago, 

the expulsion of his family and his fiends from their formerly peaceful stay at the 

Observatory, the degradation of the Bureau des Longitudes, the suicide of poor 

Mauvais, whose lite was made wabearable by too much trouble, this is but a small 

part of what we have had to suffer. 

(Liitzen, 1990, p. 183) 

Ernest soon found a new apartment, gave up his career as an astronomer and 

turned to the profession of his Uncle Felix, the law. He continued his interest 

in astronomy, however, and his father published several of his papers on the 

subject in his Journal. Ernest was also of great assistance to his father with the 

editing of the Journal during Liouville’s various illnesses. 

The one true and enduting friendship in Liouville’s life was with Gustav 

Dirichlet, the most authoritative expert of his day on the theory of numbers. 

From the time of their first meeting in Paris in 1830, until Dirichlet’s death 

in 1859, the two corresponded, visited each other frequently, involved their 

families in the friendship, and perhaps, most important, collaborated in the field 

of number theory. Liouville had been instrumental in getting Dirichlet, who 

by 1855 was successor to Gauss at Gottingen, appointed “foreign associate” at 

the Académie des Sciences. Dirichlet returned the favor by arranging to have 

Liouville receive the Gauss Medal and securing his appointment as foreign 

member of the Academy at Gottingen. 

By 1856, Dirichlet’s friendship and influence had led Liouville to an exam- 

ination of analytic number theory. It was a new field for him and he embraced 

it with enthusiasm. Indeed, he promised to send his ideas on the theory of 

numbers to Dirichlet, and in [857 he lectured on the subject at the Collége 

de France. In addition, Liouville presented-“notes” to the Académie, wrote 

numerous papers, published several in his Journal, and corresponded with a 
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Russian number theorist, Viktor Bouniakowsky (1804-1889). In a letter dated 

August, 1858, Dirichlet praises his friend’s efforts: 

The theorem you prove and the theorem of Mr. Bouniakowsky (whose memoir I 

have not seen yet) seem to me the more remarkable because they are of an entirely 

new type. 

(Lutzen, 1990, p. 193) 

Jesper Lutzen concludes that the years 1856 and 1857 were two of the most 

productive years in Liouville’s career. He states: 

Not only did he publish notable works on rational mechanics, definite integrals and 

number theory, he also laid the foundation for all his subsequent works in the latter 

field. 

(Lutzen, 1990, p. 193) 

At the Collége de France where he was free to choose the subjects of his 

lectures, he devoted 11 courses over the next 20 years on “Theory of Numbers.” 

There is much warmth in the personal correspondence between Dirichlet 

and Liouville, attesting to the respect and affection they held for each other. 

The Dirichlet family spent time in Toul; the wives were fond of one another and 

also corresponded; the Liouvilles were invited to visit in Germany (although 

they were never able to go). Liouville was therefore devastated when he heard, 

in rapid succession, of Dirichlet’s heart attack in Switzerland in 1858, his wife’s 

unexpected demise in 1859, and finally, the death of Dirichlet himself on May 

5, 1859. With the passing of Dirichlet, Liouville lost a faithful friend, colleague 

and supporter, and his most prolific correspondent. 

As early as the 1830s Liouville complained of ill health. At that time it 

was stomach problems and possibly rheumatism. Later, he developed gout, a 

painful condition affecting the toes and feet and caused by a surfeit of uric acid 

in the blood. There was no treatment for gout at that time except to elevate the 

affected limb. Liouville endured many bouts of pain and immobility due to this 

ailment. In 1858, Liouville wrote wistfully to his brother Felix, who was on 

holiday in Italy after a bout of cancer: 

I myself, who only like my hole, cannot think without enthusiasm of the pleasure I 

would enjoy by taking a walk in this beautiful country full of great places. But if 

God has denied me this pleasure forever, he has at least granted me in the study of 

mathematics, a great consolation within my reach. 

(Lutzen, 1990, p. 217) 

Felix died in 1860, missing the opportunity to see his brother Joseph named 

an Officer of the Légion d’Honneur. Liouville then became the head of the 

family. 
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From 1860, Liouville immersed himself in number theory, using his Jour- 

nal to pour out notes (more than 50 in two years) about number-theoretical 

functions. As Lutzen explains: 

... he continued to publish rather uninteresting applications of his general ideas 

instead of revealing the core of these ideas and his methods of proof. 

(Liitzen, 1990, p. 229) 

Liitzen goes on to speculate that Liouville may have, as Hermite stated in a 

letter 20 years later: 

... kept for himself the entire harvest of all the consequences of his original 

discovery. 

(Liitzen, 1990, p. 229) 

because he never was able to find the time or energy for the task. Although 

he promised himself and others that there would be published results, not 

only on number-theoretical functions, but also on celestial mechanics, rational 

mechanics, quadratic forms and other subjects, none were forthcoming. For 

one so prolific in his notebooks, it was a strange omission. 

Through the 1860s and 1870s, in spite of ill health, Liouville kept to his 

rigorous teaching schedule, attended meetings of the Bureau des Longitudes 

and the Académie, encouraged and promoted young talent, and made copious 

entries in his personal notebooks. He also remained at the helm of the Journal 

de Liouville, which he referred to fondly as “his child.” It was not until 1875 

that he finally turned it over to Henri Resal, a member of the Académie des 

Sciences. But it was a bad choice. Resal did not attract top-rank mathematicians 

and by 1885 the journal was in serious trouble. It was finally rescued by Camille 

Jordan, who brought it back to its former glory, and the Journal has continued 

to this day with the title page still bearing the name of its originator. 

It must have given Liouville considerable satisfaction to record in his note- 

book that in 1870, with a new liberal government encouraging the Emperor 

to adopt reforms, his enemy Leverrier was dismissed from the Observatory. 

Liouville himself served on a committee to select a replacement, however the 

choice of the committee, Charles Delaunay, died within two years and Lever- 

rier returned to the position. Four years later Leverrier died. Liouville, who had 

written of him: 

such a stupid tyrant cannot last 

(Luitzen, 1990, p. 240) 

had the satisfaction of gluing the death notice in his notebook. 

By 1870, France was plunged into the Franco-Prussian War and the Liouville 

family home in Toul was under siege. Liouville escaped to Paris, the Emperor 
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Napoléon surrendered, and a republican government was proclaimed. The new 

government, however, decided to continue the war. Paris was besieged and 

the conditions in the capital became critical as the Prussians bombarded the 

city with artillery, causing considerable damage and loss of life. Liouville 

had several relatives serving in the French army, one of whom died in the 

conflict. After the defeat the German army paraded through Paris on March 1, 

then abruptly left. What succeeded, however, was much worse. The radical 

mobs of the Paris Commune plundered the city, burning, looting and killing 

and Liouville was again forced to flee. By June, however, with the situation 

calmed, he was back lecturing at the Collége de France. 

In 1876, Liouville was elected a member of the Berlin Academy. Karl 

Weierstrass (1815-1897) wrote a glowing letter of recommendation and in his 

acceptance, Liouville commented, somewhat wryly: 

The most ardent patriotism does not dispense with personal recognition. 

(Luitzen, 1990, p. 245) 

He was, by then, greatly honored. He was a member of the British Royal 

Society and 14 other learned academies, in addition to being raised to the rank 

of Commandeur de la Légion d’Honneur in France. He also had a moon crater 

and a street in his home town of Toul named after him. 

Although Liouville continued to lecture at the Collége de France, where the 

topics were always of his choosing, he was forced to turn his other teaching 

assignments over to substitutes from the mid-1870s until his death. Even at the 

Collége there were many cancelled lectures and shortened courses. 

The notebooks of his last six years bear poignant testimony to his ill health, 

pain and depression. In addition to gout, he now suffered from arthritis and 

insomnia, as well as a seemingly unfounded bitterness against contemporary 

mathematicians, many of whom were his friends. In 1876, he wrote in his 

notebook: 

When one crushes me from one side it is only fair that one crushes me from the 

other side. This is what my life has become. This is what my life is composed of. 

Pillaged, insulted, or rather insulted then pillaged. Ah! Death is gentle when it 

relieves us from such a life! There is no more justice on Earth. 

(Liitzen, 1990, p. 256) 

Later the insults against his friends grew worse: 

... Vile thieves ... those scoundrels have no doubt been my assassins .. . unworthy 

animals, but Jesuits ... 

(Liitzen, 1990, p. 245) 
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The accusations were irrational and unworthy of him, but as Lutzen points 

out: 

... they show how desperate Liouville had become because of his miserable life. 

(Liitzen, 1990, p. 257) 

He continued to spend the summer months in Toul where he both endured 

and found some pleasure in visits from family members. But in 1880 he suffered 

a double tragedy. His beloved wife of more than 50 years, Marie Louise, died, 

followed soon after by his only son, Ernest. Liouville went into a final decline, 

though as Hervé Faye (1814-1902) recorded, he attended a meeting of the 

Bureau des Longitudes just five days before his death, which occurred on 

September 8, 1882. 

At his funeral two days later, attended by his three surviving daughters, their 

husbands and children, as well as by many colleagues and friends, speeches 

were made by representatives of all of the institutions to which Liouville 

had been associated during his 73 years. The Académie des Sciences met the 

following day and after a tribute to their dead colleague, the meeting was closed, 

a rare honor. Similarly, a few days later, the Bureau des Longitudes honored 

Liouville by declaring its meeting closed in his memory. 

His legacy is contained in the more than 400 memoirs he left, 200 of them 

devoted to his last great interest, number theory. The memoirs include over 100 

papers on mathematical analysis; studies on mathematical physics, including 

electrodynamics and the theory of heat and sound; work on celestial mechanics; 

on rational mechanics; papers on the theory of algebraic equations and group 

theory; and 20 papers on geometry. In addition, he is remembered for saving 

the work of Galois from oblivion, and finally, for the enduring contribution he 

made to mathematics through his Journal de Liouville, now over 170 years old. 

Notes on Chapter 1 

This brief biography of Joseph Liouville could not have been written without 

consulting the excellent scholarly biography of Liouville written by J. Liitzen 

[192]. This is a very readable account of Liouville’s life and work and is a “must 

read” for anyone interested in Liouville. Articles by Chrystal [74], Stander [247] 

and Taton [251] were also consulted. The website http://www-groups.dcs.st- 

and.ac.uk/history/mathematicians/Liouville.html contains a biography of Liou- 

ville, as well as further references. 
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Liouville’s Ideas in Number Theory 

In 1856, at the age of 47, Liouville began his first profound research in the 

field that was to become his favorite for the rest of his life, the theory of 

numbers, particularly the representation of integers by quadratic forms. In the 

years 1856 and 1857, probably the two most productive years of his career, 

Liouville discovered the underlying number theoretic principles from which 

flowed numerous results. Unfortunately Liouville never published the proofs 

of his formulae. The formulae themselves were stated in a series of eighteen 

articles and the application of them to quadratic forms in a series of ninety 

papers. Although he indicated he would do so, the proofs never appeared. This 

was perhaps due to Liouville’s declining health and the heavy commitments 

on his time due to committee work and teaching. Later other mathematicians 

proved his formulae although not always in the elementary way that Liouville 

intended. Liouville’s point of view was that many of the arithmetic formulae 

proved by his colleagues Jacobi, Kronecker and others by analytic methods 

should follow from a few basic elementary arithmetic principles. Thus, for 

example, the arithmetic formula for the number of representations of a positive 

integer as the sum of four squares, which follows from Jacobi’s monumental 

work on elliptic functions, should be provable by entirely elementary arith- 

metic arguments. This in no way downgrades the use of analysis, complex 

variable theory, modular forms, elliptic functions and theta functions in prov- 

ing arithmetic formulae but rather recognizes these formulae as elementary 

formulae. 

If k and n are positive integers, the arithmetic function that counts the sum 

of the k-th powers of the positive integers dividing n is denoted by o;,(n). When 

k = 1 we write o(n) for o;(n). Thus, for example, 0(8) = 1+2+4+8=15, 

03(9) = 17 + 33 +. 9° = 757 and o5(2) = 1° + 2° = 33. In his beautiful article 

B) 



14 Number Theory in the Spirit of Liouville 

on lattices and linear codes, Elkies [102] describes the identity 

n—-1 
1 

do aslm)as(n — m) = (orln) — o3(n)) (2.1) 
m=1 

as “mysterious.” However formula (2.1) is a purely arithmetic one since it only 

involves finite sums of divisors of positive integers. Huard, Ou, Spearman and 

Williams [137] have shown in the spirit of Liouville that (2.1) can be deduced 

from an elementary identity of the type given by Liouville. Thus (2.1) may be 

regarded as “elementary” rather than “mysterious.” 

In addition to not giving proofs of his formulae, Liouville also did not give 

any idea how he came upon his formulae. We know that Liouville was familiar 

with the path-breaking work of Jacobi on elliptic functions and theta functions 

since he gave lectures on them using the powerful theorems of Cauchy in the 

theory of functions of a complex variable. (Jacobi had used purely algebraic 

methods to obtain his results.) It is therefore possible that formulae from 

the theory of theta functions led Liouville to the discovery of his elementary 

arithmetic formulae. 

The four basic theta functions are defined in the notation of Whittaker and 

Watson [258, p. 464] as follows. Let t € C be such that Im(t) > 0. Setg = e7'* 

so that |g| < 1. Forze C 

le,e) 

A@,9):=2> (1 1g sinQn — Bz, 
n=! 

[e.e) 

OZig) 2 = ag ea es cos(2n — 1)z, 

n=] 

co 

63(z,q): = 1+ aa cos 2nz, 

n=1 

64(z,q): =1+ 2S °(-1)"q" cos 2nz. 

n=. 

The two formulae 

02(0, ¢)03(0, g)O1(z, QD) _ psniabibnl. gomtv/2 

64(z, q) J — qt sin(2m + 1)z (2.2) 

and 

A2(0, g)°03(0, g)?O1(z, Vee Dae 
Peay (1 — cos 2mz) (ea) 
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are implicit in the work of Jacobi [146], [148, Vol. I, pp. 49-239], see the notes 

at the end of the chapter. These formulae would have been known to Liouville. 

The left hand side of (2.3) is the square of the left hand side of (2.2) so that 

= mq™ oe gemei/2 ; 2 

S i_ qn a — COS 2mz) ms 2{ Ss eres sin(2m + bz) é (2.4) 

m=1 m=0 l 

Now let us speculate on Liouville’s thoughts. Perhaps he wondered what iden- 

tity would result from (2.4) by equating coefficients of powers of g. Let'us do 

this and see what we obtain. The left hand side of (2.4) is 

> m(1 — cos amz) qt" = ya > 3 m(1 — cos 2mz) 
mal t=0 £=10' 

(2t+1)m=n 

CO 

=) >q" >~ m1 —cos2mz). 
n=1 meN 

m\|n 

n/m odd 

Also 

ec) m 
= se & (2m+1)/2 (2m+1)t >a a zz Sin(2m + 1)z = S q sin(2m + 1)z st 

m=0 m=0 i=0 

[o.e) CO 

= De bE aa bg tae sin(2m at 1)z 

m=0 t=0 

II Me <a) 
a a i) Zz. 5 iS NX 

r=1 (a, b) € N? 
r odd ab=r 

[e,@) 

= ) ie’. sin az 

m= 1 aéeN 

r odd a|r 

so the right hand side of (2.4) is 

23> grin ay moe ye De sin az sin bz. 

ras tL (a, b) € N? n=1 (r,s) € N? (a,b) € N* 

r,s odd a|\lr,b\s r+s=2n a|r,b|s 

r,s odd 
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Equating coefficients of g” (n € N) on the left and right hand sides, we obtain 

the following arithmetical property of the trigonometric functions 

» m(1 — cos 2mz) = 2 oS ys sinazsinbz, neéeN. 

meN (r,s) € N? (a,b) € NX’ 
m|n r+s=2n a|r,b|s 

n/m odd r,s odd 

Writing r as ax and s as by, and using the trigonometric identity 

2 sinazsinbz = cos(a — b)z — cos(a + b)z, 

we obtain 

mS m(1 — cos 2mz) = oe (cos(a — b)z — cos(a+ b)z). (2.5) 

meN (a, b, x, y) € N* 

min ax + by =2n 

n/m odd a,b, x, y odd 

Identity (2.5) is not a truly arithmetic formula since it involves the cosine 

function. This suggests that we expand each cosine in powers of z using 

‘i ‘ Zk 
1—cosz= (-—1)* *~— 

= 2k! 

and equate coefficients of (—1)*~!z** /(2k)! (k € N). We obtain 

ae aS ((a + by* —(a— by), k,n eN. (2.6) 
meN (a, b, x, y) € N* 

m\n ax + by =2n 
n/m odd a,b, x, y odd 

This is a genuine arithmetic formula. However we can make formula (2.6) even 

more general (as Liouville did). 

Let f : Z— C be an even function, that is f(x) = f(—x) for all x € Z. 

Then for each n € N there exists a polynomial 

8n(x) = D> gin, k)x?* 
k=0 

such that 

fCD— Cpe of SO eblas een). 

We note that 

F(O) = 8n(0) = g(n, 0). 
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Then 

2 (f@+h- f@-») 
(a, b,x, y) € N* 
ax +by =2n 

a,b, x, y odd 

Y  (gnla +b) — gna —)) 
(a, b,x, y) € N* 
ax + by =2n 
a, b,x, y odd 

Yo oat. (a+ b)* — (a — by) 
(a,b, x, y)€ N* k=0 

ax +by =2n 

a,b, x, y odd 

iy Dy Yo an, Kab by) 1G by) 

(a, b, x, y) € N* k=1 

ax + by =2n 
a, b,x, y odd 

=Visink Yo (atdy*-(a—b)*) 
k=1 (a, b, x, y) € N* 

ax + by = 2n 

a, b,x, y odd 

= Yo gin, k) ys Dk yy 2k 1 

k=1 meN 
m|n 

n/m odd 

= ye m is g(n, k)2** m7 

meN k=1 
m\|n 

n/m odd 

= > m(gn(2m) — g(n,0)) 
meéeN 

m\|n 

n/m odd 

= > m(fQm)- f(), 
meéeN 

m\|n 

n/m odd 

which is the first of Liouville’s formulae [170, Ist article, formula (A), p. 144], 

namely: 
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Letn € N. Let f :Z— C be an even function. Then 

>. (f(@+b)- fla-—b)) = D> m(f@m)- fO). 7) 
(a, b,x, y) € Nt meN 
ax + by =2n m|n 

a,b, x, y odd n/m odd 

In suggesting this as a possible route by which Liouville was led to his formula 

(2.7), we were guided by ideas of Humbert [143]. 

Formulae such as (2.7) form the basis of Liouville’s method. Suitable choices 

of the even function f lead to a wealth of arithmetic formulae. We content 

ourselves here with just one example. We take f(x) = x* (x € Z). Then the 

left hand side of (2.7) becomes 

DY G4 y= Gi 4 ae 
(a, b, x, y) € N4 (a, b, x, y) € N* 
ax + by =2n ax + by =2n 
a,b, x, y odd a,b,x, y odd 

= Sen Sera Dae 
(l,m) € N? (a,x) € N? (b, y) € N* 

£+m=2n ax=t by=m 

€,m odd 

f=1 aeN beN 

2n—1 

=4 De o(l)o(2n — £) 
== il 
€ odd 

and Liouville’s formula (2.7) yields the arithmetic identity 

2n—1 

SS o()o(2n — ¢) = ye m, néN, (2.8) 
C1 meN 

£ odd m|n 

n/m odd 

which was stated by Liouville [170, Ist article, p. 146] in the case when n is 

odd. 

Now let us ask how could Liouville have proved (2.7) in an elementary way 
avoiding any use of analysis. Looking at the formula (2.7) it is easy to see how 
the terms involving f(0) occur on the left hand side. They can only arise from 
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those terms with a = b. Thus f(0) occurs on the left hand side with multiplicity 

Dbl ot) sien Witinavaes grad Syedads Sail io vend anc 
(a,b, x, y) € Nt (a, x, y) € N? aéeNn (x,y) € N? aéeN meN 

ax + by = 2n a(x + y) = 2n a|2nx+y=2n/a a\n m\|n 
a, b,x, y odd a,x, y odd a odd x, y odd a odd n/m odd 

a=b 

in agreement with the right hand side. 

Now let us look at the terms f(m) with m # 0. Since a and b in the sum 

on the left hand side of (2.7) are both odd, a + b and a — b are both even so 

these terms occur as f(2k) with k € Z and k #0. Letk € N. The term f (2k) 

occurs on the left hand side, remembering that as f is even it also occurs as 

f(—2k)(= f(2k)), with multiplicity 

» Whe pallemigesic eagle a lS Shale 
(a, b, x, y) € N* (a, b, x, y) € N* (a, b, x, y) € N# 

ax + by = 2n ax + by =2n ax + by = 2n 
a,b, x, y odd a,b, x, y odd a, b,x, y odd 

a+b=2k a—b=2k a—b=-—2k 

In the last sum the change of variable (a, b, x, y) > (b, a, y, x) shows that it 

is equal to the second sum. Thus the multiplicity of f(2k) (k € N) is 

Se el ee 
(a, b, x, y) € N* (a, b, x, y) € Nt 

ax + by = 2n ax + by =2n 

a,b, x, y odd a,b,x, y odd 

a+b=2k a—b=2k 

On the right hand side of (2.7) the term f(2k) occurs with multiplicity 

0, otherwise. 

‘5 if k | n andn/k odd, ym 
meN 

m|n 

n/m odd 

m=k 

Hence Liouville’s formula (2.7) follows in an elementary fashion from the 

underlying identity 

K, gest ski dn/k odd, Ne pes y | ifk|nandn/ko (2.9) 

0, otherwise, 
(a, b,x, y) € N* (a, b, x, y) € N* 
ax + by =2n ax + by =2n 

a,b,x, y odd a,b, x, y odd 

a+b=2k a—b=2k 

by multiplying this identity by f(2k) and summing over k € N withk <n. We 

show how to prove (2.9) and similar formulae in Chapter 10. 
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Throughout his eighteen articles [170] on his method, Liouville gave a great 

many arithmetic formulae, some quite similar to (2.7), others quite different. 

From these formulae he deduced many surprising results. We just mention one 

of them. 

In [170, 11th article, p. 286], Liouville gave the following formula. Let n be 

a positive odd integer. Then 

xe + i + xs ao ee + ONE, x5 even} 

“ + us + i Oey + Oc, TE odd} 

= 8 EI yr, 
where the sum is taken over all (y;, y2, y3) € N x N x Z such that 

5 
card {(x1, x2, x3, %4,%5) € Z| n 

5 
—card { (x1, X2, x3, %4,x5)€ Z| n 

2n = y? + y3 + y3, y; =1 (mod 2), y2 = 1 (mod 2). 

For example with n = 29 we have 

card {(x1, x2, X3,%4,%5)€Z>|29= ae + x3 + x3 + x ae Die, x5 even} = (2 w. 

card {(x1, x2, x3, x4,X5) € Z° | 29 = xp +.x5 +.x5 +.x7 +2x, x5 odd} = 832, 

and 

8 Ss (-1)-P?y, = —80 = 752 — 832. 
(v1, Ya, ¥3) EN x Nx Z 

yi + ¥3 +3 = 58 
yi, y2 odd 

It is not our purpose in this book to give all of Liouville’s formulae. The 

interested reader can find an excellent summary of Liouville’s formulae in 

Chapter 11 of Volume 2 of Dickson’s History of the Theory of Numbers 

[93, pp. 329-339] as well as references to proofs of his formulae by other 

authors. Rather we present a selection of his formulae and use them to prove 

many standard results in elementary number theory. We tend to stress those 

of Liouville’s formulae which have not been treated in textbooks on number 

theory such as Uspensky and Heaslet [254] and Nathanson [209]. 

Notes on Chapter 2 

We can only truly speculate as to the proofs that Liouville had in mind for his 

arithmetic formulae. His published papers contain only statements and numer- 

ical examples. Perhaps he revealed his ideas in the course of his lectures at the 
College de France. There are 340 notebooks of Liouville’s in the Bibliotheque 
de I’ Institut de France in Paris that need to be examined in detail to see if they 
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contain clues to Liouville’s methods. A rapid examination of some of these 

notebooks suggests that they consist mainly of outlines and final drafts of his 

published works, see Taton [251]. 

We now show how formula (2.2) follows from the work of Jacobi [146], 

[148, Vol. I, pp. 49-239]. We make use of Jacobi’s quantities k, K, H and 

© and relate them to the theta functions 6;, 02, 63 and 64. From Jacobi 

[148, Vol. I, eqs. (6), (7), p. 235] we have 

2K 4 9 

and 

2kK ed 2qi/4 ip 249!4 ae 2925/4 bee 

so that 

2K 2kK 
emis 63(0, q)s aa ss 62(0, q). 
1h 4 

Hence 

2/SkK 
63(0, qg)03(0, q) = Ta 

From Jacobi [148, Vol. I, eqs. (1), (2), p. 231] we have 

2K 
o(==) = 1 —2qgcos2z+ 2q* cos 4z = 2q° cos 6z qo Ou 

aA 

and 

a(=) = DG" sin Z — Qa?! sin3z + 2g°/* sin5z —--- 
IN 

Hence 

2Kz 2Kz 
o(=) = 04(z, q); a(=) = 01(z, q): 

5 IN 

Thus 

H 
62(0, g)030, AZ, q) _ 2VKK ( 1 

64(Z, q) 1 o() 
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Now by Jacobi [148, Vol. I, p. 224] we have 

Thus 

62(0, q)03(0, g)Oi(z,q) — 2kK 2Kz 
= — inam 

04(z, q) TU 

From Jacobi [148, Vol. I, p. 165] we have 

2kK. .. 2Kz 4q'sinz 4g7/*sin3z  4q°/* sin5z 
—— sinam—— = ae 
1 l-—q 1-—q 1-—@ 

SO 

A2(0, ¢)03(0, qyA(z,q) ; So gert D2 sin(2m + 1)z 

04(z, q) com! | — qg2rtl ; 

which is (2.2). Formula (2.3) can be proved in a similar manner. 

Finally we justify that if f : Z — C is an even function then for eachn € N 

there exists a polynomial 

B(x) = D> g(n, kx 
k=() 

such that 

f Ci = s.r) Te 1OveR Ia? & Sen 

Let a,,..., a, € C. The Vandermonde determinant is 

lee ois uae ae | 
] a2 as seta ey 

. . . se l<j<i<n 

L3G ae oe ane 

see for example [239, p. 114]. Replacing n by n + 1 and taking a; = (2i — 2) 
(i = 1,2,...,n +1), we deduce 

] 22 ays Sis ie Q2n 

et ee ere omit er ee 
l<j<i<n+1 

ly2n)2. (On\eaeod: HORE 
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Thus the system of linear equations 

TP ooet) (eae. 0 x0 f(0) 
si Dona x1 f(2) 

4? A Aen Koel = VG) 

Lae On) 2 One |x, f(2n) 

has a “umique solution (19,.4%5-%2,.—-> %,) = @; 0), en, |se(u, 2);.-<, 

g(n,n)). Set 

B(x) =) a(n, k)x™. 
k=0 

Phenrfor7ji= OF 12s Seer we have 

Ei} 9) BOR IC))* = 627). 
k=0 

As g, and f are both even functions this result also holds for j = 

—1,-—2,...,—n. 



3 

The Arithmetic Functions 

o.(n), 0, (N), dkm(n) and Fy(n) 

Let n be a positive integer. An integer d is said to divide n or be a divisor of n 

if there exists an integer e such that n = de. If d divides n we write d | n. If d 

does not divide n we write d { n. Clearly 0 {7n and 1 | n. 

A function f : N—> C is called an arithmetic function. If f is an 

arithmetic function and n ¢N we set f(n)=0. The arithmetic function 

f is said to be multiplicative if f(njn2) = f(m1)f(m2) for all nj,n2 EN 

with gcd(n;,n2) = 1. If f is a multiplicative arithmetic function and n = 
m, m2 

P,'P>° ++: py” is the factorization of n € N into distinct prime powers then 

IM=fO Di Or ye fo”): 

Example 3.1. Let n € N. As d runs through the positive integers dividing n, 

n/d runs through the positive divisors of n in the reverse order. Thus, if f is an 

arithmetic function, we have 

Sif) = Gr a) 
déeN déeN 
d|n d\n 

Example 3.2. Let n € N. We show that 

{de N|d|n, n/d even} = {de N|d|n/2} 

and 

{d <¢N|d|n, n/d odd} = {d EN |d|n}—{d Ee N|d|n/2}. 

For both odd and even n, we have 

{d ¢€N|d|n, n/d even} = {de N|d|n, 2|n/d} 

={deN|d|n, d|n/2} 

={deN|d|n/2}, 

24 
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which is the first equality. Then 

{d EN|d|n, n/d odd} = {dE N|d|n}—{d€N|d|n, n/d even} 

= {dE N|d|n}—{d Ee N]d|n/2}, 

which is the second equality. 

Example 3.3. Let n € N. Let f be an arithmetic function. It follows immedi- 

ately from the first equality in Example 3.2 that 

4G) a ae: 
deN deN 
d|n d|n/2 

n/d even 

Example 3.4. Let n € N. Let f be an arithmetic function. It follows immedi- 

ately from the second equality in Example 3.2 that 

> I@= fa — Djf@. 
déeN deN deN 

d|n d|n d|n/2 
n/d odd 

In this chapter we give the properties of four arithmetic functions that we 

use throughout the book. The first function is the arithmetic function o;, defined 

for allk € Z by 

o,(n) := ¥ d‘, neN, (3.1) 
deN 

d\n 

where d runs through the positive integers dividing n. We set 

dh) -—=icnt een) p41 (3.2) 
déeN 

d|n 

and 

o(n) :=0;(n) = Ds d. (3.3) 
déeN 

d|n 

If p is a prime and a is a nonnegative integer, we have 

o(p?) =1+ p'+ p™ +--+ p* Set 
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Theorem 3.1. (i) 0, is multiplicative. 

(ii) Let p be a prime. Letk,n € N. Then 

ox(pn) — (p* + lox(n) + p*ox (n/p) = 0. 

Proof. (i) Let ny, nz € N be such that ged(n;, nz) = 1. Let d € N be a divisor 

of n,n». Then there exist unique positive integers d, and dz such that d = did 

with d; | n, and dz | nz. Conversely, if d; € N and dz € N are such that d; | 1, 

and d> | n2 then d = did | njnz. Hence we have 

On(nyn2) = z= C= DS ‘Sy (did>)* 
deN ad eNadeN 

d|ninz di |ny dy |n2 

= SS dt Sy dy = oy(n,)ox(n2), 
d, EN dgeN 

dy, |nj dy | n2 

showing that o; is multiplicative. 

(11) Let n = p*N, where s € No, N € N and gced(N, p) = 1. Then 

ox(p'*!) — (pk + Lox(p’) + p*ox(p*) 
(s+2)k __ (s+1)k sk D 1 k D —] Po 

of Sete a ee —0 
pk -1 (P pk -1 si pk -1 

Multiplying this equality by o,(NV), and appealing to part (i), we obtain the 

assertion of part (ii). i) 

In particular we have 

a(2n) = 30(n) — 20(n/2), 

o(3n) = 40(n) — 30(n/3), 

03(2n) = 9o3(n) — 803(n/2), 

03(3n) = 2803(n) — 2703(n/3), 

for all n € N. These identities will be used on many occasions throughout this 

book. We also note that o(n) = 0 (mod 4) if n = 3 (mod 4). 

The second arithmetic function that we are interested in is o;, which is 

defined for all k € Z by 

arn) Yd HEN, (3.4) 
deN , 
d\n 

n/d odd 
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Clearly if n is odd we have o;(n) = ox (n). We set 

dye = 3, Hee 1 (3.5) 
deN 

d\n 

n/d odd 

and 

Go OV oy (ieee) ed, (3.6) 
déeN 

d\n 

n/d odd 

The_ first five values-aréo*(1)'= 1, o*Q)=2, o*3) =4-0"*(4) =4 and 

o*(5) = 6. If a is a nonnegative integer, we have 

LO es a 

Theorem 3.2. 0; is multiplicative. 

Proof. Let nj,n2z €N satisfy gcd(nj,n2)=1. Then, as in the proof of 

Theorem 3.1(i), we have 

Ging) = ta eee eee Me dE = o (11)0; (19), 
déeN d, EN dy EN 

d|njn2 d; |ny dy | nz 
njnz/d odd ni /d, odd ny/dz odd 

showing that o, is multiplicative. L) 

Our next theorem relates the functions o; and o;. 

Theorem 3.3. Letn,k € N. Then 

of (n) = on(n) — ox(n/2). 

Proof. This theorem follows immediately from the identity of Example 3.4 

by taking f(x) = x*. We give another proof, which uses the fact that o, is a 

multiplicative arithmetic function. 

If n is odd we have 

oi) = Ne dk = Se d* = o,(n) = ox(n) — o;(n/2). 

déeN deN 
d\n d\n 

n/d odd 
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If n is even then we have n = 2n,, where a EN, n; €N, and n; is odd. As 

d | nif and only if d = ef with e | 2° and f | m;, we have 

oh) = ve ef ye f=. a Fa aly). 
eceN fen fen 

é| 2" fim f|m 
24 Je odd 

Now as o;, is a multiplicative function, we have 

Qark aE | 

o.(n) = 04(27n1) = 0% (2° ox (11) = “Frage 

and 

ak 

on(n/2) = o4(2"~'n1) = o4(2*"or(m1) = Fox) 

so that 

oy(n) — o4(n/2) = 2 ox (11) = of (n). 

This completes the proof of the theorem. LO 

Taking k = 0 and k = 1 in Theorem 3.3 we obtain the following theorem. 

Theorem 3.4. For alln € N we have 

d*(n) = d(n) — d(n/2) 

and 

a*(n) = a(n) —a(n/2). 

We now use Theorem 3.2 to prove a result about the parity of o*(n). 

Theorem 3.5. Let n be a positive integer. If n is even then so is o*(n). 

Proof. Let n be an even positive integer. Then n = 2°N, wherea € N,N EN, 

and N is odd. Hence, by Theorem 3.2, we have 

o*(n) = 0*(27°N) = 0*(27)a*(N) = 270*(N) = 0 (mod 2), 

completing the proof. O 

Our next theorem gives a necessary and sufficient condition for a(n) to be odd. 

Theorem 3.6. Letn < N. Let N denote the largest odd integer dividing n. Then 

a(n) is odd if and only if N is a perfect square. 

Proof. Form € Ng we have 

o(2*) = 2" —1= 1 Ghed DB. 
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For m € No and p an odd prime, we have 

_ |0 (mod 2), ifm = 1 (mod 2), 
o(p")=1+pt+p*+---+p"= 

1 (mod 2), ifm =O (mod 2). 

The asserted result now follows as o is multiplicative. O 

From Theorems 3.4, 3.5 and 3.6 we deduce the following result, which is used 

in the proof of the Girard-Fermat theorem (Theorem 7.1). 

Theorem 3.7. Let n € N. Then o*(n) is odd if and only if n is an odd perfect 

square. 

Proof. Suppose first that o*(n) is odd. Then, by Theorem 3.5, we deduce that 

n is odd. Hence, by Theorem 3.4, o(n) is odd and thus, by Theorem 3.6, 7 is a 

perfect square. 

Now suppose that n is an odd perfect square. Hence, by Theorem 3.6, a(n) 

is odd. Then, by Theorem 3.4, o*(n) is odd. LJ 

The third arithmetic function we make use of is the arithmetic function dy, 

which is defined for m € N andk € Z by 

d= Yoo latent: 
deN 

d\n 

d =k (mod m) 

Clearly if k; € Z and kp € Z are such that k; = kz (mod m) then dj, m(n) = 

dx,,m(n). Hence we usually restrict k to the set {0, 1, 2,..., m — 1}. In particular 

we have 

do,1(n) = d(n). 

The basic properties of d;.,(n) are given in the next theorem. 

Theorem 3.8. Letm,n € N andk € {0,1,2,...,m — 1}. Then 

do,m(n) = d(n/m), GP) 
m—1\ 

4 ne) =a), (3.8) 
k=0 

and if e € N is such that e | k and e | m then 

dim(n) = dk je,mje(n/e). (39) 
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Proof. We have 

dymny= DY) 1= Di l= J) 1=den/m), 
deN eeN eEeN 

d\n me|n e|n/m 

d =0 (mod m) 

which is the first assertion of the theorem. 

Next we have 

m—1| 

De deny 
k=0 

m— 

s De lee ea an): 
k=0 deN déeN 

d\n d\n 

d =k (mod m) 

which is the second assertion. 

Set kj = k/e € No and m; = m/e € N. Then we have 

dm (n) = ay hier tte 
deN 

d\n 

d = ek, (mod em)) 

Now d = ek, (mod em,) implies d = 0 (mod e) so e | d. Changing the sum- 

mation variable from d to d; = d/e € N, we obtain 

Den a Meaty mile) = dee myett/e), 
d, eN 

d, |n/e 

d, = ky (mod m)) 

which is the final assertion of the theorem. CL) 

From Theorems 3.8 and 3.4, we deduce that 

do,2(n) = d(n/2), di,2(n) = d(n) — d(n/2) = d*(n). (3.10) 

In Chapter 9 we determine d; 4(n) fori € {0, 1, 2, 3} (see Theorem 9.4) and in 

Chapter 17 we determine dj 3(n) for i € {0, 1, 2} (see Theorem 17.2). 

If x is areal number we denote the greatest integer less than or equal to x by 

[x], that is, [x] = m, where m is the unique integer satisfying m < x <m+1. 

Our penultimate theorem of this chapter evaluates the sum 

ms E + *] 

déeN e 
d|n 

for integers a(# 0) and b and positive integers m and n. 
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Theorem 3.9. Let a € Z\{0}, b € Z,m € Nandn EN. Set 

or 9cd(G. mm) e Taejon mm/s; 

so that gcd(a,, m,) = 1. Define az € {1,2,...,m, — 1} by 

a\a2 = 1 (mod m)). 

Then 

m—1 
ad +b a b l yy. | = aeaue! + lly, a SS €da(¢—b)/g,m, (1). 

m 
déeN = 
d\n £ = b(mod g) 

Proof. Let t € Z. Let £ be the unique integer in {0, 1, 2,...,m — 1} such that 

t = ¢ (mod m). Then — € Z and 

so that 

d\n d\n 

ad+b= é(modm) 

—1 

m 

d\n 

ad+b=(modm) 

m—1 m—1 

ou ae (ad +b)-— Ye De 1 
déeN £=0 deN 
d\n d\n 

ad +b = ¢ (mod m) ad+b= (mod m) 

1 jig 

=—) \(ad+b)-—Joe >» i. 
m m 

deN (=1 deN 
d|n d\n 

ad = £—b(modm) 

Now the congruence 

ad = ¢ — b(mod m) 
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is solvable for d if and only if gcd(a, m) | £ — b, that is, if and only if 

£ = b (mod g) 

in which case the solutions d are given by 

d =ayn(l — b)/g (mod m)). 

Hence 

m—| 
ad+b a b 1 

= — — oe L 1 y |] =Som+2am- ss 
den Cn deN 

d\n £ = b (mod g) d\n 

d =ay(l — b)/g (mod m) 

as asserted. LJ 

Example 3.5. When gcd(a, m) = 1 we have g = 1, a; =a and mj =m so 

that Theorem 3.9 gives 

ne a b ‘ b 1 m—l 

SS _ oY) + 7 a) ee > td iepnlf), (3.11) m 
déeNn t= 
d\n 

where a~! denotes any integer x such that ax = 1 (mod m). In particular when 

a = 1 wecan take a~! = 1 and (3.11) becomes 

d+b]) 1 b loc oS |=] = —o(n) + —d(n) — — DY bdy_4,m(n). (3.12) 
m m m m 

deN 7 

d\n 

When b = 0 this formula becomes 

= gt ier 
Shae ee Y | ldem(n). (3.13) 

deN (=| 
d\n 

Finally in this chapter we define for k,n € N the arithmetic function F;,(n) 
given by 

erie Pre, F,(n) = 
Hy) i if k tn. 

In this case we extend the definition of F,(n) to alln € Z by F,(—n) = F,(n), 
n €N. Clearly 

ACV Pin) = {5 totaf gate) 
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for all n € N. The following properties of F,(n) are easily proved. 

Fy(n)= F(n+kl), £neZ, k EN, (3.14) 

inn) = Fn), ne 2 ke N, CmEY) 

and 

Fi (an) = Fiyan(n), a,keN, neZ, (3.16) 

where we have abbreviated gcd(a, k) to (a, k). 

Example 3.6. Let d, k ¢ N. We evaluate the sum 

d 

YS) Fe(£) 
t=t 

We have 

d 

Oe har (eh ee i=]. 
hh LEN meN meN 

aad, 1<km<d 1<m<d/k 

Example 3.7. Let d, k,n © N. We evaluate the sum 

d 

F,(@). 
déeN f=1 
d\n 

Appealing to Example 3.6 and (3.13), we obtain 

d 

DLL O= el =; = 59(n) zt 
deN f=1 déeN 
d\n d|n 

Our final theorem of this chapter relates the function Fy to the Legendre- 

Jacobi-Kronecker symbol for discriminant —4. This identity is used in the proof 

of Jacobi’s four squares theorem given in Theorem 11.1. 

Theorem 3.10. For alla,b <N 

—4 
Fy(a — b) — Fu(at+b) = (=) : 

ab 

Proof. If a = 0 (mod 2) or b = 0 (mod 2) then 

either 4fa—b, 44a+bor4|a—b, 4|a+b 
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Nie) 

a 
Fala ~)~ F(a +b) =0-0or1-1=0=(=). 

If a =b = 1 (mod 2) and a = b (mod 4) then 4 |a—b,4{a+b and ab= 

a* = 1 (mod 4) so 

—4 
Fifa —b) — Fy(at+b)=1- =1=(=). 

ab 

If a = b = 1 (mod 2) and a = —b (mod 4) then4{a—b,4|a+bandab= 

—a? = 3 (mod 4) so 

F(a ~b) - Fa +b) =0~1=-1= (=). 
ab 

This completes the proof. L) 

Many of the results in the problems of Exercises 3 are used in the remaining 

chapters of the book. 

Exercises 3 

1. Letk,n € N. Prove that 

er a) 
deéeN 
d\n 

n/d even 

and 

S> dé = a(n) — o(n/2). 
deN 

d|n 

n/d odd 

Deduce Theorem 3.3. 

2. Letk,n € N. Prove that 

ye id oho 2) 
deN 

d|n 

d even 

and 

Ye, dé = o;(n) — 2k o,(n/2). 

deN 

d|n 

d odd 
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3. Letk,n € N. Prove the following four formulae: 

yo dk = 2ox(n/4), 
déeN 
d\n 

d even, n/d even 

dD =o (n/2) — Hox(n/4), 
deéeN 
d\n 

d odd, n/d even 

Y> dk = 2ox(n/2) — 2oy(n/4), 
déeN 

d\n 

d even, n/d odd 

So dk Soy (n) — (2 + Moy(n/2) + Hoy (n/4). 
déeN 

d\n 

d odd, n/d odd 

4. Prove the assertions of (3.14), (3.15) and (3.16). 

5. Leta, b € N. Prove that 

—3 
P3(a == b) <= F3(a ae b) = (>) 

and 

(Fy(a — b) — F(a + b)) + (F(a — 2b) — F(a + 2b)) 

—7 
+i(970a = b) — F72a 4+-b) = (=) : 

(These results are used in the proofs of Theorems 14.5 and 17.3.) 

6. Letk,n € N. Prove that 

S| Fi(d) = d(n/k). 
déeN 
d\n 

7. Letk,n € N. Prove that 

\ > dF,(d) = ko(n/k). 
deN 

d\n 

a5 
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10. 

11. 

12. 

13. 

Number Theory in the Spirit of Liouville 

Let k,n € N. Prove that 

a — F(a) = o(n/k). 
deN 

d\n 

For x € R prove that 

F Bi if 2|k, 
k 

be wir Ae E » 24k, 

Let k,n € N. Use the results of Example 3.6 and Problems 9 and 10 to 

prove that 

: 0, if 2| k, 
F,(€) = k 

d Ee i if 2tk. ea 2k 

Let k,n € N. Prove that 

d 

dV AO = . 
ict | off) irate 
Dale déeN 

Let k,n € N. Prove that 

0, if 2) k, 
d 

2d +k F(0) = | if 24k. XO) Ea) 
d|n 2teé : 
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14. Letk,n € N. Prove that 

15. Letk,n € N. Prove that 

0, 1 2 Lk, 

d 
d+k 2d +k > VAw= > (SI- sl 2 ‘ if 24k. 

deN@l=l1 2k 2k deN déeN 

gina e d|n d|n/2 2td 

16. Let k,n € N. Prove that 

d 

> DO 
déeN eal 

d|n €=d (mod 2) 

> | FI if 2| k, 
deN 

d\n/2 

“i d+k d VA 

Dele ae ia et 
deN deN deNn 

d|n d|n/2 d|n/2 

17. Letk,n € N. Prove that 

d(2n/k), if2|k, 

>) Fe(2d) = 
deN d(n/k), if2{k. 
d\n 

18. Letk,n € N. Prove that 

k-1 
d+k 1 1 

yi | = mp) a ak ay Lde2(n). 

deN 

d\n 
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19. 

20. 

21. 

22. 

23. 

24. 
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Let k,n € N. If 2} k prove that 

(k—1)/2 
2d +k 1 1 

» | = re. > i ye Ldy x(n). 

deN =—(k—1)/2 
d\n 

Let k,n € N. Prove that 

2k-1 
d + 2k 

= ~ \ = on) + d(n)- — oe €de24(n). 
deN 

d|n 

Let k,n € N. Deduce from Problem 12 and (3.13) that 

k/2-1 

=o(n/2) =a rd ldexp(n/2), if 21k, d 

Die oe A 
= 1 ‘ ; 

ase gon/2) — + Yedex(n/2), if 2k. 
2\d Cell 

Let k,n € N. Deduce from Problems 13 and 19 that 

0, ja 
d 

Le ease ae 
deNe=l —a(n/2)-— )  kdes(n/2), if 2¢k. 
alin 2772 k k | if é=—(k—1)/2 
2\d 

Let k,n € N. Deduce from Problem 14, (3.9) and (3.13) that 

k-1 

a(n) = (0/2) — >> ld, x(n), if 
see 

d 

yO Aw- uo 
1 deNel=l a a Lh | 

din 2/2 ee eet) rk Sao. lf 24k. 

gale ol 
24e 

Let k,n € N. Deduce from Problems 15, 18 and 19 that 

0, if 2| k, 
d 

1 
dd Fil = ) Soin) - gr ae Se Cdyn), if 24k. 
deNl=l 

d|n 2te 
2+d ae 
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25. Letk,n € N. Deduce from Problems 21 and 24 that 

d 

DT Dre 
déeN jae | 

d|n €=d (mod 2) 

k/2-1 

“o(n/2) — = DE dex pln/2), 
cI 

= 1 k-1 1 kt 

HOOF ja fdr aln/2)~ 5p = >| ede rx(n), 
fe 

242 

26. Let n € No. Prove that 

ye (-1)¢-)? = 0. 

deN 

d|4n+3 

27. Deduce from Problem 26 that 

d\,4(4n AF 3) = d3,4(4n ap 3); i = No. 

it o28| 

if 2+k. 

89 

28. Let k,n € N. Use Bernoulli’s identity for the sum aes v* (see the notes 

at the end of this chapter) to prove that 

d-| k jas | 

t= TL (Sj) Breese 
déN v=1 j=0 
d|n 

where B; is the j-th Bernoulli number. Deduce that 

d 

Doe a= son) “ 50), 
déeN v=1 
d\n 

Sidive 5osln) + soln) + 2 o(n), 
déeN v=1 
d\n 

1 
MORE oun) + 50stn) + ox), 
déeN v=1 
d\n 
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29. 

30. 

31. 

32. 

33. 

34. 

35. 

36. 
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Let n € N. Prove that 

d 

ieee ue (iyeemotn) Dee iy as Die are 
deN k= 
d\n k=d (mod 2) 

Let k,n € N. Prove that 

2 (yh 

soM)- 5 Yedarinernm), if2tk, 
2d 

Le) = « fi ‘ a) ple 

aie Fo(n)— = Yo ldespaln), if 21k. 
é=1 

Let n € N. Prove that 

1 
de AO = 5(6) — d(n) — d(n/2)). 
deN@len 

ain lad 

Let n € N. Let f be an arithmetic function. Prove that 

LV fe/an@= Y (5-1) r. 
deNten déeN 

d|n l<d d|n/2 

Let n € N. Let f be an arithmetic function. Prove that 

> YE F@RM/d) = YD @-VFO. 
deNxeN deéeN 
CENT a b9 See) d|n/2 

Let n € N. Let f be an arithmetic function. Prove that 

Fyn) )) fd = > f@+ > fed - Y~ fea). 
déeN deN déeN deéeN 

d\n d\|n/2 d|n/2 d|n/4 

Let n € N. Prove that 

2d 8 1 

dD. DE” = zoxln) + 20n(n) + o(n). 
3 3 

déeN k=1 
d\n 

Let n € N. Let f be an arithmetic function. Prove that 

Ona j=». (> reo) - > f@). 
deNxeNn deN \x=1 deN 

Nik as ara d|n/2 d\|n/2 



Notes on Chapter 3 4] 

37. Letn € N. Let f be an arithmetic function. Prove that 

Y> SO f(n/d)Fa(d — x) = ; a . ~ 1) f@- ; Yieet). 
deNxeN déeN deN 
an x <d d|n d|n/2 

38. Let n €N. Prove that if o(n) = 1 (mod 2) then n = m? or 2m? for some 

meN. 

39. Let n EN. Prove that if o(n) = 2 (mod 4) then there exist t,e € N and 

a prime p = | (mod 4) such that p{t, e = 1 (mod 4) and n = p*t” or 

2p ts 

Notes on Chapter 3 

If d is a (positive) divisor of n(€ N) then n/d is also a divisor of n called the 

conjugate divisor of d. The quantity o*(n) counts the sum of the divisors of n 

whose conjugate divisors are odd. The result that o*(n) = 1 (mod 2) implies 

that n is the square of an odd integer (Theorem 3.7) is proved in the books 

by Uspensky and Heaslet [254, pp. 447-8] and Nathanson [209, Lemma 13.2, 

p. 406]. 

The function F,(n) was defined in Huard, Ou, Spearman and Williams 

[137, eq. (2.6), p. 233]. The identity of Theorem 3.10 was used in Huard, 

Ou, Spearman and Williams [137, p. 261] to prove Legendre’s formula for the 

number t4(n) of representations of a nonnegative integer n as the sum of four 

triangular numbers, namely t4(n) = o(2n + 1); see Theorem 16.7. The first 

identity of Problem 5 is implicit in Huard, Ou, Spearman and Williams [137, 

p. 268]. The second identity of Problem 5 is stated and proved in Williams 

[269, Theorem 4.3, p. 800]. Example 3.6 is equation (2.6) of Williams [269]. 

Problems 6, 7, 8, 10, 11, 12, 13, 14, 15 and 16 are equations (2.3), (2.4), 

(2.5), (2.7), (2.8), (2.9), (2.10), (2.11), (2.12) and (2.13) of Williams [269] 

respectively. 

Problem 9 is a well-known property of the greatest integer function. It is a 

special case of the more general result 

n— 1 
pt [xtc] bo fat ]=m, xER, neNn, 

see for example the book by Niven, Zuckerman and Montgomery [211, p. 186]. 
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The Bernoulli numbers B, (n € No) are defined by the recurrence relation 

n—1 I Bye ay) B;, neéN, (3.17) 
nl i) 

where Bo = 1, or equivalently by 

oO m 
Xx Xx = 5 Bn, xéR, |x| <2z. (3.18) 

m= 

The first few Bernoulli numbers are B, = —1/2, B, = 1/6, Bz; = 0, Bs = 

— 1/30, Bs =0; Bg = 1/42, B, = 0, Bs = — 1/30, Bo = 0, Bip = 5/66, Bi, = 

0, Biz = —691/2730. Indeed B,,; = 0,n € N, see for example Berndt’s book 

[45, Theorem 4.1.2, p. 85]. Bernoulli’s identity states that 

n—-1 k 
1 ; 

) rf = —— (a Bint hak n,k EN. 

r= k +e j=0 J 

Simple proofs of this identity have been given by Nunemacher and Young 

[212] and Williams [263]. Problem 28 is a simple consequence of Bernoulli’s 

identity. 
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The Equation i* + jk =n 

For a positive integer n we consider the solutions in integers i, j, k of the 

equation 

i? + jk=n. (4.1) 

If no restrictions are placed on the integers i, 7 and k, the equation has infinitely 

many solutions as 

CSOT ie POSTION, ©, 

are distinct solutions of the equation. In order to ensure that (4.1) has only a 

finite number of solutions we require j and k to be positive integers. Then each 

solution (i, j, k) of (4.1) satisfies 

0 < || <h/n, 3th anil ia ean; 

so that (4.1) has at most 

(2L./n] + 1)n? 

solutions (i, j,k) with i €¢ Z and j,k € N. For our purposes it is convenient 

to further restrict k to be odd. The set A(n) of solutions of (4.1) that we are 

interested in is 

A(n) :={(i, 7, €ZxNxN|i?+ jk =n, k odd}. (4.2) 

As 0? +n-1 =n we see that 

(0,n, 1) € A(n). (4.3) 

43 
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Thus the set A(n) is nonempty for all n € N. Further i? + jk =n if and only 

if (—i)* + jk =n so that 

(i, j,k) € An) = > (-i, j,k) € An). (4.4) 

We have 

A(1) = {0, 1, D}, 

AQ) = {(—19 11), CO; 2b) Cat ty 

AG = {1 2.));, (0.3), (0.351) oa) 

Atal, ly 3) AK le 3e ly, 0.4. Cia 8) see) 

AGYVH{E 2415 IFES 8), (O12 5), OSs DSC Ce ety} 

We are interested in alternating sums over the set A() such as 

ioe. (4.5) 
(i, j,k)EA(n) 

Clearly 

De Gi Ep 0-0, 
(i, j,k)EACL) 

~~ Cy =p )+Cn%+ C1 =1-1=0, 
(i, j,k)EA(2) 

ae Gyra(-l) Ae) ee tore) Ore) t= Tt = 0. 

(i, j,k)EA(3) 

We prove that the sum (4.5) vanishes for all n € N. 

Theorem 4.1. Let n be a positive integer. Then 

>) Gi 0. 
(i, j,k)EA(n) 

Proof. For each (i, j,k) € A(n) with i =0 the summand (—1)/i = 0. For 

(i, j,k) € A(n) with i #0 we have (-i, j, KG (i, j,k) € A(n) by (4.4). 
Their corresponding summands (—1)'i and (—1)~‘(—i) have sum (—1)!i + 

(—1)~'(—i) = 0. Hence 

>» Eire 
(i, j,k) € A(n) 

as asserted. a 
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We next consider the sum formed by replacing the summand (—1)'i in the 

sum in Theorem 4.1 by (—1)/j. We evaluate this new sum in terms of the 

function o* discussed in Chapter 3. 

Theorem 4.2. Let n be a positive integer. Then 

Y CYijsot@M+2 YO Cdio*n—7). 
(i, j,k) € A(n) ieN 

rie—aew/ i 

Proof. We have 

DS 4D stop tei 7 (4.6) 
(i, j,k) € A(n) ieZ,j,keN 

k odd 

?4+jk=n 

The terms with i = 0 in the sum on the right hand side of (4.6) contribute 

SNS SSA 
JkKEN JEN 
k odd j|n 
jJk=n n/j odd 

The terms with i ~ 0 in the sum on the right hand side of (4.6) contribute 

De (eet a (ee 
ieZ JkKEN ieN JEN 

Oana k odd 0 <% <4/7 jin—-i? 
jka=n-?? (n —i*)/j odd 

=2 ~~ be Gre 1). 

ieN 

eta 

Adding these two evaluations, we obtain the formula of Theorem 4.2. L] 

Finally, adding the identities in Theorems 4.1 and 4.2, we obtain the follow- 

ing result. 

Theorem 4.3. Let n be a positive integer. Then 

) (-D'Gi+ j) =o7%(n) +2 ) (—L'o*(n -i’). 
(i, j,k) € A(n) ieN 

<n 

In Chapter 6 we use Theorem 4.3 to give a recurrence relation for o*(n), see 

Theorem 6.1. 
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Exercises 4 

Letn EN. If (i, j,k) € A(m) prove that i + 7 =n (mod 2). 

Let n € N. Prove that 

card A(n) > 2 [Vn] — 1. 

Let n € N. Prove that 

Yd CDi = o(n) — 20(n/2) 
(i, j,.kK)EA(n) 

+2 S° (-1) (0 - i) — 20((n - i7)/2)). 
ieN 

il Sy ce 

Let n EN. Let f :Z— C be such that f(—x) = —f(x) for all x € Z. 

Prove that 

YT FO ae 
(i, j,k) € A(n) 

Deduce Theorem 4.1. 

Let n € N. Prove that 

ey 
(i, j,k) € A(n) 

Let n € N. Prove that 

> eee” Yo (-Dii?o*(n - i). 
(i, j,k) € A(n) ieN 

ISS) fe 

Let n € N. Prove that 

ee 
(i, j,k) € A(n) 

Let n € N. Prove that 

ey of ayy er Myra n aes 
(i, j,k) € A(n) ie N 

Se = A 
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9. Let n € N. Deduce from Problems 5-8 

YY CiYG+ MP =GM4+2 YO Cdiofa-i?) 
(i, j,k) € A(n) ieN 

Sipe 

+6 Se (ito '@—i). 
ieN 

l<iz<in 

10. Let n € N. Let k € N be odd. Determine a formula analogous to that of 

Problem 9 for the sum 

YS Cve+ta 
(i, j,k) € AM) 

Notes on Chapter 4 

The assertions of Theorems 4.1, 4.2 and 4.3 are given in the book by Uspensky 

and Heaslet (254, pp. 446-447] in their chapter on Liouville’s methods. 
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An Identity of Liouville 

We recall that a function f : Z — C is called an odd function if 

f(—x) = —f(x) (5.1) 

for all integers x, and an even function if 

f(-x) = f@) (5.2) 

for all integers x. Taking x = 0 in (5.1) we see that f(0) = 0 for an odd function 

f. The function f(x) = x* (k € N) is an odd function when k is odd and an 

even function when k is even. From (3.15) we see that F; is an even function 

for allk EN. 

Let n be a positive integer. In this chapter we show that the sum 

GQ) sie (ED EG +9), (5.3) 
(i, j,k) € A(n) 

where A(n) is the set defined in (4.2) and F : Z — C is an odd function, has a 

very simple evaluation. Taking n = 1, 2, 3, 4 and 5 in (5.3), we find that 

G(1) = FQ), 

G2) = —F() + FQ) — FQ) =0, 

G(3) = —F(.) + FQ) + FG) — FG) =0, 

G(4) = —F(0) — F(2) + F(4) — FQ) — F(4) = —2F(2), 

G(5) = F(—1) — F(3)+ FQ) + FG) — F(5) + FG) = 0, 

as F(—1) = —F(1). . 

This small amount of numerical evidence suggests that G(n) is zero if n is 

not a perfect square and is +./nF(,/n) if n is a perfect square. We prove this 

claim, which was first stated by Liouville. In proving this claim, we make use 

of the following simple principle. If S is a finite set, A : S —> S is a bijection, 

48 
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and f : S —> C, then 

Ye f@) =)2 £AG)). 
ses ses 

The mapping A~! : § —> S is also a bijection, so 

EGO sO). 
ses ses 

More generally if S$ and S’ are finite sets, A: S —> S’ is a bijection, and 

f :S— C, then 

=. fo 4). 
seS s'eS! 

Theorem 5.1. Let F : Z — C be an odd function. Let n € N. Then 

eee —1)¥"+1 nF(Sn), ifn € N?, > yre+ ya ( COM VED, new’ 
0, ifn € N°. 

(i, j, ) € A(n) 

Proof. We define three subsets U, V and W of A(n) by 

U = {G, j,k) € AM) | 2i+ 7 —k > O}, 

V={Gj,kK)€ AM) | 21+ j7 —k = 9}, 

W ={G, j,k) € AM) | 28+ 7 —k < O}. 

Clearly 

A(n)=UUVUW 

and 

UAV riw = V OWS 

so that A(n) is partitioned by U, V and W. Hence 

>, Ci Fé+)=. >> CHEE) 
(,j,.KeA) Gi j,kK)eU 

+ > (C-IFG+/)+ DO CDFG+)S). 
(i,j, EV (i, 7,KeEW 

First we show that 

Yo CDFG + jf) =0. (5.4) 
Gi j,kK)eU 

The mapping © : U — U given by 

OG; j,k) = (tk, 20+ j — kk) 
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is an involution, and thus a bijection on U, which preserves the quantity i + j. 

Hence we have 

> CoFe+D= YO CDH G+ Dp. 
(i, j,.K)EU (i, j,k)EU 

As k is odd for (i, j, k) € U, we have 

>> CiFG+N=- DD CHIFEF+S, 
(i, j,.k)EU (i, j,k)eU 

which proves (5.4). 

Next we show that 

- ae ae (-1)"t!mF(m), ifn =m’, meN, 
— U —-~) a) 

PETS wt AGES) bi if n is not a square. (ou) 
l, J, eS 

Clearly for (i, j,k) € V we see that j and k are both odd andi = (—j + k)/2. 

Hence 

YS Cyré+p= So CIP rG +4)/2). 
(Gis igk iesV. DREN 

j, k odd 

(i+b/2P =n 

The right hand sum is 0 if n is not a perfect square. If n is a perfect square, say 

n =m*,m €N, the right hand side is 

>> Cn" Fm) = (-1)"*!mF(m), 
JkKEN 

J, k odd 

jJt+k=2m 

completing the proof of (5.5). 

Finally we prove that 

Yo (DFG + j) =0. (5.6) 
(i, j,k) Ee W 

We define the sets P, Q, R and S as follows: 

P:={G,j,€ZxNxN|i*+ jk =n, j odd, k odd, 2i + j —k <0}, 

0:={i,j,4€ZxNxN |i? 4+ jk =n, j even, k odd, 2i + j —k < 0}, 

R:={G,j,0€ZxNxN|i? + jk =n, j odd, k odd, 2i + j —k > 0}, 

S:={G ji, e€ZxNxN|i* + jk =n, j even, k odd, 2i + j —k > 0}. 

The sets P and Q partition W and the sets R and S partition U. 
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The mapping a : Q > Q given by 

a((, j,k)) = (-t — j, j, -2i — j +k) 

is an involution, and thus a bijection. Hence 

VCD FE + NS Slt Ree 
GjK)€EQ G@iHEQ 

For (i, j,k) € Q we have j even so that (—1)~'~/ = (—1)’, and as F is an odd 

function, we have F(—i) = —F (i). Thus 

Yo CiFG+)=- YD CHF. (5.7) 
G j,kK)EQ (i, j,k)€Q 

The mapping 6 : P — S given by 

BG, J, kK) =O + J, -2i-— J +k, J) 

is a bijection. The inverse mapping B-' : S > P is 

BUG, j,))=@—k,k, 2i+ j —b). 

Hence 

WEN ré+)= YS Cl FO) ==>) (-1) F@). 68) 
(i,j,eP (i,j, k)eS (i,j,HeS 

Adding (5.7) and (5.8), we obtain 

Daoiad) Ftv) = i DFG +y) 
(i,j, DEW (i,j,.K)EPUQ 

= Gy rerp+ > Eyres) 
(i,j, EP (i,j, €Q 

ee ety ry) 
(7, KeEs (i, j,k) € Q 

== (1G): 
(i, j,.kK)EQUS 

Now 

OUS={G, j,)€ZxNxN|i*? + jk=n, j even, k odd, 2i + j —k #0}. 

As 2i + j — k #0 for j even and k odd, we deduce that 

OUS=(i,j,eZxNxN|i? + jk =n, j even, k odd}. 
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Since (i, j,k) € Q US if and only if (—i, j,k) €e QU S and (—1)' F(i) is an 

odd function, we have 

ys (-1) F(i) =0. 
(i, j,k)EQUS 

This completes the proof of (5.6). 

Adding (5.4), (5.5) and (5.6), we obtain the theorem. LC] 

In the next chapter we use Theorem 5.1 in conjunction with Theorem 4.3 to 

obtain a recurrence relation for o*(n), see Theorem 6.1. 

Exercises 5 

1. Prove that 

iy ifx EN, 

(xy 0, if x = 0, 

—1l, ifxe—-N, 

is an odd function. 

2. Prove that the mapping © : U —~> U defined in the proof of Theorem 5.1 

by 

OU, j,k) = (1 +k, 2h + — kk) 

is an involution. 

3. Prove that the mapping a : Q — Q defined in the proof of Theorem 5.1 by 

a((, j,k)) =(—t — j, j, -2i — j +k) 

is an involution. 

4. Prove that the mapping B : P — S defined in the proof of Theorem 5.1 by 

is a bijection. 

5. Letn € N. Prove that 

_yyn Pee 
SS Cie Sy ine (-1)"m, ifn=m’?,meN, 

(i, j,k) € A(n) (i, j,k) € AC) 0, otherwise. 
SS) bey) 

[Hint: Apply Theorem 5.1 to the function F defined in Problem 1.] 
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Notes on Chapter 5 

Theorem 5.1 is due to Liouville [170, 7th article, p. 3], [170, 8th article, p. 80]. 

The proof of Theorem 5.1 given here is an expanded version of that presented 

in Williams [261]. Uspensky and Heaslet [254, p. 444] derive Theorem 5.1 as 

a special case of a more general identity. 



6 

A Recurrence Relation for o0*(n) 

Let n be a positive integer. In this chapter we use Theorems 4.3 and 5.1 to obtain 

a recurrence relation for the arithmetic function o*(n). We choose F(x) = x in 

Theorem 5.1. With this choice the left hand side of Theorem 5.1 becomes by 
Theorem 4.3 

» CYC a= > tence.) 
(i, j,k) € A(n) (i, j,k) € A(n) 

=eM+2 )) EDie@=r), 
ieN 

Sy Ae 

and the right hand side of Theorem 5.1 is (— 1)"*!ns(n), where 

1, ifn isa perfect square, that isn = m? for some m € N, 
0, ifn is not a perfect square. 

sa) = 

Theorem 5.1 now gives the following recurrence relation for o*(n). 

Theorem 6.1. Let n be a positive integer. Then 

a*(a)=2 Yo (16% — 12) + (-1)"™ asin). 
ieN 

Wi Vn 

Taking n = 1, 2,3, 4,5 in Theorem 6.1, we obtain recursively the first five 
values of o*(n). We have 

(1) Sl) T= 

o*(2) = 20*(1) =2, 

Go (3) ='26" Oia. 

o*(4) = 20*(3)-4=4, 

6 G)= 20 4)\= 2o*(1) = 8 ~2=6. 

54 
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These values agree with those given in Chapter 3. 

Appealing to Theorems 3.3 and 6.1, we obtain the following recurrence 

relation for a(n). 

Theorem 6.2. Let n be a positive integer. Then 

a(n) =o(n/2)+2 5° (-1)'ta(n - i?) 
ieN 

l<i< Jn 

—2 Yo (bi o((n — i?)/2)4+ (- Dt ns(a). 
ieN 

a an 
i =n (mod 2) 

From Theorem 6.1 we can obtain a recurrence relation for o*(n — i”) and 

then use this recurrence relation in Theorem 6.1 to obtain a new recurrence 

relation for o*(n) (Theorem 6.3). From Theorem 6.3 we obtain a congruence 

modulo 8 for o*(n) (Theorem 6.4) and this congruence is used in Chapter 7 

to determine those primes p which can be expressed in the form a* + 2b? 

for some integers a and b (Theorem 7.3). The statement of Theorem 6.3 is 

simplified by introducing the function r(n) defined for n € N by 

AGA) De 1 

fen, 
It is easy to show that 

r(n) = 0, if nm = 3 (mod 4) (6.1) 

and 

r(n) = 0 (mod 2), ifn 4 2k’ (k EN). (6.2) 

Theorem 6.3. Letn € N. Then 

on)=4 So (-1)'Vo%(n -i? — j?) + (-1)"n(r(n) — 5). 
(i, j) € N’ 

jen 

Proof. Leti € N satisfy i < ./n so that n — i? € N. Applying Theorem 6.1 to 
n — i*, we obtain 

o-P)=2 Yo (-1) Hot — 7? = 7?) 
JEN 

1<j<vJn-i? 

4(1 Hn = 1)5(n — 2). 
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Hence, by Theorem 6.1, we deduce 

om)=4 0 IiMet@-7? -7) 
(i, j) EN 
Heat ie <n 

+21)" De (n — i*) + (—1)"*!ns(n). 
ieN 

il yp fa 
n—i? €N 

Finally, we have 

Gn] eo ome 
ieN (i, j) € N? (i, j) € N? 

es Vs ?2+4+j7=n ?+j7=n 
n—i* €N 

1 n n 
= (EPpy 2 1 = =r(n), oe ‘gtk; tae art 

(i, j) € N? (i, j) € N* 
?+j2=n ?P+j72=n 

and the theorem follows. te 

We close this chapter by observing that in the sum in Theorem 6.3 over all 

positive integers i and j such thati? + j* <n, toeach summand for whichi and 

j are unequal there corresponds an equal summand obtained by interchanging 

i and j. Thus 

yy (<1) Jor 1 7 = 0 (mcd 2). 

Gi, j) € N? 
?v+j2<n 

tx ij 

Hence 

DE CDM RSE a CU arn = 5 node) 
Gi, j) €N? G, je? 
P+ij2<n P+p<n 

i=j 

so that 

YS CDMet@-?-7)= YD ot —2i?) (mod 2). 
Gi, j) € N? ieN 
Vay =n 1 le 2 

Putting this congruence into Theorem 6.3, we obtain the following result. 
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Theorem 6.4. Letn € N. Then 

ois 4 > o*(n — 217) + (—1)"a(r(n) — s(n)) (mod 8). 

1 Va 

Exercises 6 

1. Write a computer program based on Theorem 6.1 to calculate o*(n) for 

all positive integers n up to 100. 

2. Let n € N. Deduce from Theorem 6.1 that 

0 (mod 2), if is even, 

o*(n) = {0 (mod 2), ifn is odd andn ¢ N?, 

1 (mod 2), ifnis odd andn € N?. 

This gives another proof of Theorem 3.7. 

3. Write a computer program based on Theorem 6.2 to calculate o(n) for all 

positive integers n up to 100. 

4. Deduce from Theorem 6.2 the necessary and sufficient condition for a(n) 

to be odd given in Theorem 3.6. 

5. Prove (6.1). 

Prove (6.2). 

7. Deduce from Problem 10 of Exercises 4 and Theorem 5.1 the following 

recurrence relation for o3(n): 

= 

iat, EDV oni- i 
ieN 

ler 

$65) Sera —i + iy a sin). 
ieN 

=t—/n 

8. Formulate and prove a recurrence relation analogous to Problem 7 for 

og(n), k € N, k odd. 

9. Let n € N be odd. Set 

pa):= DO CDer. 
deN 

d\n 
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Prove the recurrence relation for p(n) 

2) Ce ae 
ieN 

i < Jfn/2 

10. Letn € N be odd. Prove that 

(Dr? Jn, at ave, N’, 

0, ifn ¢ N*. 

r(n) = s(n) — no(n) (mod 4). 

Notes on Chapter 6 

The origins of Theorems 6.1 and 6.2 occur in the work of Liouville [170, 7th 

article, p. 7]. Theorem 6.2 gives a recurrence relation for o (n) involving squares. 

Leonhard Euler (1707-1783) gave the analogous one involving pentagonal 

numbers. Numbers of the form 

1 
gs -—1), kedZ, 

are called generalized pentagonal numbers. Arranged in increasing order, they 

are 

OF tig Dale Me Se, 2Op SD tne) api loranats 

Let n € N. Euler proved analytically the recurrence relation 

o(n) = My (EW eer (x = 5k(3k = b) 
k € Z\{0} 

n— }k(3k—1)¢N 

aon ifn = 4k(3k — 1) for some k € Z, 
0, otherwise. 

The book of Uspensky and Heaslet [254, pp. 437-441] contains a proof of 

Euler’s pentagonal recurrence relation using Liouville’s methods. 

The assertion of Problem 9 was stated by Liouville in [170, 8th article, 

p. 76]. 



q 

The Girard-Fermat Theorem 

In this chapter we use the recurrence relation for o*(n) proved in Chapter 6 

(Theorem 6.1) to prove the Girard-Fermat theorem, which asserts that every 

prime p = | (mod 4) is the sum of two integral squares. This theorem was 

discovered numerically by Girard in 1632 and proved by Fermat by his method 

of descent in 1654. 

Theorem 7.1. Let p be a prime satisfying p = | (mod 4). Then there exist 

integers a and b such that p = a* + b’. 

Proof. Let p be a prime with p = 1 (mod 4). Then 

o(p)= D> d=1+p=2 (mod 4). 
déeN 

d|p 
p/d odd 

Hence, by Theorem 6.1, we obtain as s(p) = 0 

Yd) (-1)t!o*(p — i?) = 1 (mod 2). 
ieN 

l<i< yp 

As (—1)'t+! = 1 (mod 2) we deduce that 

y> o*(p—i*) = 1 (mod 2). 
ieN 

Se Sfp 

Hence there is an integer 7 between | and ,/p, say i = b, such that 

C= bs) =a (mod:2), 

59 
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By Theorem 3.7 o*(k) is odd if and only if k is the square of an odd integer. 

Hence there is an odd integer a such that p — b* = a’, that is, 

y a+ b?, aodd, beven. 

This completes the proof. L) 

Before continuing we give another proof of the Girard-Fermat theorem, 

which is also very much in the spirit of Liouville. This proof was given by 

Heath-Brown in 1984. 

Second proof of Theorem 7.1. We consider the set 

S:= {(a,b,c)ENxNxZ|p=4ab4+c’}. 

As p is a prime with p = | (mod 4) there exists k € N such that p = 4k + 1. 

The set S is nonempty as (k, 1, 1) € S. If (a, b, c) € S it is easy to check that 

c#O0Oanda—b+c 4 (as pisa prime. Thus we have 

Sse, Se fda = OB, 

where 

Se = 1a Dove S|oS 0}, -S. - 1G b.6) € oe 0): 

and 

See SpliSo phe Sp MSo = Os; 

where 

Si := {(@,b,c)eS|a—b+c>0}, S&:={@,b,c)eS|a—b+c <0}. 

The mapping which sends (a, b, c) € S$; to (a, b, —c) € S_ is a bijection from 

Sto S_. Hence card S$, = card S_. But card $,+ card S_ = card S, so 

1 
card S$; = 5 card S. 

The mapping which sends (a, b,c) € S; to (b, a, —c) € S> is a bijection from 

S, to S). Hence card S; = card $2. But card S$; + card S$; = card S, so 

Cardas ; card S. 

Thus 

card S; = card Sj. 

The mapping o : S; —> S, given by 

o((a, b,c)) =(a—b+c, b, 2b —c) 
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is a bijection. Moreover the only element of S; invariant under o is (k, 1, 1). 

Hence S; contains an odd number of elements as all of its elements a except 

(k, 1, 1) can be grouped in pairs {aw, o(~)}. Thus S, contains an odd number of 

elements. Hence S$; contains an element (a, b, c) with a = b otherwise each 

element (a, b, c) € S+ could be paired with the distinct element (b, a, c) € S; 

and card S; would be even. The triple (a, b, c) witha = b gives p = (2a)? + c? 

as required. | 

Our next theorem determines all the pairs (a;, b,) of integers such that 

ps ay fF es for a prime p with p = 1 (mod 4) in terms of one pair (a, b) with 

p=a'+b*. 

Theorem 7.2. Let p be aprime satisfying p = \(mod 4). By the Girard-Fermat 

theorem there are integers a and b such that p = a* + b*. Then 

{(a1,b1)€Z? | p=ay +7} 
— {(a, b), (a, —b), (—a, b), (-a, —b), (b, a), (b, —a), (—b, a), (—b, —a)}. 

Proof. We begin by noting that as p = a? + b? = 1 (mod 4) is a prime, we 

have a #0,b #0 anda # +b. Using p = a” + b* =a? + bi we deduce 

(aa, + bb;)(aa, — bby) = a’ a; — b’b} 

a°(p — bt) — (p —a°)by 
=(@—bi)p 
= (0 (mod p) 

so that (as p is a prime) 

p | aa, + ebb; 

for some € € {—1, 1}. Now 

p? = (a? +b’)(a? +b?) = (aay + €bb1)* + (ab; — ebay)’ 

sO 

p | ab; — €ba,. 

Thus 

aa; + «bb, ab, — eba, 
= —————,,_ 2 := ———— 

Pp Pp ; 

are integers such that 1 = m? +n7. Hence (m,n) = (+1, 0) or (0, £1). The 

first possibility gives a; = ta, bj = teb and the second gives a; = Feb, 

by =a, As a #0, b40 andia ~ +), the eight paws (a,b), (a, —b), 
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(—a,b), ..., (—b, —a) are all distinct. This completes the proof of the 

theorem. O 

If m is an integer then we have m? = 0 or | (mod 4). Thus, for integers 

m and n we have m? + n* = 0, 1 or 2 (mod 4). Hence if p is a prime with 

p =3(mod 4) then p # a? + b for any integers a and b. Since 2 = 17 + 1? 

we have for a prime p 

p =a’ +b’ for some integers a andb <> p =2 or p=1(mod4). (7.1) 

Now let p be a prime with p = 1 (mod 4). By the Girard-Fermat theorem 

there are integers a and b such that p = a* +b’. Clearly one of a and b is 
odd and one is even. Interchanging a and b, if necessary, we may suppose that 

a is odd and b is even. Thus a = +1 (mod 4). Further, replacing a by —a, if 

necessary, we may suppose that a = | (mod 4). Then, by Theorem 7.2, we see 

that a is uniquely determined by p, and the question arises “How is a given in 

terms of p?” Gauss showed that a is determined by a congruence modulo p 

and an inequality, namely, 

1 (e = i)/2 
PAN Gre ON 

Jacobsthal showed that a is given by a sum of values of Legendre symbols, 

namely, 

Gh ) (mod p), |a| < p/2. 2) 

pee m+m 
= —— 2 Wes say) a 

In our next theorem we use Theorem 6.4 to show that if p is a prime with 

p = 1 or 3 (mod 8) then p can be expressed in the form c* + 2d* for some 

integers c and d. 

Theorem 7.3. Let p be a prime satisfying p = 1 (mod 8) or p = 3 (mod 8). 

Then there exist integers c and d such that p = c* + 2d?. 

Proof. If p = 1 (mod 8) we have, by Theorem 7.2, 

ago eae 
(i, j) € N? 

P +f? =p 

If p = 3 (mod 8) we have r(p) = 0 by (6.1). Thus, by Theorem 6.4, we deduce 

o(p)=4 Y°  o(p—2i)-2p=4 Y> a *(p — 217) — 2 (mod 8), 
ieN ieN 

re De fl kee py 
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if p = | (mod 8), and 

o(p)=4 > o*(p—2i*) (mod 8), 
ieN 

i ey an iy) 

if p = 3 (mod 8). As o*(p) = 1 + p we deduce in both cases that 

Y> o*(p — 21”) = 1 (mod 2). 
ieN 

Ni ani 

Hence there exists an integer i between | and ./p/2, say i = d, such that 

ct (ps2) = iiGnod 2): 

By Theorem 3.7 this implies that p — 2d? is the square of an odd integer. Hence 

there is an odd integer c such that p — 2d? = c’, that is 

p=c’+2d’, codd. 

This completes the proof of the theorem. L 

If m is an integer then m? = 0,1 or 4 (mod 8). Thus, if m and n are 

integers, we have m? + 2n? = 0, 1, 2, 3, 4 or 6 (mod 8). Hence, if p is a prime 

with p = 5 or 7 (mod 8) then p 4 m” + 2n? for any integers m and n. Since 

2 = 0° + 2-1? we have for a prime p 

p =c’ + 2d’ for some integers c and d <> p = 2 or p = 1,3 (mod 8). 

(7.4) 

Now let p be a prime with p = 1 or 3 (mod 8). By Theorem 7.3 there are 

integers c and d such that p = c? + 2d’. Clearly c is odd. Replacing c by —c 
if necessary, we may suppose that c = 1 (mod 4). Then, by Problem 2 of the 

exercises for this chapter, c is uniquely determined by p. When p = 1 (mod 8) 

Jacobi and Stern have shown that c is given by 

C= 
=Ai)/2 epee ie ; a (mod p), cl < p/2. (7.5) 

When p is a prime with p = 3 (mod 8) the analogous determination is due to 

1 

2 

Eisenstein, namely, 

= “(ern i : oy 5) (mod p),  |cl < p/2. (7.6) 
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Exercises 7 

Let p be a prime with p = 1 or 3 (mod 8). By Theorem 7.3 there are 

integers c and d such that p = c” + 2d”. Prove that 

d = ~(p — 1) (mod 2). 
Nile 

Let p be a prime with p = 1 or 3 (mod 8). By Theorem 7.3 there are 

integers c and d such that p = c* + 2d”. Prove that 

{(c1,d,) €Z? | p=c}+2d;} = {(c,d), (c, —d), (—c, d), (—c, —d)}. 

In the second proof of Theorem 7.1, prove thatc #4 0 anda —b+c 0. 

In the second proof of Theorem 7.1, prove that the mapping from S$, to 

S_ which sends (a, b, c) to (a, b, —c) is a bijection. 

In the second proof of Theorem 7.1, prove that the mapping from S; to Sz 

which sends (a, b, c) to (b, a, —c) is a bijection. 

In the second proof of Theorem 7.1, prove that the mapping from S; to S; 

which sends (a, b, c) to (a —b +c, b, 2b — c) is a bijection. 

Prove that the mapping given in Problem S is an involution. 

Let n € N. Prove that 

o*(n) an ye (21 it oth 2. i2 at fia ney k’) 

GipbeN* 
12 ye ken 

+4"! SO a=? -/)sm-7? - 7) 
G, j)eN 
ieee <n 

+ (—1)"n(r(n) — s(n)). 

Let n € N. Define r’(n) by 

A eS 
(i, j,k) € NB 

n=i2 + 7? +k 

Prove that 

‘ ; ; ‘ n 
SS (n—i? —j)sn-—i? —jV= 37”). 

(i, j) ¢ N? 
P+j2<n 
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10. Letn € N. Prove that 

sya (—1) 116 *(n — i2 oe be _ k*) 

(i, j,k) € NB 
i? +j°7+khe <n 

- Nas Gaal) a(n = 314 xdaod 2). 
ieN 

1 V/s 

11. Deduce from Problems 8, 9, 10 that forn « N 

o(n)=8 > o%(n—3i) 
ieN 

1<i<J/nf3 

4 
+ 3D ar’) + (—1)"n(r(n) — s(n)) (mod 16). 

12. Let p bea prime with p = | (mod 4). By taking n = p in the congruence 

of Problem 11, deduce that 

r'(p) = (p + 3)/4 (mod 2). 

13. Let p bea prime with p = 1 (mod 8). Deduce from Problem 12 that there 

exist positive integers x, y and z such that 

pHxty’?4+2’. 

Notes on Chapter 7 

Heath-Brown’s proof of the Girard-Fermat theorem was given in 1984 in 

[129]. Varouchas [255] and Williams [260] have given presentations of Heath- 

Brown’s proof. Zagier [273] has given a one-sentence proof. An algebraic proof 

of the Girard-Fermat theorem can be found for example in the book by Alaca 

and Williams [28, Theorem 2.5.1, p. 48]. 

Gauss’ congruence (7.2) for a can be found in [107, Vol. 2, pp. 90- 

91]. Proofs of (7.2) are given in Barnes [37, pp. 3-6], Berndt, Evans and 

Williams [47, Theorem 6.4.2, p. 200], Cauchy [61, pp. 390-437], Jacobsthal 

[149, p. 15] and [150, p. 241]. Chowla, Dwork and Evans [73] (see also Chowla 

ley oa modulo p? in 
Se 

‘nag ( (P— V/2 
terms of a. Recently Cosgrave and Dilcher [83] have determined Ge iyi4 

(72, Vol. UI, pp. 1404-1410]) have determined ( 

modulo p?. 
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Jacobsthal’s formula (7.3) for a was given in Jacobsthal [149, p. 13], 

[150, p. 240]. Another proof is given in Berndt, Evans and Williams [47, 

Theorem 6.2.1, p. 190]. 

Other determinations of a and b in p=a* +b’, p (prime) =1 (mod 

4), have been given by Barnes [36], Brillhart [52], Hermite [130], 

[131, Vol. 1, p. 264], Legendre [164], Serret [240] and Smith [243], 

[245, Vol. 1, pp. 33-34]. Davenport [85] and Olds [214] have given very read- 

able accounts of Legendre’s continued fraction method of constructing a and b. 

The methods of Serret and Hermite are described in Lehmer [166]. Smith [243], 

[245, Vol. 1, pp. 33-34] found a by means of the continued fraction expansion 

of p/c for a certain integer c satisfying 1 < c < p/2. Brillhart’s algorithm is 

a beautiful modification of the methods of Serret and Hermite. Extensions of 

Brillhart’s algorithm have been given in Hardy, Muskat and Williams [127], 

[128], Muskat [208], Williams [262]. 

Williams [264] has given a necessary and sufficient condition for |a| to be 

larger than |b| in p = a? + b?, a odd, b even, when the norm of the fundamental 

unit of the real quadratic field Q(./2p) is —1. 

Jackson [145] has given a short proof of Theorem 7.3 in the case of primes 

p = 3 (mod 8). 

The congruence (7.5) was proved by Jacobi [147], [148, Vol. VI, pp. 254— 

274] and Stern [249], see for example [47, Theorem 9.2.8, p. 272]. The con- 

gruence (7.6) was proved by Eisenstein [100], [101, Vol. II, pp. 506-535], see 

for example the book of Berndt, Evans and Williams [47, Theorem 12.9.7, 

p. 417]. Many congruences of the type given in (7.5) and (7.6) were given by 

Hudson and Williams [142]. For references to other results of this kind see 

Berndt, Evans and Williams [47]. 
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A Second Identity of Liouville 

We see from Theorem 7.2 and (7.1) that if p is a prime then the number of pairs 

(a, b) of integers such that p = a* + b? is 

4, if p = 2, 

8, if p=1(mod 4), 

0, if p=3 (mod 4). 

More generally Jacobi has given a formula for the number r2(n) of pairs (a, b) 

of integers such that n = a* + b? for an arbitrary positive integer n. We prove 

Jacobi’s formula in Chapter 9 using Liouville’s ideas, see Theorem 9.3. We 

require the following arithmetic identity of Liouville. 

Theorem 8.1. Let f : Z x Z — C be such that 

f(x, —y) = f(—x, y) = —f, y) (8.1) 

forall x,y € Z. Then, forn € N, we have 

Yo (DP? f-2 + ki + J) 
Gi, j,k) € AM) 

(=1* Yi(-lY far = 1,m), ifn =m’ forsomemeN, 
ral 

0, otherwise, 

where the set A(n) is defined in (4.2). 

Proof. Let n € N. We define the subsets U, V and W of A(n) as in the proof 

of Theorem 5.1. Recall that the sets U, V and W partition the set A(n). 

First we show that 

So En) 02 fu + Et +p) = 0. (8.2) 
(i, j,k) EU 

67 
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Recall that the mapping © : U — U defined in the proof of Theorem 5.1 by 

Oi, j,k) = (-i +k, 2i + j —k,k) 

is a bijection on U. Hence 

EN ee et as) 
(i, j,k) EU 

eS Ch eee (Ue ah a8, 
(i, j,k) EU 

see yc ey 8? P29 Pie Py), 
(Gi, j,k) €U 

by (8.1), which proves (8.2). 

Next we show that 

Yo De? fw +hit/) 
GjHeEV 

(—1)” Yo(-D’ fr —1,m), ifn =m? forsomem €N, 
— r=" 

0, otherwise. 

(8.3) 

For (i, j,k) € V we noted in the proof of Theorem 5.1 that j and k are both 

odd andi = (—j + k)/2. Hence 

Yo (DEM F-2 + K+) 
(Gi, j,k)EeV 

= Yo Cy? FG,G +0/2). 
JkEN 
j,k odd 

(j+h/2P =n 

This sum is 0 if 7 is not a perfect square. If n is a perfect square, say n = m7 

for some m € N, the sum is 

m 

Se en wa ATG e m) = Yop"? fr i 1 m), 

LREN r= 
J, k odd 

G+kh/2=m 

which gives (8.3). 
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Finally we show that 

Yo EDP? f(-2i +k, i + j) =0. (8.4) 
GiLHEewW 

We make use of the sets P, Q, R and S defined in the proof of Theorem 5.1. 

Recall that the involution a : Q > Q is given by 

a(@, j,k)) = (=i — j, j, —2i — j +k) 

and the bijection B : P > S by 

BG, j,k) = G+ j, —2i — 7 +k, Jj). 

Using a we obtain 

So (DP? f(-2i + ki +f) 
Gi j,k)€Q 

Sy al ee? peer 
GjkeQ 

For (i, j,k) € Q we have j even. Hence, by Problem 1 of Exercises 4, we see 

that i =n (mod 2). Thus (—1)~' = (—1)". By (8.1) we have f(j +k, —i) = 

—f(j +k, i). Therefore 

Yo De? f-+khi + fj) 
j,k) eO 

ae (at eee Seay Ge pegs as 
Gi, j,k) € Q 

Snel yive Deena ee Gerke) 
GjkKeQ 

= (1) ee err ea). 
GjEQ 

For (i, j,k) € S, j is even, so by Problem 1 of Exercises 4, we have (—1)! = 

(—1)”. As 

BG, 7,4) =G—k,k, 2+ j-h, 

we obtain 

Ge efi P= CY Eo erg + &.)). 
(i,j,k) <P Gi res 
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Since P and Q partition W, we have 

SO a ier 
(i,j,k) Ee W 

Sey Ue eg cane tac) 
(aR eeR. 

+ YO CY PP FA +h +7) 
(i,j,k) EQ 

=" D2 ene 7G Fe) 
G@jies 

+(-1" So (DEPP FG +k, i) 
(i, j,k)E OQ 

= (1) eae) 
GjHEQUS 

SY a Ge Gare) 
Gj)€ZxNxN 

P+jk=n 
j even, k odd 

2i+j—k#~0 

= (— 1h ee (Sly 7G er i, 
i,j HNeEeZxNxN 

i+ jk=n 

j even, k odd 

Replacing i by —i, we obtain by (8.1) 

en oe 5 5 
Do LY eG kD) 

G,jbeZxNxN 

P+jk=n 
J even, k odd 

= SY EP #G +k, 1) 
Gi, jE ZxNxN 

?+jk=n 
J even, k odd 

=! TN SDE Seiad 
Gjk)eZxNxN 
ia 
J even, k odd 
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Thus 

Yo Ene +k) =0. 
i,j, .€ZxNxN 

?+jk=n 
Jj even, k odd 

This completes the proof of (8.4). 

Adding (8.2), (8.3) and (8.4), we obtain the assertion of the theorem. — 

If k, and kz are positive odd integers then the function 

fGa) = eye, 

at 

XO 

satisfies the condition (8.1). Applying Theorem 8.1 to this function, we obtain 

the following result. 

Theorem 8.2. Let k; and kp be positive odd integers. Then, for all n € N, we 

have 

Yo DEPP AH + OG + A)” 
(Gj, KeA(n) 

(—1)"m™ Y(-1)' (2r —1)", ifn=m’ forsomemeN, 

r=1 

0). otherwise. 

In Chapter 9 we apply Theorem 8.2 with (k;, k2) = (1, 1) to obtain the number 

of representations of a positive integer n as the sum of two squares, see Theorem 

9.3, and with (k,, k2) = (1, 3) and (3, 1) to obtain the number of representations 

of n as the sum of six squares, see Theorem 9.6. In a similar manner a formula 

for the number of representations of n as a sum of ten squares can be obtained 

from Theorem 8.2 by taking (k;, k2) = (1, 5), (3, 3) and (5, 1). However in order 

to determine the number of representations of n as the sum of four squares, 

we need the following analogue of Theorem 8.2. It is convenient to define for 

JkKEN 

Ie if j] =k =0(mod 2), 
Kis) s= 

: —1, otherwise. 
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Theorem 8.3. Let k, be a positive odd integer and kz a positive even integer. 

Then, for alln € N, we have 

5G.) CCI BGs pera) 
i,j HeZxNxN 

P+jk=n 

2m—1 m—1 

am® S~(—-1r — (-1)"2"m SY (-1'r®, ifn = m2, meN, 
r=1 r=—m+l1 

0, otherwise. 

Theorem 8.3 can be proved in a similar manner to Theorem 8.2. A proof of 

Theorem 8.3 is outlined in the problems at the end of the chapter. We deduce 

Jacobi’s four squares theorem from Theorem 8.3 by taking (k;, k2) = (1, 2), 

see Theorem 9.5. We also derive this theorem in another way in Theorem 11.1. 

Jacobi’s formula for the number of representations of n as the sum of eight 

squares can also be deduced from Theorem 8.3. However we do not do this but 

rather give a shorter proof, see Theorem 19.1. 

When applying Theorems 8.2 and 8.3 the following two results are often 

useful in simplifying the terms that occur. 

Theorem 8.4. Let n < N. Let g : Z? > C be a function such that 

et, j,k) = —si, j,k); i,j,k €Z. 

Then 

SG 0: 
(i, 7,.k)EA(n) 

Proof. As 

(i, j,k) € A(n) => (-i, j,k) € A(n), 

and g(—i, j,k) = —g(i, j,k), we have 

ergy ASE STG bl erlap lassi SNS 8 eaieak) 
(i, j,EA(n) (-i, j,EA(n) (i,j, Ee A(n) 

so that 

ios) 
(i,j, KE A(n) 

as asserted. L) 
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Theorem 8.5. Let n € N. Leth : Z? > C be a function such that 

hii, k, j) = —hii, j, k). 

Then 

> h(i, j,k) = 0. 
GjHNEZxNxN 

P+ jk=n 

Proof. As (i, j, k) is a solution of i? + jk =n if and only if (i, k, j) is also a 

solution, we have 

eno a eae i) 
G,jH)NeZxNxN G,k,j)EeZxNxN 

?P+jk=n ?+kj=n 

et ehG, i, %) 
Gi, j,k €ZxNxN 

P+ jk=n 

so 

SS ies) 0 
GjHEeZxNxN 

P+ jk=n 

as asserted. L] 

Exercises 8 

1. Let f : Z* —~ C satisfy (8.1). Prove that 

(es =y) = ee y) 

for all (x, y)€Zx Z. 

2. Letn € N. Let f : Z° —> C be such that 

FAX, 2) =F Oz) (8.5) 

and 

Gry, —2) sly, 2) (8.6) 
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for all (x, y, z) € Z>. Use the ideas of the proof of Theorem 8.1 to prove 

that 

ye OSCE Pej —*)— 6G kas 8) 
(,j,k)EZxNxN 

n=i* + jk 

2m—1 

> (2f(r,m,r) — fQm,r—m,2r—2m), ifn =m?,meEN, 
3 Fl 

0, otherwise. 

3. Let neN. Let f:Z>—>C satisfy conditions (8.5) and (8.6) for 

all (x,y,z) €Z°. Apply the identity of Problem 1 to the function 
(—1)* f(x, y, z) to obtain 

i. CEN ay ee jek) 
Gi,jKEeZxNxN 

n=i?+jk 

—(-1)/" fj +k,i, 7 -—) 
2m—1 

Y> (=D! fm, r) — f(Qm,r —m,2r —2m), ifn =m>,meEN, 
r=1 

0, otherwise. 

4. Let ne N. Let f : Z> —> C satisfy conditions (8.5) and (8.6) for all 

(x, y, z) € Z’. Deduce from Problems 1 and 2 that 

> yy f(—2i+k,i+ j,2i+2j —k 
GjHeZxNxN 

n=i?+jk 
k = 0 (mod 2) 

=o, Yes LG eof ea) 
(i, j,k) eZXNxN 

n=i>+ jk 
J =k (mod 2) 

m—1 2m—1 

_ $235 fr,m,2r)— Y* fQm,r—m,2r—2m), ifn =m2,meN, 
Sa r=) 7 

0, otherwise. 
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5. LetneéN. Let f : Z? —> C satisfy conditions (8.5) and (8.6) for all 

(x, y, z) € Z*. Deduce from Problems | and 2 that 

fs yy f(-2i+k,i+ j,21+2j —k 
i,j, €ZxNxN 

n=i?+jk 
k = | (mod 2) 

2m—1 

- Yo 2IGFhij—b=2-5 Fem”). 
i,j,k)€ZxNxN r=1 

n=i*? + jk r = 1 (mod 2) 
J +k = 1 (mod 2) 

6. Letn € N. Let f : Z> — C satisfy 

Nts ai Oa ys I. y) 

for all (x, y, z) € Z*. Deduce from Problem 4 that 

m 

> fC%U+kKi+ N=) fOr-lm)+ YO fG+hi. 
(i, j,k) € AQ) r=l (i, j,k) €EZxNxN 

n= i? + jk 
J =0 (mod 2), k = 1 (mod 2) 

7. Let n€N. Let f : Z* —> C satisfy conditions (8.5) and (8.6) for all 

(x, y, z) € Z. Apply the identity of Problem 3 to the function 

(—1)°*/? F(x, y,z), ifx =z =0 (mod 2), 

0, if x = | (mod 2) or z = 1 (mod 2). 

to deduce that 

2 CR ee 2) = 8) 
i,j, EeZxNxN 
n=i? + jk 

k = 0 (mod 2) 

- 3 (-1 fG +k i,j -® 
i,j 4EeZxNxN 

n=i?+jk 
j =k (mod 2) 

m—1 2m—1 ‘ 

2 Crm, 2r)— S°(-1) fm,r —m,2r -—2m), ifn =m?,meN, 
— r=1 esl | 

0, otherwise. 
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8. Let n €N. Let f : Z —> C satisfy conditions (8.5) and (8.6) for all 
(x, y, z) € Z°. Deduce from Problems 4 and 6 that 

MS sj, kK\Qf(-2i+k, i+ j,26+2) -HN-fUi+ki,j -—b) 
(i,j, EZxNxN 

n=i?+ jk 

2m—1 

Y\(-L f(r, m, 1) — f(Qm,r — m, 2r — 2m)), ifn =m’,meN, 

F=1 

0, otherwise. 

9. Let k, be a positive odd integer and kz a positive even integer. By taking 

f(x, y,z) = x" y® in the identity of Problem 7 deduce Theorem 8.3. 

Notes on Chapter 8 

Theorem 8.1 is due to Liouville [170, 8th article, p. 74]. Similar formulae 

are given by Liouville in [170, 9th, 10th and 11th articles]. Nathanson [209, 

Theorem 13.7, p. 420] deduces the identity of Theorem 8.1 from a more general 

identity [209, Theorem 13.1, p. 402] of Liouville. This more general identity 

was given by Liouville in [170, 12th article]. In their books Uspensky and 

Heaslet [254] and Venkov [256] have given treatments of these identities of 

Liouville. 
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Sums of Two, Four and Six Squares 

For k € N andn € No we denote the number of representations of n as the sum 

of k squares by r;(n), that is 

n(n) = card {(x1,...,%) €Z' |n=xpt+---+x;}. 

As there is only one way of expressing 0 as a sum of k squares, namely, 

0=0*+---+07, we have r;,(0) = 1 for all k ¢ N. We begin by giving a 

recursion formula for r;(n). 

Theorem 9.1. Letn,k € N. Then 

ya (n — (k + 1)i7)r,(n — i?) = 0. 
ieZ 

lil< Jn 

Proof. We have 

rei(n) = Ds 1 
(x1 aeterers X41) ZO 

2 N=XP He + xR 4y 

xe EZ (Giierantce x) € ZK 

that is 

a= h(n at): 
ieZ 

lil< Jn 

Th 
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Also 

ArK41(N) = De n 

(Caliper o¢ Xe41) € ZH 
n=xpte--+ xp, 

A 2 

ss y (yr eee) 
(Ca. sre Xe) € Zt} 

naapbeotaba 
2 

=(k+) Me Xe41 

(x epee Bar 

maxi + Xe 

2 

Te Y XK41 de I, 
x1 EZ Girt. xx) € Z 

xepil S/n n—xp,, =x +++. +x? 

that is 

rp) A) 
nrpsi(n) = (k + 1) ) iry(n — i*). 

ieZ 

lil < Jn 

Hence 

n Ds Ani?) = (e+ 1) he ir, (n — i?) 
Pew 1eZ 

lil< Jn lil < Jn 

from which the asserted recursion formula follows. a) 

Our next theorem shows that if we can find a function D : Np > Z with 

D(O) = 1 satisfying the same recursion as r;(n) then rz(n) = D(n) for all 

ie No. 

Theorem 9.2. Let k € N. Let D: No ~ Z be such that 

Yo (n-(k+1)D(in- i?) =0, neN, 
ieZ 

lil< Jn 

and 

2D (Ose 

Then 

D(n) = ri (n), ie No. 

eed 
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Proof. Set 

E(n) := Din) -r(n), ne No. (9:2) 

Clearly 

E(0) = D(O) —7,(0) = 1—=1=0. 

From Theorem 9.1, (9.1) and (9.2), we deduce 

So @-k+DP)En-i°)=0, neN. 

We a 
Thus 

oe & Doe ees E(n) = : dX (n — (k + 1)i2)E(n — i’) 

0<|il< Vn 

from which it follows by a simple induction argument on n that 

E(n)=0, neENo, 

proving the required assertion. Lj 

We now use Theorems 8.2 and 9.2 to obtain Jacobi’s formula for the number 

of representations of a positive integer n as the sum of two squares, that is for 

the quantity 

r2(n) := card {(x, y) EZxZ\|n =e yh 

Jacobi’s formula is conveniently stated in terms of the Legendre-Jacobi- 

Kronecker symbol for discriminant —4, which is defined for d € N by 

2 +1, ifd=1(mod 4), 

(=) Pi ke Fea eee, 
0, if d = 0 (mod 2). 

Theorem 9.3. Letn € N. Then 

rn(n)=4 >> (=) 
deN 

d\n 
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Proof. Choosing (k;, kz) = (1, 1) in Theorem 8.2, we obtain 

Yo CDPHE + OE +7) 
(i, j,k) € A(n) 

(—1)"m Y(-)"r —1), ifn=m?, meN, 
r=1 

0, otherwise. 

Now for every positive integer £ we have 

£ £ 

YH) r — D) = (br - (HI - DP) = CD. 
r=1 r=l1 

Hence 

Yo (-DPP(-21 + HG + fj) =ns(n), n EN. 
(i, j,k) € Am) 

Expanding (—2i + k)(i + j) and using jk = n — i*, we deduce 

Yo (HD PP (-2ij +ik +n - 317) = ns(n). 
(i, j,k) € Am) 

By Theorem 8.4 we have 

yoy ED’ Qij =i) =0. 
(i, j,k) € AM) 

Adding (9.3) and (9.4), we deduce 

Yo ED ?Pa@ = 37?) = ns(n). 
(t, j,k) € A(n) 

Thus 

os (n — 3i”) a (-1)*-Y? = ns(n). 
ieZ keN 

li] < Jn Val ase 
k = 1 (mod 2) 

(9.3) 

(9.4) 

OS) 
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Let 

D(s) :=4 2 Ene? —4 SS (=) , sen, 
deN deN 

d\s d\s 

d = 1| (mod 2) 

and D(0O) := 1. Hence for all n € N we have 

DS (n — 3i7)D(n — i2) = 4ns(n). 

ie 

If n is a perfect square then 

om (n — 3i7)D(n — i?) = wa (n — 3i2)D(n — i*) + 2(—2n)D(0) 
ieZ 1EZ 

lil< Jn lil < Jn 

4n — 4n 

= 0. 

If n is not a perfect square then 

Y> @-3?)Da-%)= > @-3i?)DM-i) =0. 
ieZ ieZ 

lil< vn lil < vn 

Hence, for all positive integers n, we have 

> (n — 3i2)D(n — i?) = 0. 
ieZ 

lil < Jn 

Thus, by Theorem 9.2 with k = 2, we deduce 

ro(n) = Din), ne No, 

completing the proof of the theorem. 
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Example 9.1. We calculate the number of ways of expressing 306 as the sum 

of two squares. By Theorem 9.3 we have 

r2(306) = 4 5° (=) 

=#(()+(S)+(S) + Gz) +) + Ge) 1 3 9 17 ou 153 

=41-14+14+1-1+4+1) 

Se 

The eight representations are given by 

306 = (£9)? + (£15)? = (£15)* + (£9). 

From Theorem 9.3 we see that 

r2(n) = 4(d),4(n) — d3,4(n)). 

Appealing to (3.7) (with m = 4), we have 

do,4(n) = d(n/4). 

From (3.8) (with m = 4), we deduce 

do,4(n) + d),4(n) + dz,4(n) + d3,4(n) = d(n) 

and from (3.9) (with e = k = 2 and m = 4) and (3.10) 

dp,4(n) = dj,2(n/2) = d(n/2) — d(n/4). 

Solving these four equations for do,4(n), di,4(n), do,4(n) and d3 4(n), we obtain 

the following theorem. 
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Theorem 9.4. Forn « N 

do,4(n) = d(n/4), 
1 1 1 

d\ 4(n) = nee “= aon) A gl2(), 

dy,4(n) = d(n/2) — d(n/4), 
1 1 1 

d3,4(n) = Ae: mi Fu Ndes = gt): 

Example 9.2. We give a simple upper bound for r2(n). As d3,4(n) => 0 we see 

from Theorem 9.4 that 

ra(n) < 4d(n) — 4d(n/2) 

for all n € N. Moreover the upper bound is achieved if and only if the only 

possible primes dividing n are 2 and primes congruent to 1 modulo 4. 

Next we deduce from Theorems 8.3, 8.4, 8.5 and 9.2 Jacobi’s formula for 

the number of representations of n € N as the sum of four squares, that is for 

the quantity 

ra(n) = card{(%, Zh) e Zi |n=x? + ve eee ie 1% 

Theorem 9.5. Forn € N 

ra4(n) = 80(n) — 320(n/4). 

Proof. First we note that for m € N we have 

2m—1 2m—1 2m—1 

Y Gir SST ei > Cir 
r= r=1 Tazaul 

r = 0 (mod 2) r = | (mod 2) 

m-1 m 

aX _ Be — 1) 

sl s=il 

= m(m —1)—m? 

= Seat Ate 

and 

m-—1 m—1 

Sele Se Mee. 
r=—m+1 | 

m—1 

=) (-l’rr +) -(-1)"'¢ - Dr) 
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so that 

2m—1 m—1 

2m? S*(-1)'r —(-1I)"2m_ SY) (-1)'r? = 2m? + 2mm — 1) = —2m*. 
r= r=—m+l 

Now we take (k;, k2) = (1, 2) in Theorem 8.3 to obtain 

Ys, Q(-2i + OE + J? — G+ 0) 
i,j jEeZxNxN 

P+ jk=n 

2m—-1 m-—-1 

2m? Y(-1)'r —(-1)"2m_ > (-1fr?, ifn =m, meN, 
= 7—1 r=—m+1 

0, otherwise, 

om —2n, ifn=m’, meEN, 

0, otherwise. 

The left hand side is 

> s(j, kK —4i? + 17k = 9177 + 4ijk — 41774 277k) 
Gi,jHNEeZxNxN 

?+jk=n 

_ De s(j, Kk — 91? 7 +2j7k) (by Theorem 8.4) 
i, j,€ZxNxN 

?+jk=n 

= yh s(j, G7k — 9177 + 2j(n — i?) 
GjWHeZxNxN 

?+jk=n 

= Yo si, HQ — 5i?)j — PG — &) 
(i, j,k)EZxNxN 

i?+jk=n 

=2 Ds s(j, k(n — 5i?)j (by Theorem 8.5) 
G,jKeZxNxN 

?+jk=n 

ES Ot Wee eC) 
ieZ (j,k) € N* 

lil< Jn jk=n-i? 

Thus 

>) @-5i?) o> “sj, Hj = —-ns(n), 
Bee (j,k) € N? 

li] < Jn jk=n-i? 
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for alln € N. Now define D : No > Z by 

DO ca 

and 

D@):=-8 YD s(j,bj, neN, 
(j, k) € N* 
in 

so that 

Da (n — 5i2)D(n — i?) = 8ns(n), neN. 
ieZ 

lil < Jn 

If n is a square, say n = m?,m €N, then 

yy (n —5i2)D(n — 72) = SS (n — 5i2)D(n — i*) — 8nD(0) 
ieZ ieZ 

lil < Jn lil < Jn 

= 8n — 8n = 0. 

If n is not a square then 

Y> @-5P2)Dn-?)= Y\ (n-5i?)D(n- i?) =0. 
ieZ ieZ 

lil< Jn lil< Jn 

Thus 

ye (n — 5i*)D(n — i?) =0 

ieZ 

li] < Jn 

for all n € N. By Theorem 9.2 with k = 4, we deduce that 

ii@)) = Dn), ne No. 
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Finally, for n € N, we have 

Ni Ait 2 nd a et 
(j,k) € N? (j,k) € N? (j,k) € 
jk=n jk=n jk=n 

j =k =0(mod 2) 

Sap a) ty ae 
(j,k) € N* (j,k) € N* 
jk=n/4 jk=n 

= gig 
JéEN JEN 

j|n/4 jin 

= 40(n/4) — a(n) 

so that 

r4(n) = —8(40(n/4) — o(n)) = 80(n) — 320(n/4), 

which is Jacobi’s formula for r4(n). C 

Another proof of Jacobi’s four squares theorem is given in Chapter 11. 

Example 9.3. By Theorem 9.5 the integer 8 has 

r4(8) = 80(8) — 320(2) = 8-15 — 32-3 = 120 — 96 = 24 

representations as the sum of four squares. 

Our next objective is to use Theorems 8.2, 8.4 and 9.2 to prove Jacobi’s 

formula for 

ro(n) = card{(x1, x2, x3, x4, %5,%6) EZ° [n= xP + x7 +224 x? + 2x2 + x2}. 

Theorem 9.6. Letn € N. Then 

r6(n) = 6D (Ta)e- AG: =) a 

ee ore 

Proof. Let u(r) := 4r3 — 3r so that u(0) = 0. We note that u(r) + u(r — 1) = 

(2r — 1)°. Hence for m € N we have 

deVeer - 1P = (yu) = (Hur — D) 
i=l 

= (-1)"u(m) = (—1)"(4m? — 3m). 
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Now take (k;, k2) = (3, 1) in Theorem 8.2. We obtain 

Yo (DP (21 + BE + J) 
(i, j,.kK)EA(n) 

(—1)"m YS \(-b" 2r —1), ifn=m2,meN, 
r=1 

0, otherwise, 

= (4n? — 3n)s(n). 

Expanding (—2i + k)*(i + j) we obtain 

=8i rk Ok tk ery lei ik = Ok 4 fe 

By Theorem 8.4 we see that 

So (DPPC dak + ik — 81} — 6ijk) = 0. 
(i, j.K)EA(n) 

Thus 

Yo (-D* PP (814 — 617k? + 121? jk + jk?) = (An? — 3n)s(n). 
Cj, kK)EAn) 

(9.6) 

Similarly by taking (k;, kz) = (1, 3) in Theorem 8.2 we deduce 

Yo Ede (-2% — 67777? +37 jk + PK) =n's(n). — (9.7) 
(i,j, KE A(n) 

Multiplying (9.7) by 4, and then subtracting (9.6) from it, we obtain 

og (—1)®- D2 (— 247? j? + 617k? — jk +.4j?k) = 3ns(n). 
(i,j, NE A(n) 

For (i, j,k) € A(n) we have 

4iaj + Or hick 4p k=Vk oo 4 —O=a— 1 )Gj° —&). 

Thus 

> @-7) Yo PPE; — i?) = 3ns(n). 
Re jkeN 

lil < Jn jk=n-i? 
k = 1 (mod 2) 

Let 

DG) = 4) peal) kay Sr, ne N, 
(j,k) € 
Jk=n 

k = 1 (mod 2) 
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and 

D(O) := 1. 

Hence 

Y> @=Ti’)DM - i?) = 12ns(n), nN. 
ieZ 

li] < Jn 

If n is a perfect square then 

Yo @-T)Dn-i?)= D> (n-7i?)D(n - i”) — 12nD©O) 
ieZ ieZ 

lil< Jn lil < Jn 

= Ap = ap = 

If n is not a perfect square then 

¥ (n — 7i2)D(n — i2) = Di (n — 7i7)D(n — i”) = 0. 
ieZ ieZ 

lil < Va lil< vn 

Thus for all m € N we have 

Y> @-T’)D@ — i?) =0. 
ieZ 

lil< Jn 

Thus, by Theorem 9.2 with k = 6, we have 

ro(n) = D(n), neENo. 

Finally we observe for n € N that 

Dany=4 > (F)ar-~ 
(j,k) € N? 
jk 

—4 —4 
SDs (j)P-4 mS (F)+ 

(j,k) € N? (j,k) € N? 
jk=n jE =n 

—4 —4 =16 > (=)?-4y (F)e 
n/j k 

JEN keN 

jin k\|n 

—4 4 
= 16 meee d—4 peek d 

2 ea aie led 
eN 

d|n d|n 

This gives the asserted result. 
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Example 9.4. The number of representations of 6 as a sum of six squares is 

no mo((2)°0(S)P«(S)eG*) 
-(BreZ)oBe@)) 

= 16(—4 + 36) — 44— 9) 

= 544. 

This is easily checked as 

6=174+174+2?+0? +0740? 

gives rise to 

Gi 

representations and 

6=74P?474+747?4V? 

gives rise to 2° = 64 representations, for a total of 480 + 64 = 544. 

Letk,n EN. If x1,..., x, are integers such that 

nye 2 ja 
ie SA OTN ee? SCO Ki ici tk) se ls 

then (x,,..., x) € Z is called a primitive representation of n as the sum of k 

squares. The number of primitive representations of n as the sum of k squares 

is denoted by p;(7), that is 

pn) = card Gens xe) ART =x! + vee bh x?, BCACK eke) = 1}. 

Theorem 9.7. Letk,n € N. Then 

re(n) = > px(n/d’). 
deN 

d*\|n 
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Proof. fn =x? +---+xjandd | x; fori = 1,2,...,kthend? | nandx; = 

dy;,y; €Z(i = 1,2,...,k) withn/d* = y? +--+ + yg. Hence 

ren) = Le 1 

d\n n=x?+---+x2 
SCI 2-5 x= d 

=} yy. 1 

WEIN (Ooo ye) € Zk 
d\n n/a? =y?+---+y2 

gcd(yi, ..-5 Ye) = 1 

= )> pen/a’), 
déeN 

d*|n 

as asserted. LJ 

In order to determine p;(n) from r;(n) we are going to invert the formula of 

Theorem 9.7. To do this we make use of the Mobius function. We recall that 

the Mobius function p(n) is defined for n € N by 

il iy, = Ih 

u(n) = ¥(—1)‘, ifn = pi p2--+ pe, where pj, ..., px are distinct primes, 

0, otherwise. 

It is easy to check that (rn) is a multiplicative function of n. 

Let m € N. The positive integer n is said to be m-free if there does not exist 

a prime p with p” | n. The only positive integer which is 1-free is 1. The 2-free 

integers are precisely the squarefree integers. 

Theorem 9.8. Let m,n € N. Then 

1, ifnism-free, 
SEG) = 
ER, 0, otherwise. 

aan 

Proof. Set 

Gin) = 1 wd), neN. 

déeN 

d™|n 
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Clearly G(1) = 1 so the theorem is true for n = 1. Thus we may suppose that 

n > 1. Then there exists at least one prime p dividing n. Let a(p) € N be such 

that p*?) || n. We have 

CO =e IC) np =) Ly 
déeN x E No x E No 

d™ | p?) mx <a(p) x <a(p)/m 

x= 0) 1 

ee be0] italp)m, 

i if a(p) < m. 

As 4 1s multiplicative it is easy to show that G is also multiplicative. Hence 

GO) ae Mire. Nan ee, | A, 
Pp (prime) | n Pp (prime) |n p (prime) | n 

pe) iin per iin pa? in 
a(p) =m a(p)<m 

Thus G(n) = 1 if n is m-free and G(n) = 0 otherwise. a 

Taking m = | and m = 2 in Theorem 9.8 we obtain 

i) ie ifn = 1, i 
ud) = 

ea Oe ities 1h 

d\n 

and 

1, ifn is squarefree, 
dL H@) =}, | (9.9) 
ra , otherwise. 

d*\n 

Property (9.8) is a fundamental property of the Mobius function and we use 

it to prove the following inversion formula, which will enable us to invert the 

formula of Theorem 9.7. 

Theorem 9.9. Let m € N. Let f be an arithmetic function. Define the arith- 

metic function F by 

F(n)= )_ f(n/d”), neN. 
deN 

dealin 

Then 

fn)= Do w@)F@/a"), nen. 
déeN 
d”™ \|n 



92 Number Theory in the Spirit of Liouville 

Proof. We have 

x u(d)F(n/d"™) Youd Yo fase”) 
deN deN eeN 

d™\|n Pe teal a en" | nfa™ 

— » p(d) f(n/(d"e"")) 

(d, e) € N? 
dad™e™ | n 

SNe PGR") TS” aad) 
keN (d,e) € N? 

ee | 7 de=k 

=e) ft/k ) >_ id) 
keN deN 

k™\n d\k 

= >> f(n/k") (by O.8)) 
keN 

k™|n 
k=1 

= f(n), 

which is the assertion of the theorem. LJ 

We now use Theorem 9.9 to determine p, in terms of rz. 

Theorem 9.10. Letk,n <¢ N. Then 

pen) = Y) wd)re(n/d”). 
deN 

d*\|n 

Proof. We take m = 2 and f(n) = p;(n) in Theorem 9.9. By Theorem 9.7 we 

have F(n) = r;(n). The required result now follows by Theorem 9.9. LJ 

Next we use (9.9) and Theorem 9.10 to determine p2(n) (n € N). 

Theorem 9.11. Let n € N. Let t denote the number of distinct primes p = 

1 (mod 4) dividing n. Then 

0, if 4 | n or there exists a prime q = 3 (mod 4) dividing n, 
p2(n) = art 

otherwise. 

Proof. If 4|nandn = x* + y* then 2 | x and 2 | y so po(n) = 0. 
Ifq isa prime with q = 3 (mod 4) dividing n = x? + y* theng | x andg | y 

so P2(n) =) 

Hence we may assume that n = 27p,“'--- p,“, where a = 0, 1; t € No; 

Pi,-+-, Py are distinct primes = | (mod 4), and a;,..., a, € N. Appealing to 
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Theorems 9.3 and 9.10, we obtain 

p(n) = do Ma)ro(n/d’) =4 Y> wd) D> (=) 
déeN deN eceN 

d\n d\n e|n/d* 

=4 Y wa (S)=4 Dua(Ts). 
(d, e) € N keNden 

Pein kin d*\k 

4 
As 4{n we have 4 { k sod is odd. Thus (=) = |. Hence by (9.9) we obtain 

pon) = sv (= =) aid) = 4 ey (F)=4 s (=). 
keN deéeN 
k\n d’ |k : 4 n k\|n 

k squarefree k squarefree 

k odd 

—4 
As (=) = | for every odd prime p dividing n, we have 

Pp 

See ales 
kKeEN keN 
k\n k\n 

k squarefree k squarefree 

k odd odd 

Thus p(n) = 4-2! = 2'+?, as asserted. O 

Example 9.5. We choosen = 850 = 2 - 5* - 17 so that n is not divisible by 4 or 

a prime = 3 (mod 4) andt = 2. Thus, by Theorem 9.11, the number of primitive 

representations of 850 as the sum of two squares is 2't* = 24 = 16. Eight of 
these representations arise from 850 = 3” + 29? by change of order and sign, 

and eight from 850 = 117 + 27°, for a total of 8 + 8 = 16. By Theorem 9.3 
the total number of representations of 850 as a sum of two squares is 

4° (F)-4d (F)-4d 1=4x6=24. 
déeN déeN déeN 
d | 850 d | 425 d | 425 

The eight nonprimitive representations arise from 850 = 15? + 257. 

Our final result of this chapter is a proof of Aubry’s formula for p4(n). 
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Theorem 9.12. Let ne N. Set n =2°N, where aE No, NEN and N= 

1 (mod 2). Define 

La if a0: 

Roe 
k(a) = if 

2) fa =, 
Thee 

Then 

pa(n) = 8k@) [| " p?"(@-'l). 
p(prime) | NV 

pP || N 

Proof. From Theorem 9.5 we have 

TA) = 8). a, meN. 

deN 

d\|m 

4td 

Hence, by Theorem 9.10 (with k = 4), we obtain 

pa(n) = 7 w(d)ra(n/d’) 
deN 

d\n 

=8) ud) Die 
déeN eEeN 

d\n e | n/d* 

4te 

=8 > ude 
(d, e) € N? 

del|n 

4te 

=8 SA 2 w(dye 
k EN (d,e) € N? 
k|n @e=k 

4te 

7 bd) 
=8)0k de Aue 

keEN deN 

k|n ad’ \k 
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that is 

pa(n) =8 s kH(k), (9.10) 
keN 

k\|n 

where 

Clearly H(1) = 1. Let ki, kz € N be such that ged(k,, k2) = 1. Then 

d Htie= y 
deN 

d* | kiko 

4+ kyk2/d? 

- ss Ld) d>) 
— 2 42 

(di, dy) € N? ai 
di | ki, dj | ke 

4t ky/d?, 4} ky/a? 

LL(d)) (d) sa = am ee 

d,éeN l daeN 

d? | ky d5 | kp 
4 t ki/d? 4t k/d? 

= H(k,)H (kz). 

Thus H is a multiplicative arithmetic function. First we determine H(p*) for 

an odd prime p anda € No. We have 

l 
(d) (-1)? 

H(2*) = Ss 7 >s yb m(a), 
deN b=0 
GR De (a—1)/2<b<a/2 
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where 

1 8 at Ge, 1, 
m(a):= 4-4, ,ifa =2, 3, 

0, ifa>4. 

Combining these results, we obtain as H is multiplicative 

1 
H(k) = m(a) il (1-<). oN, 2k 

p (prime) # 2 P 
p’ \k 

Putting this formula into (9.10), and splitting up the resulting sum depending 

on the power of 2 dividing k, we obtain 

1 1 

Ora pan) = 8 kT] (1 _ =) +8) ok 
k|n  plk k|n pk 
2tk 2\|k 

1 1 -2 eT] (1-5)-2 D«TT (1-S). 
lire p= lik k|n p*\k P 

Pik pA2 Pik p#2 

Set n = 2°N, where a € No and N € N is odd, and let 

1 
J(N) := DY *M(1-S). 

Clearly J(1) = 1. Then 

pa(n) = (8 + 16F)(n) — 8Fy(n) — 16Fs(n))J(N) = 8k(a)J(N). (9.11) 

It is easy to check that J(N) is a multiplicative function of N. We determine 

J(p®) for an odd prime p and B € N. We have 

J(p®) = | M > = Ca We, 

II + dv -b uM as! 
DW — | eS 
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Hence 

JN)= [|] pP* +). (9.12) 
P (prime) | N 

pP | N 

The asserted result now follows from (9.11) and (9.12). CO 

Example 9.6. We choose n = 2500 = 2? - 5*. By Theorem 9.12 the number 
of primitive representations of 2500 as the sum of four squares is 

p4(2500) = 8-2-54-1(5 + 1) = 12000. 

Exercises 9 

1. Prove that when n = p (prime) Theorem 9.3 agrees with the result stated 

at the beginning of Chapter 8. 

2. Deduce from Theorem 9.3 that r2(2n) = r2(n) for alln € N. 

3. Prove that tr2(n) is a multiplicative function of n € N. 

4. (i) Prove that r2(p*) = 4(a + 1) if p is a prime with p = 1 (mod 4) and 

ae No. 

(ii) Prove that r2(p*) = 2 + 2(—1)° if p is a prime with p = 3 (mod 4) 

andaeé No. 

(iii) Prove that r2(2°) = 4 if a € No. 

5. Leta € No. Determine all integers x and y such that 2¢ = x? + y?. 

6. Deduce from Problems 3 and 4 a formula for r2(n) (n € N) in terms of the 

prime power decomposition of n. 

7. Letn EN. If n =x? + y* for some integers x and y, and p is a prime 

divding n with p = 3 (mod 4), prove that p divides both x and y. 

8. Deduce from Theorem 9.3 and Problem 9 of Exercises 6 that if n (€ N) is 

odd then 

[Vn/2] 

r(n)=2 > n(n — 417) + 4-1)" 9? Jns(n). 
i=l 

9. How many representations does a prime have as a sum of four squares? 

10. Prove that gra(n) is a multiplicative function of n (n € N). 

11. Is 5 r6(n) a multiplicative function of n (n € N)? 

12. For g € Q with |g| < 1 define 

et 
n=—OO 
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We note that 

g(q) = &3(0, g), 

where the theta functions 6), 62, 63 and 64 were defined in Chapter 2. Let 

k be a positive integer with k > 2. Prove that 

le.@) 

o*(q) = >> re(n)q”. 

13. Use Problem 12 with k = 2 and Theorem 9.3 to show that 

g@=1449 (> =) =. 

q” 

(A series of the form ye ae , where the a, are independent of q, is 
eag® 

n 

is called a Lambert hide. ) 

14. Use Problem 12 with k = 4 and Theorem 9.5 to show that 

gq = 
aoe 

4tn 

15. Use Problem 12 with k = 6 and Theorem 9.6 to prove that 

co ay (n—1)/2,,2 ,n 

saceit Dap el Ea = 1416 F aL 
1 re 2n 

2tn 

16. Let n € N be such that n = 0 (mod 8). From Theorem 9.12 we see that 

pa(n) = 0. Prove this result from first principles. 

17. Use Theorems 9.6 and 9.10 to determine a formula for p¢(n) valid for all 

positive integers n. 

Notes on Chapter 9 

Theorem 9.1 can be found in the books of Venkov [256, p. 205] and Nathanson 

[209, p. 424]. Theorem 9.2 is given in [209, p. 425]. Theorem 9.3 is implicit in 

the work of Jacobi [146, 88. 40-42], [148, Vol. I, pp. 159-170]. The elementary 

arithmetic proof of Theorem 9.3 that we give is based on the treatment given in 

Nathanson’s book [209, pp. 428-429]. Hirschhorn [134] has deduced Theorem 

9.3 from Jacobi’s triple product identity. Theorem 9.5 is due to Jacobi and is 

given implicitly in [146, 8840-42], [148, Vol. I, pp. 159-170]. The proof given 
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here is based on that given in [209, pp. 428-429]. A very simple arithmetic proof 

of Theorem 9.5 has been given by Spearman and Williams [246]. An arithmetic 

proof is given in Landau’s book [162, pp. 146-150]. Many proofs of Theorem 

9.5 are known; see for example Andrews, Ekhad and Zeilberger [31], Bhargava 

and Adiga [49], Carlitz [58], [59], Cooper and Lam [82], Hirschhorn [134], 

and Venkov [256, pp. 209-210]. Theorem 9.6 is also due to Jacobi [146, §§40- 

42], [148, Vol. I, pp. 159-170]. Other proofs have been given by Alaca, Alaca 

and Williams [16], Carlitz [58], Chan [65], Cooper and Lam [82], McAfee 

and Williams [198], and Venkov [256, pp. 206-207]. For the determination of 

rg(n) using Liouville’s methods, see Nathanson [209, pp. 441-445] and Venkov 

(256, pp. 210-211] and for the determination of rj9(”), see Nathanson [209, 

pp. 446-452] and Venkov [256, pp. 207-209]. 

Formula (9.8) is well known and can be found for example in the book of 

Niven, Zuckerman and Montgomery [211, p. 193]. Theorem 9.10 is a slight 

generalization of the Mobius inversion formula, see for example [211, p. 194]. 

A proof of Theorem 9.11, which shows that p2(n)/4 is the number of solutions 

of the congruence x* = —1 (mod n) is given in Landau’s book [162, p. 136]. 

Theorem 9.12 is due to Aubry [33], see also Dickson’s History [93, Vol. II, 

pp. 302-303]. 
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A Third Identity of Liouville 

Let n be a positive integer and let f : Z — C be an even function. In 1858 

Liouville stated the surprising result that the sum 

Yo (f@-b)- fla+d)) 
(a, b, x, y) € N* 
ax+by=n 

can be evaluated in terms of sums over the positive integers d dividing n. 

Theorem 10.1. Let n be a positive integer and let f :Z— C be an even 

function. Then 

Yo (fa —5)- f(a+b)) 
(a, b, x, y) € N* 

ax+by=n 

2 d 

= fO om —-dn))+ >> (142 -4) f@-2)>° (> roo). 
déeN déeN \v=1 

d\n d\n 

Before proving Theorem 10.1 we make a few remarks about the set of 

solutions of ax + by =n (n € N) in positive integers a, b, x and y, that is the 

set 

B(n) := {(a, b, x, y) € N* | ax + by =n}. (10.1) 

100 
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We have 

Bl) =, 

B(2) = {(1, 1,1, D}, 

BOVE (loi, 2) (tet 2 12 tay, 
BAY SOF tT a Golo et Oat. Loe 

ed 25 (le Pade 1), (2-1, 12) 1, 15), 

We observe from (10.1) that if (a, b, x, y) € B(n) then (a, y, x, b), (b, a, y, x), 
(b; x;y, 2), &,b, a, y), (x.y, a; B), (y, a, b, x) and (y, x, b, a) also belong to 
B(n). It is clear that card B(n) increases rapidly with n. A theorem of Ingham 
enables us to give some idea of the rate of growth of card B(n). Ingham showed 
in 1927 that 

n—| 

Yodan —r)= ees {1 10 ("ee") | 

a oe logn 

as n — oo. Hence 

card B(n) Deed 
(a, b, x, y) € N# 
ax+by=n 

aie ee 
(r,s) € N? (a, x) € N? (b, y) € N? 
ies = ae by=s 

Sean) 
r=l1 aeN beN 

a|r b|n—-r 

n—-l 

=) d(r)d(n - r) 
T=1 

6 log1 
= —a(n)(logn)? 414.0 ( 222" | I 

1? logn 

as n — oo. Now for all n € N we have 

a(n) = iden 
déeN 

d\n 
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and 

Oy = iCiiate ar! < n(logn + 1) 
d d~ a. 

deN déN d=1 
d|n d\n 

so that for large n there are positive constants C; and C2 such that 

C\n(log ny? < card B(n) < Cpn(logn)°. 

The arithmetic property of the set B(n) that we use to prove Theorem 10.1 

is given in Theorem 10.2. 

Theorem 10.2. Letn and k be positive integers. Then 

ty Sai py 1=(1-4+ 2) Am-2 01. 
(a, b,x, y) € B(n) (a, b,x, y) € B(n) veN 

a-—b=k a+b=k v|n 

v>k 

Proof. For k € N andn € N we define the following six sums: 

Apeiianted Dy Sigma pl sata Se 1, Az:= ys it 
(b,x, y) EN (b,x, y)€ N (b,x, y) € N? 

kx +by=n kx +by=n kx +by=n 

be <a) =, x>y 

Be De Il, By ss ) I JBiy Se DS ib. 

(b,x, y)€ NW (b,x, y)€e NW (b,x, y) EN? 
kx +by =n kx +by=n kx +by=n 

b<k b=k b>k 

Clearly 

Aq + Az As= y 1 

(b, x, y) € 8 
kx +by=n 

and 

By +B) --B; = Sa 1 

(b, x, y) € 
kx+by=n 

so that 

A; + Az + A3 = By + Bp + Bz. (10.2) 
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Next we show that the sums A3 and B; are equal. We have 

A3 = t= »~ 1 

(b, x, y) € NW? (b, x’, y) € NP 

kx +by=n K(x’ +y)+by=n 
eS yy 

= ) i—— ) 1 

(b,x, y) € N (b,x, y) € N? 
kx+(k+b)y=n kx +b'y=n 

b'>k 

so that 

A3 = Bs. 

From (10.2) and (10.3) we deduce that 

A; + A2 = B, + Bo. 

The sum A. is easy to evaluate. We have 

(b, x) € N? beN veN 
(k+b)x =n k+b|n v|n 

u>k 

that is 

Ar= > 1- Fn). 
veN 

v|n 

v>k 

The sum By is also easy to evaluate. We have 

Bo = Se iF 

(x, y) € N? 
k(x+y)=n 

If k {n then Bp = 0. If k | n then 

wy i.) II I 
|S 

| 

(x, y) € N? 
x+y=n/k 

Thus 

By = (F — 1) Fel) = 7 Fil) ~ Fir 

103 

(10.3) 

(10.4) 

(10.5) 

(10.6) 
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Putting the values of Az and B, from (10.5) and (10.6) respectively into (10.4), 

we obtain 

Aa BeS 7 Fin) SA. (10.7) 
veN 

v|n 

v>k 

We are now ready to relate the sums 5 1 and es 1 to the 

(a, b,x, y) € B(n) (a, b, x, y) € B(n) 
a—b=k a+b=k 

sums A, and Bj. First we have 

po Me ieee? Sal 
(a, b,x, y) € B(n) (a, b, x, y) € N4 

a-—b=k ax+by=n 

a-—b=k 

=e 
(b, x, y) € N? 

(b+k)x+by=n 

= ya 1 

(b,x, y) ENP 
kx +b(x+y)=n 

= Ss 1 

(b, x, y’) EN? 
kx + by’=n 
wy’ 

so that 

rr ar (10.8) 
(a, b,x, y) € B(n) 

a—b=k 

Secondly we have 

Yt 
(a, b,x, y) € B(n) (CHESS) EINE 

a+b=k ax+by=n 

a+b=k 

- \ Eis 
(a,b, x, y) € N* (a, b, x, y) € N4 (a, b,x, y) € N* 

ax +by=n ax+by=n ax+by=n 

a+b=k a+b=k a+b=k 

x<y x>y x=y 



A Third Identity of Liouville 105 

ae ge ee 
(a, b,x, y) € Nt (a, b, x) € NP 

ax+by=n kx =n 
a+b=k a+b= 

Gey) 

—} 2 ) 1+ ) F,(n) 

(a, b, x, y') € N* (a, b) € N? 
ax+b(ix+y')=n atb= 

a+b=k 

=2 4) Fie Re) 
(b,x, y) € NP 
kx +by=n 

b<k 

that is 

Ee 1 = 2B, + (k —1)F,(n). (10.9) 
(a, b,x, y) € Bin) 

a+b=k 

From (10.8), (10.9) and (10.7), we deduce 

2 >» t= yas P= 24,28 (= 1B) 
(a, b,x, y) € B(n) (a, b,x, y) € B(n) 

a—b=k a+b=k 

i an) Do Sea ae — 1)F,(n) 
veN 

v[n 

v>k 

(lip area 2 ae k kn ’ 

veN 

via 

v>k 

which is the assertion of Theorem 10.2. L] 

We are now ready to use Theorem 10.2 to prove Theorem 10.1. 

Proof of Theorem 10.1. The proof is achieved by collecting together all the 

terms on the left hand side of the theorem having a common value k for the 
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argument of f for each k € Z. We obtain 

> (@-b)- fa+d) 
(a, b,x, y) € N* 
ax+by=n 

= > wF@rb) sae f@+5) 
(a, b, x, y) € N4# (a, b,x, y) € Nt 

ax +by=n ax+by=n 

DLC es) 9 leew Sell 
keZ (a, b, x, y) € N* keN (a, b,x, y) € N* 

ax+by=n ax+by=n 

a-—b=k a+tb=k 

Ua ee NS Ae Gir = 
(a, b,x, y) € N* keN (a, b, x, y) € N# 

ax+by=n ax+by=n 
=p a-—b=k 

YC ESET eo Ler ae Se eel 
keN (a, b, x, y) € N* keN (a, b, x, y) € Nt 

ax+by=n ax+by=n 
a—b=-k at+b=k 

Now 

Ete 3) ones 
(a, b, x, y) € N* (a, x, y) € N? aéN (x,y) €N? 
ax +by=n axt+y)=n a|n x+y=n/a 

a=) 

n 

=> (- & 1) = a(n) —d(n). 
a 

aéeN 

a|n 

Also 

a se Merial ar aed 
keN (a, b, x, y) € Nt keN (a, b,x, y) € N4 

ax +by=n ax+by=n 
a—b=-k b-a=k 

= ) f(k) y iP 
keN (a, b,x, y) €N* 

ax+by=n 
a—b=k 



A Third Identity of Liouville 107 

as f is even. Thus, appealing to Theorem 10.2, we obtain 

Yo (fa—b) = f(a + b)) — fo) — d(n)) 
(a, b, x, y) € Nt 

ax+by=n 

fee icy SS 
keN (a, b,x, y) € B(n) keN (a, b,x, y) € B(n) 

a-—b=k a+b=k 

= mace) (Ca Unda «lrg er) 
keN (a, b,x, y) € B(n) (a, b,x, y) € B(n) 

a—b=k at+b=k 

=e TU) [pees F,(n)-2 501 
keN veN 

vin 

v>k 

(» r0) . 
k=1 

> (142-4) pw-2> 
keN veN 

k|n u|n 

which completes the proof of Theorem 10.1. C] 

Theorem 10.1 is a special case of the following more general identity of 

Liouville, which can be proved in a similar manner, see Problems 4 and 5. 

Another proof is given Chapter 13. 

Theorem 10.3. Let n be a positive integer and let f : Z? —> C be a function 

satisfying 

f(x, y) = f(—x, y) = f@, -y), x,y €Z. 

Then 

> (f@-b,x+y)- fatb,x—y)) 
(a, b,x, y) € N* 

ax+by=n 

= )) d-1(f0,4)- f@,0)+25) Yo Fade)- fed). 
déeN deN eeN 
d\n d|n e<n/d 

Our next theorem results from applying Theorem 10.1 to the function 

f(x) = Fx(x). 
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Theorem 10.4. Letk,n € N. Then 

>) (ia —b) — Fle +) 
(a, b,x, y) € N4 
ax+by=n 

k-1 
Ze 

(a(n) — ko(n/k)) — D> (1 - =) de x(n). 
(y=) 

— &2) 
etch 

Proof. Taking f(x) = F,(x) in Theorem 10.1, and appealing to Example 3.7 

and Problems 6, 7 and 8 in Exercises 3, as well as to Theorem 3.8, we obtain 

the asserted formula. (iz 

We remark that 

DO MGED ene a") De leew i gt 
(a,b,x,y)€ Nt (a,b,x,y)€ Nt (a,b,x, y)€ Nt 

ax+by=n ax+by=n ax+by=n 

a =b (mod k) a = —b (mod k) 

Example 10.1. Taking k = 3 in Theorem 10.4 we obtain 

1 1 
ey (F3(a — b) — F3(a + b)) = go) — a(n/3) — altro) — dp,3(n)). 

(a, b,x, y) € N* 

ax+by=n 

Example 10.2. Taking k = 4 in Theorem 10.4 we obtain 

1 1 
(Fula — b) — Fafa + b)) = AL) — 20(n/4) — 7A) — d3,4(n)). 

(a, b,x, y) ¢ Nt 
ax+by=n 

Example 10.3. Taking k = 7 in Theorem 10.4 we obtain 

5 5 
(F(a —b)— Fa+b))= ao(n) — So (n/7) — 71,7") = = ds(n) 

(a, b,x, y) € Nt 
ax+by=n 

1 1 3 5 
ie 743,7(n) te 7 da,1(n) a rie) + 746,7(n). 

As an application of Liouville’s identity (Theorem 10.1) we prove Bou- 

niakowsky’s theorem. To do this we require the following special case of 

Theorem 10.1. 

Theorem 10.5. Let p be a prime. Then 

p-1 
1 

d/o(m)o(p — m) = Gp - (Pp? — 1). 
m=1 
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Proof. We take n = p and f(x) = x* in Theorem 10.1. The left hand side is 

SY (aby -@tmy)=-4 So ab 
(a, b,x, y) € N* (a, b, x, y) € N* 
ax + by =p ax+by=p 

p-1 

-4Y Daye 
m=laeN beN 

a|m b|p-—m 

p-| 

= —4)\o(m)o(p — m). 
m=1 

The right hand side is 

2p 2 2 y, ((1+ 2-4) 4 -2)797). 
déeN v= 

d|p 

As the only divisors d of the prime p are d = 1 and p, and yo Oe 

zd(d + 1)(2d + 1), the right hand side is 

1 1 
3 (Sp + 6p? + 5p — 6) = —3 (5p — 6)(p* — 1). 

Equating the left and right hand sides, we obtain the required formula. C) 

We now use Theorem 10.5 to prove Bouniakowsky’s theorem. 

Theorem 10.6. Let q be a prime with q = 7 (mod 16). Then there exist positive 

odd integers x, y, e and a prime p = 5 (mod 8) such that p { y, e = 1 (mod 4) 

and q = 2x? + p°y’. Furthermore the number of such representations is odd. 

Proof. By Theorem 10.5 we have 

(q-1)/2 q-1 I 

6 d o(i)o(q —i) =3 Laer =i) = 754 - 6)(q2 — 1) = 4 (mod 8) 

so that 

(q—-1)/2 

Si o(i)o(q —i) = 2 (mod 4). (10.10) 
i=l 

Suppose that o(i)o(gq —i) = 1 (mod 2) for some i € {1,2,...,(¢g — 1)/2}. 

Then o(i) and o(g —i) are both odd so there exist positive integers x and 

y such that i = x? or 2x? and g —i = y’ or 2y?. Hence 

G= ate yee Dy net wor 2x ey" 
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But none of these is possible as g = 7 (mod 8) and 

ee y? = 0, | or 2 (mod 4), 

x? Toy Toy y= 0, L. 2,3, 4 of 6 (mod 8); 

2x? 4.2) = 0 (mod 2). 

Hence o(i)o(q —i)=O(mod2) for all ie {1,2,...,(¢g—1)/2}. If 

o(i)o(q —i) = 0 (mod 4) for alli € {1,2,...,(¢g — 1)/2} then 

(q—-1)/2 (q—1)/2 

> oo(q-i)= D> 0=0 (mod 4), 
t=] i=] 

which contradicts (10.10). Hence there exists i € {1,2,..., (gq — 1)/2} such 

that 

a(i)o(q —i) =2 (mod 4), 

that is, there exists i € {1,2,...,q — 1} such that 

o(i) = 1 (mod 2), o(g —i) = 2 (mod 4). 

As o(i) =1(mod 2) there exists x € N such that i =x* or 2x2. As 

o(q —1) =2 (mod 4) there exist y € N,e € Nwithe = 1 (mod 4), anda prime 

p = 1 (mod 4) with p ¢ y, such that g — i = p*y* or 2p’ y*. Hence 

q =a daptys xp phy Qorutopey? or2x pty: 

Now 

te op y= tay ee Ie aed |. 

x7 + Qp*y? =x? +2y =0, 1, 2,3, 4, 6 mod 8), 

and 

on Op y? = 0 aod). 

As q =7 (mod 8) we deduce that gq # x? + p*y*, x7 +2p*y? and 2x24 
2p°y?. Hence q = 2x” + p*y?. Clearly y is odd so 7 = q = 2x? + p (mod 8). 
Hence x is odd and p = 5 (mod 8). 

Let Ao denote the number of i € {1,2,...,(¢—1)/2} such that 
a(i)ja(q —i) =O (mod 4) and A> the number of i € (Li 2.2-mlaseb 2} 

such that o(i)o(q —i) =2 (mod 4). Clearly Ap + A> = (q — 1)/2 so that 

Ao = (q — 1)/2 — Az. By (10.10) we have 

((q — 1)/2 — A2) x 0+ Az x 2 = 2 (mod 4) 
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so that 

Az = | (mod 2). 

As the number of zepresentations of g in the stated form is equal to Ag, it is 

odd as asserted. LJ 

Example 10.4. For the prime q = 71 = 7 (mod 16) there is a single represen- 

tation of the type specified in Bouniakowsky’s theorem, namely, 

Tae gue 

Example 10.5. For the prime g = 103 = 7 (mod 16) there are three represen- 

tations of the type specified in Bouniakowsky’s theorem, namely, 

103-5 2 - ASPEN 1 9 5? 53) ra 5 

Exercises 10 

1. What does Theorem 10.1 give with f(a) = (-1)*,a € Z? 

2. Apply Theorem 10.1 with f(a) = |a| to obtain the identity 

Ss Ol sun) + 50) —nd(n). 

(a, b, x, y) € N* 

ax+by=n 

a<b 

3. Deduce Theorem 10.1 from Theorem 10.3. 

4. Letk, ,n € N. Define 

1, -t6k | n and-€ <n/k, 
Gy e(n) = 

0, otherwise. 

Prove that 

» Sia > l= Gx e(n) = Ge x(n). 

(a, b, x, y) € N# (a, b,x, y) € N* 
ax+by=n ax +by=n 

a b= at+tb=k 
xt+ty=2 xy =L 

5. Use the identity of Problem 4 to prove Theorem 10.3. 

6. Prove Theorem 10.2 by summing the identity of Problem 4 over £ € N. 
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7. Letk,n € N with k even. Prove that 

p) Sy ihe ae 1 = 5 Fin) -2 1. 
(a,b, x, y) € B(n) (a, b,x, y) € B(n) veN 

a-—b=k a+t+b= v|n 

a, b odd a,b odd u>k 

v odd 

8. Let f : Z — C be an even function. Let n € N. Deduce from Problem 7 

that 

Y> (f(a—b) — f(a+b)) 
(a, b, x, y) € N* 

ax+by=n 
a, b odd 

* * 1 = fOC*™)-am)- 5 dD df@-2)) DY) FW. 
déeN deN ken 
d\n d|N1<k<d 
d even dodd keven 

9. Letk,n € N. Prove that 

SL ecea hi che My 1 = (5 —k) (Fin) — Fa(n/2)). 
(a, b,x, y) € B(n) (a, b, x, y) € B(n) 

a—b=k a+b= 

x, y odd x, y odd 

10. Let f : Z— C be an even function. Let n € N. Deduce from Problem 9 

that 

>> (f@=b)- fa+b)) 
(a, b, x, y) € N* 
ax+by=n 

x, y odd 

= fOo(n/2+ SY) (F-4) F@- YD (4-2) so. 
déeN deN 

d|n d|n/2 

11. Let k and n be even positive integers. Prove that 

k Dey Tae \= ses 5 (Fil) — Fi(n/2)). 
(a,b, x, y) € B(n) (a,b, x, y) € B(n) 

a-—b=k a+b=k 

a,b, x, y odd a,b, x, y odd 
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12. Let f :Z— C be an even function. Let n € N be even. Deduce from 

Problem 11 that 

>> (f@-b)- fa+b)) 
(a, b, x, y) € N* 

ax+by=n 
a, b,x, y odd 

~ fO)o*(n) — = Yo df) += Yo df) == o'(n)—= = : 
2 2 Z 

deN deN 
d|n d|n/2 

13. Let f : Z— C be an even function. Let r be a positive integer and N a 

positive odd integer. Prove that the identity of Problem 12 can be expressed 

in the form 

>> (f@-b)- fat) =2' Y d(fO —- fd). 
(a, b,x, y) € Nt deN 
ax + by =2'N d|N 
a,b, x, y odd 

14. Letr bea positive integer and N a positive odd integer. Let t € R. Deduce 

from Problem 13 that 

a sin at sinbt = 2’! Dr d sin?(2"~'dt). 
(a, b, x, y) € N4 deN 
ax + by =2'N d|N 

a,b,x, y odd 

15. Let N be a positive odd integer. Deduce from Problem 14 that 

De (ne peeve = a(N). 

(a, b,x, y) € N* 

ax + by =2N 
a, b,x, y odd 

16. Let N bea positive odd integer. Let f : Z? > C be such that 

f(x, -—y) = f(—x, y) = f@, y) 

for all (x, y) € Z’. Prove that 

De ee ati eee (Gat) a) 
(a,b, x, y) € N4 
ax + by = 2N 
a, b,x, y odd 

= Si d(f (0, 2d) — f (2d, 0)). 
deN 
d|N 
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17. Let N bea positive odd integer. Let f : Z > C be an even function. Apply 

the result of Problem 16 to the function 

(-1)/* f(x), if y = 0 (mod 2), 

TEAS Ve if ye=nod 2). 

to deduce 

Se HDS GIL) i Gb) 
(a,b,x,y)€ Nt 

ax + by =2N 

a,b, x, y odd 

= )) af + f(2d)). 
déeN 

d|N 

Notes on Chapter 10 

Ingham’s asymptotic formula was proved in [144, p. 208]. A proof of 

n—1 6 

Yd(r)d(n — r) ~ 0 (n) log? n, asn —> 00, 
r=! 

is given in Nathanson’s book [209, Theorem 7.11, p. 248]. Theorem 10.1 was 

first stated by Liouville [170, 4th article, p. 247], [170, 5th article, p. 275]. 

Proofs have been given by McAfee [197], Meissner [201], Pepin [220, p. 93] 

and Piuma [225]. The proof given here is an unpublished proof of Spearman 

and Williams. Theorem 10.3 was stated in Liouville [170, 5th article, p. 284]. 

A slightly different form of Theorem 10.4 is given in Williams [269, Theorem 

3.2, p. 798]. A special case of Example 10.2 is used in Huard, Ou, Spearman 

and Williams [137, p. 260]. Example 10.3 is given in Williams [269, Theorem 

4.1, p. 800]. Theorem 10.5 is given in [170, 4th article, p. 249]. Bouniakowsky’s 

theorem (Theorem 10.6) is discussed by Liouville in [170, 4th article, pp. 249- 

250] and mentioned in Dickson’s History [93, Vol. II, p. 331]. It is also given 

as an exercise in the book of Moreno and Wagstaff [207, p. 59]. The formula 

of Problem 8 is taken from Alaca, Alaca, McAfee and Williams [9, Theorem 

5.7, p. 17]. The formula of Problem 10 was stated by Liouville [170, 1st article, 

p. 144], [170, 2nd article, p. 194]. Proofs have been given by McAfee [197], 

Pepin [219, p. 159] and Alaca, Alaca, McAfee and Williams [9]. The formula 

of Problem 12 was stated by Liouville [170, 2nd article, p. 194] in the form 

given in Problem 13. Proofs have been given by Alaca, Alaca, McAfee and 

Williams [9], Baskakov [39, p. 344], Bugaev [53, p. 9], Deltour [86, p. 123], 

Humbert [143], Mathews [195], McAfee [197], Pepin [220, p. 94] and Smith 
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[244, p. 346-348], [245, Vol. I, p. 348]. The identities of Problems 13-17 are 

due to Liouville [170, 1st and 2nd articles]. 

Multiplying the identity of Theorem 10.1 by q” and summing over n € N, 
we obtain 

eo (fa—b)— fa@t+b)) 
4, @-490d-a5) 4 

=20 ty (« ~ 1 = fs) -20 v0) 4 
s=l kt 

where f : Z — Cis an even function. Taking f(x) = x? we deduce 

= 2 
nq” Sil 

lie Ore aes ee n=] 

This formula appears in a slightly different form in Alaca, Alaca, McAfee and 
Williams [9, p. 57]. 

Multiplying the identity of Problem 13 by g”" and summing over r, N € N 
with N odd, we obtain 

8 

> (f@-))-f@td) a» _< q 
De adn pane al Ox fe), 

@,b=1 Sel 

a, b odd 

where f : Z — Cis an even function. This identity is due to Liouville [170, 

Ist article]. Taking f(x) = x* we deduce 

oo n 2 oO 3) Op ( y nq ) eS. es 

aay Tide aia 

n odd 

which is Theorem 17.9 (a) of Alaca, Alaca, McAfee and Williams [9, p. 66]. 

The extension of Theorem 10.1 to three variables is due to McAfee and 

Williams [200, Theorem 1.2, p. 35]. The four variable extension is due to 

Alaca, Alaca, McAfee and Williams [9, Theorem 6.4, p. 20]. No extension to 

five or more variables is known. 
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Jacobi’s Four Squares Formula 

There is a simple convolution formula relating the number r4(n) of representa- 

tions of a positive integer n as the sum of four squares to the number r2(n) of 

representations of n as the sum of two squares. We have 

r4(n) = yy 1 

(x1, x2, x3, x4) € Zt 
De ree kY enone 7) N=Xl +X XZ + XG 

“SCE ME) 
k=0 ‘(x,, x2) € Z? (x3, x4) € Z? 

ea cols xwtxpan—k 

so that 

n 

ra(n) =) > ra(k)ro(n — k). (11.1) 
k=0 

In this chapter we use Jacobi’s formula for r2(n) (Theorem 9.3) in (11.1) and 

then use the identity of Liouville proved in Example 10.2 to give another proof 

of Jacobi’s formula for r4(7), which was first proved in Theorem 9.5. 

Theorem 11.1. Letn € N. Then 

ra(n) = 80(n) — 320(n/4). 

Proof. Letn € N. Since r2(0) = 1, we can rewrite (11.1) as 

n—1 

r4(n) — 2ro(n) = D> ro(k)ro(n — k). 
k=1 

116 
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Recalling from Theorem 9.3 that 

=4 
ro(n) = 4 pa (=) = 4(d),4(n) — d3,4(n)), (11.2) 

déeN 
d\n 

we obtain by Theorem 3.10 

ro) 2) = 16" ( (>))( d (=)) | k= “qgeN beN 

a|k b|n—-k 

4 = 16 we cy, 
(a, b, x, y) € N* 

ax+by=n 

=16 > (Fi(a—b)— Fi(atb)). 
(a, b, x, y) € Nt 
ax+by=n 

Appealing to Example 10.2 and (11.2), we have 

1 1 
D7 (Fala — b) — Fala + b)) = 50(n) — 20(n/4) — srr(n). 

(a, b, x, y) € N4 
ax+by=n 

Finally 

r4(n) — 2r2(n) = 8a(n) — 320 (n/4) — 2r2(n) 

from which Jacobi’s formula for r4(n) follows. CL 

Example 11.1. The number of representations of 20 as the sum of four squares 

is by Theorem 11.1 

ra(20) = 80 (20) — 320 (5) = 8 x 42 — 32 x 6 = 336-— 192 = 144, 

These arise by permutation and change of sign as follows: 48 from 0? + 0? + 

2? + 4? and 96 from 17 + 1? + 3? + 3? for a total of 144. 

If (x1, X2, x3, x4) € Z* is a solution of n = xe oe xs a xs + xj then each 

of x1, x2, x3 and x4 belongs to {0,+1,..., +[./n]}. Once x, x2 and x3 are 

specified, the equation n = x? + x5 +x} + xj shows that there are at most two 
possibilities for x4. Thus an upper bound for r4(n) is 

2OlVal al). = 2eyn) = 540. 

In our next theorem we improve this bound. 
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Theorem 11.2. For all n € N we have 

r4(n) < 8n(logn + 1). 

Proof. By Theorem 11.1 we have 

ra(n) < 80(n). 

The asserted estimate now follows by appealing to the upper bound for o(7) 

given in Chapter 10. J 

Next we prove Lagrange’s theorem. 

Theorem 11.3. Every positive integer is the sum of four squares. 

Proof. Let n € N. If n = 1 (mod 2) or n = 2 (mod 4) then o(n/4) = 0 and 

r4(n) = 8a(n) > 8. Suppose now that n = 0 (mod 4) so that n/4 € N. Set 2 = 

d(n/4). Let dj,..., dy be the distinct positive integers dividing n/4. Then 

Ad;,.~<,; 4d; are distinct positive divisors of n. As | is also a divisor of n, we 

o(n) > 1+4d,+---+4de > 4(d) +--+ +e) = 40(n/4) 

so that 

ra(7) = 8(a(n) — 40 (n/4)) > 0. 

Thus ra(n) > O for alln € N. LJ 

Example 11.2. Let p bea prime. Let £ = €(p) denote the least positive integer 

such that p = x7 +--- +x? for positive integers x1, ..., xe. We show that 

2, if p=2o0r p=1 (mod 4), 

€(p) = 43, if p =3 (mod 8), 

4, if p =7 (mod 8). 

Since 2 = 1° + 1? it is clear that €(2) = 2. If p is a prime with p = 1 (mod 4) 

then by Theorem 7.1 we have p = x7 +x} for integers x; and x. Clearly 
neither x; nor x2 is zero. This shows that €(p) = 2 for primes p with p = 

1 (mod 4). If p is a prime with p = 3 (mod 8) then by Theorem 7.3 we have 

p = xj + 2x} for integers x, and x2. Thus p = x? + x3 + x3 with x) = x3. By 
(7.1) none of x;, x2, x3 is zero. This proves that @(p) = 3 for primes p with 

p = 3 (mod 8). Finally let p be a prime with p = 7 (mod 8). By Theorem 11.3 

there are integers x}, x, x3 and x4 such that p = x7 + x5 + x} + x3. Suppose 

one of x}, X2, x3 and x4 is zero. Without loss of generality we may suppose that 
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xe Oe Then pe Xe + ie + xe # 7 (mod 8), a contradiction. Thus £(p) = 4 

for primes p with p = 7 (mod 8). 

Our final theorem of this chapter gives two aspects of the distribution of the 

values of {rq(n) | n € N}. 

Theorem 11.4. (1) There is an infinite sequence of positive integers n having 

a constant value of r4(n). 

(ii) There is an infinite sequence of positive odd integers n such that r4(n) > 

+oo asn > +00. 

Proof. (i) Fork € N with k > 2 we have 

raQQ") = 802) — 3200" 7) = 8 1) —32(0 DS 2 

Thus {n = 2‘ |k € N,k > 2} isan infinite sequence of positive integers having 

a constant value of 24 for r4(n). 

(ii) Let px (k € N) denote the k-th prime. For k > 2 we have px > p2 = 3 

so that log p, => log3 > 1 and thus [log p;] => 1. Set 

feo pe b> 2. 

Then 

log nz = [log pz] log py < log? px 

so that 

Vlogn, < log pr. 

Hence, by Bernoulli’s inequality, we obtain 

plore 

GAD as ee “——— » [log pi] +1 > log pe 2 vlog m. _— 

Thus 

ra(ny) = 80 (nx) > 8./log nx. 

Hence r4(n) > 8./logn for an infinite sequence of positive odd integers n. This 

completes the proof. py 
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Exercises 11 

1. Letn € N. Define aw € No and N € N with 2 { N by n = 2°N. Prove that 

8a(N), 1 on—10) 
r4(n) = 

DA Gi (UN, eae tle aa le 

Deduce Theorem 11.3. 

2. Prove that Theorem 11.1 can be written in the form 

Aa) = te ye d. 

déeN 

d\n 

4td 

3. Letn € N. Lete,k € N satisfy 2 < e < k —2. Prove that 

n 

re(n) =) re(E)re—e(n — £). 
£=0 

4. Letk,n €N. Prove that 

(EUR) Sse tee 

5. Use Lagrange’s theorem to prove that every n € N can be expressed in the 

form x* + y? + 22? + 2¢? for some integers x, y, z and t. 

6. Let n be a positive odd integer. Use the ideas of the proof of Theorem 11.1 

to prove 

4 

card{(x1, x2, x3,%4) €N* | 4n = xf +. x5 +3 +x4, 2X1, X2, x3, x4 Odd} 
=1Gi(G)). 

7. Letn be a positive odd integer. Prove from first principles that 

r4(2n) = 3ra(n). 

8. Letn € N. Prove from first principles that 

r4(4n) = r4(2n). 

9. Let n be a positive odd integer. Use the result of Problem 6 to prove 

r4(4n) = l6a(n) + rq(n). 

10. Deduce from Problems 6-9 that for a positive odd integer n 

r4(n) = 80(n). 
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11. Deduce from Problems 6—10 that for a positive even integer n 

r4(n) = 240(n}), 

where 7 is the largest odd divisor of n. 

12. Deduce Theorem 11.1 from Problems 10 and 11. 

13. Let k € No. Determine all (x1, x2, x3, x4) € Z* such that 

2* = x? + x3 + x3 +x2. 

14. Prove that there does not exist a positive constant c such that 

r4(n) > co(n) 

for alin EN. 

Notes on Chapter 11 

Theorem 11.1 is implicit in the work of Jacobi [146, 8840-42], [148, Vol. I, 

pp. 159-170]. Many proofs of this theorem have appeared in the literature, see 

the notes for Chapter 9. 

Theorem 11.3 was stated by Bachet in 1621. It was first proved in 1770 by 

Lagrange based on ideas of Euler. It is now known as Lagrange’s (four squares) 

theorem. A proof using the ideas of Euler and Lagrange is presented in the book 

of Hardy and Wright [126, pp. 302-303]. Many proofs of Lagrange’s theorem 

have been given, see for example Davenport [84], Dixon [96] and the book of 

Niven, Zuckerman and Montgomery [211, pp. 317-318]. 

Lagrange’s theorem is a simple consequence of the three squares theorem 

due to Legendre (1798) and Gauss (1801), which asserts that a positive integer 

n is the sum of three squares if and only if it is not of the form 4°(8b + 7) for 

any a, b € No. Forifn 4 4°(8b + 7) then n is the sum of three squares and thus 

the sum of four squares, one of them being 0. Otherwise, if n = 4°(8b + 7) 

then n — 4° = 4°(8b + 6) is the sum of three squares and hence n is the sum of 

four squares, one of them being (27)”. An elementary proof of the three squares 

theorem using the ideas of Liouville is presented in the book of Uspensky and 

Heaslet [254, pp. 465-474]. Ankeny [32] has given a short, elementary proof 

of the three squares theorem based on a method due to H. Davenport [84] in 

the geometry of numbers. 

Gauss actually gave a formula for the number p3(n) of primitive representa- 

tions of n as a sum of three squares. His theorem may be formulated as follows: 

Let d be a negative integer with d = 0 or | (mod 4). Let h(d) denote the number 

of equivalence classes of positive-definite, primitive, integral, binary quadratic 

forms of discriminant d under the action of the modular group. Then for n € N 
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with n # 1, 3 we have 

0, if n = 0, 4, 7 (mod 8), 

p3(n) = 4 12h(—4n), ifn = 1, 2,5, 6 (mod 8), 

24h(—n), ifn =3 (mod 8). 

We note that p3(1)=6 and p3(3)=8. For a discussion and proof of 

Gauss’s formula, the reader should consult Grosswald’s book [119, Chapter 4, 

pp. 38-65]. Using Dirichlet’s class number formula for /(d) in the form 

w(d)/|d| 
21 

h(d) = L(1;d), 

where 

awl 
L(;d) := ». (=) = 

m=1 

and w(d) := 6, 4 or 2 according as d = —3, d = —4 ord < —4 respectively, 

we obtain the following formula for p3(n), namely, 

p3(n) = 2 'c(n)/nL(1; —4n), (11.3) 

where 

0, ifn =0,4,7 (mod 8), 

c(n) := 4 16, ifn = 3 (mod 8), 

24, ifn =1,2,5, 6 (mod 8). 

Formula (11.3) is immediate except in the case n = 3 (mod 8). In this case we 

note that 

L(1;—4n) = (=) 8 

I Me 
aos =| 4 \ = (i 

Tl 
leak: 

Zo S| J 2 al 
| 
eg 

Dx et =| J a = 

aa 9 ehh Spy g athe if | Sl il 

EI =o : n) 
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so that 

2 
L(;—n) = a —4n). 

Formula (11.3) is also true for the exceptional values n = 1 and n = 3. For 

n = | we have 

me CAIN =A) = = (=) ay 
amt pm 

Sal ee a 

on Si io 

DYa\ ang 
= —->=6=pi(l) 

ag AS 

and forn = 3 

m~'c(3)V3L(1; —12) SLs 
_ ORG ee: ae 

Per 5. eat 

16 A 
= —V3-—— = 8 = p,(3). 2 3 P3 

From Theorem 9.7 with k = 3 the total number 73(n) of representations of a 

positive integer n as a sum of three squares is given by 

r3(n) = > ps(n/a’). (11.4) 
deN 

d*\n 

Bateman’s formula [40] for 73(n) follows using (11.3) in (11.4). Let n EN. 

Define a € No and n; € N with 4{ n, by n = 4¢n,. Then 

16 
r3(n) = — Vng(n)P(n)L —4n), (ES) 

where 

0, ifn; = 7 (mod 8), 

GAy= <2". ifn; = 3 (mod 8), 

82-4 ifn = 12,5 or 6 (mod 8), 

and 

b-1 2b —1 
= 1 ieee) 

p (prime) > 2 j=l 
ee || n or pee \| n 



124 Number Theory in the Spirit of Liouville 

For né€N we have q(4n)=q(n)/2, P(4n) = P(n) and L(1;—16n) = 

L(1; —4n) so that 

r3(4n) = 7r3(n), neéeN, 

a result stated by Hirschhorn and Sellers [135]. For n € N with n = 1 (mod 3) 

we have q(9n) =q(n), P(9n) = ?P(n) and L(1;—36n) = $L(1;—4n) so 
(11.5) gives 

r3(9n) = 5r3(n), 

which is a particular case of a result given by Hirschhorn and Sellers. Their 

paper contains many more results of this kind. 

Hirschhorn and Sellers [135] have given the generating function for various 

subsequences of {r3(n) | n € N}, for example 

[o, 2) 0° el ies Gy a, a 

aGnge tig 12 X rerarer 
n=0 

and 

co oe) qd as Gye 

r3(8n + 5)q" = 24 . 
dX I] Chegiy. 

Bernoulli’s inequality, which was used in the proof of Theorem 11.4 (ii), 

asserts that for x € R with x > 1 and p € R with p > 1 we have 

see for example Ferrar’s book [105, Theorem 43, p. 252]. 
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Besge’s Formula 

The objective of this chapter is to determine the value of the convolution 

sum 

n—1 

o(m)a(n — m) 

i 

for an arbitrary positive integer n. (We evaluated this sum when n is a prime p in 

Theorem 10.5.) The value of this convolution sum first appeared in a letter from 

Besge to Liouville in 1862. Dickson in his History of the Theory of Numbers 

erroneously attributes it to Lebesgue. Rankin attributed it to Besgue. Lutzen 

asserts that Besge/Besgue is a pseudonym for Liouville. The evaluation also 

appears in the work of Glaisher, Lahiri, Lehmer, Ramanujan and Skoruppa. 

We obtain Besge’s formula as a simple application of Liouville’s identity 

(Theorem 10.1). 

Theorem 12.1. Letn € N. Then 

n—1 5 1 

YS a(mo(n —m)= Tee = (5 = 5") a(n). 

m=1 

Proof. We take f(x)=x* in Theorem 10.1. The left hand side of 

Theorem 10.1 is 

> F@-)-feth= >) @=bP-@+d 
(a, b, x, y) € N4 (a, b, x, y) € N4 

ax + by=n ax+by=n 

= —4 ) ab 

(a,b, x, y) € N* 
ax+by=n 

125 
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“F(E)( > 4) 
n—| 

—4 iy o(m)a(n —™m). 

m=1 

As f (0) = 0 the right hand side of Theorem 10.1 is 

y (14 F-a)s@-25 (S40) 
deéeN déeN ‘v=1 

d|n d\n 

d 

= D+ Da- Ya-2y (Yo) 
deN deN déeN déeN ‘v=1 
d|n d\n d\n d\n 

= n(n) + 2na(n) — ax(n) —2 Yo (2a? + 2d? + Sa = 02(n no(n 03(n 3 5 r 

deN 
d\n 

D) 1 
= 02(n) + 2no(n) — 03(n) — ae = 09) — aoe 

= —Fosin) _ 5o(n) + 2no(n). 

Equating the left and right hand sides of Theorem 10.1, we obtain 

n—1 

—4 SY a(mja(n —m)= —Fox(n) - 50(n) + 2na(n) 

m=1 

from which Besge’s formula follows on dividing both sides by —4. O 

An immediate consequence of Theorem 12.1 is Glaisher’s theorem, which 

gives the power series expansion in powers of q of the square of the series 

o(1)q +o(2)q° +o@G)q? +---. 

Theorem 12.2. For g € C with |q| < 1 we have 

[o.2) 2 CO 

5 1 1 
cone = (Foxtm +0) sno(n)) Cass 

(x y 12 12 2 
aul 

Liouville generalized Besge’s formula in the following way. 
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Theorem 12.3. Letk « N andn € N. Then 

n—1| k-1 
2k 2k +3 

2 & 4 ,) me 02 -25-1()O254.1(n — m)) TS, 7 Or) 

k 
k 1 2k + 1 

+ ( = n Joram) + ei 2 ( 2j ) Bj} 02%41-2; (1). 

Proof. We take f(x) = x** (k € N) in Theorem 10.1. Forn € N the left hand 

side of Theorem 10.1 becomes by the binomial theorem 

Se ( mig b)** as (a se vy) 

(a, b, x, y) € N* 
ax+by=n 

2k 

= Ss bs el (= 1lY'a 2k— riprets yy fea ay’) 

(a, b, x, y) € N* r=0 =) 

ax+by=n 

= 2) Salata 
(a, b,x, y) € Nt r=0 

ax+by=n_ rodd 

= = ay lee. ¥ :) se q7k—2s—l pest 

(a, b, x, y) € N* 

ax +by=n 

n—| 

= 2y ioe be i! Yo o2k-25-1()ors41(n ay 

m=1| 

By Problem 28 of Exercises 3, the right hand side of Theorem 10.1 is 

D+F = a) - oo (d-") 
deN déeN 

d|n d\n 

d-1\ 

= oy(n) + 2noa%—1(n) — Orx41(n) — 2ox(n) — 25° Os *) 
déeN 

d\n 

2) 2k +1 
= —07.41(N) — O(n) + 2nox%_1(n) — Tea >( j JB O2k+1-j(N). 
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Now, as By = 1, B} = —1/2, Bo = 1/6, Bzy41 =O (r € N), we have 

2k 
2k +1 2k+1 k(2k + 1) 

SS ( c ) Bjor+1-j(2) = Orit) — 5 O24 (n) + er ea, 
j=0 

2h t 
aP »( 2j ) Bojomei _2;(n). 

j=2 

Thus the right hand side is 

2k +3 k 2 2k+1 eee Bg Se A > ieee Ure ai: Pet) (5 2n Jon. (1) +I - >( 2j ) 2j 72k-+1—-2j(n) 

Equating the left and right hand sides, and then er both sides by —2, we 

obtain the assertion of the theorem. B| 

Example 12.1. Taking k = | in Theorem 12.3 we obtain 

n-l 

2 Y\a(mjo(n —m)= > ox(n) + (; = n a(n), 
m=) 

which is Theorem 12.1 on dividing through by 2. 

Example 12.2. Taking k =2 in Theorem 12.3 we obtain (recalling that 

Bs = —1/30) the following identity: 

(al n—| 

> a(m)ox(n — m) =) a(n — m)o3(m) 
m=1 m=1 

ae a 1 
= iy lve - (5- sr Joan - 70°”: 

Example 12. ; Taking k = 3 in Theorem 12.3 we obtain a linear relation 

between | 03(m)o3(n —m) and )~_ “| o(m)os(n iy sy it a(n — 

m)os5(m), see Problem 3. In Chapter 13 we will see how to evaluate each 

of these two convolution sums individually, see Theorems 13.4 and 13.5. 

Example 12.4. We take f(x) = x” in Problem 10 of Exercises 10. The left 

hand side is 

—4 D o*(m)o*(n — m). 

meN 

The right hand side is 

—o3(n) + 03(n/2) +no(n) — no(n/2). 
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Hence 

1 1 
Des o*(m)o*(n —m) = rn 3 (n) — non). 

meN 

m<n 

Our next result follows from the identity of Example 12.4 using Besge’s 

formula (Theorem 12.1). 

Theorem 12.4. Letn € N. Then 

1 1 1 1 
~~ a(m)a(n — 2m) = pw + gcse) ob (5, — sr )otn) 

meéeN 
m <n/2 

1 1 
—-- 2); aP (5 sn )otn/ ) 

Proof. Recall that form € N we have o*(m) = o(m) — o(m/2) and of (m) = 

03(m) — 03(m/2). Using these in Example 12.4 we obtain 

n—1 

Y 5 (o(m) — o(m/2))(o(n — m) — a(n = m)/2)) 
m=1 

- sour) zg 5o3(n/2) — Zno(n) + 20(n/2) 

Expanding the left hand side, we obtain 

n—-1 

Ys a(mja(n—m)—2 Y* o(m)o(n-2m)+ > a(m)o(n/2 —m) 
m=1 meN meéeN 

m <n/2 m <n/2 

= 5o3tn) = jo3tn/2) - zno(n) =e zon). 

By Besge’s formula (Theorem 12.1) we have 

= — es 
Y- o(mjo(n —m)= Toe + ae 5" a(n) 

m=1 

and 

5 1 1 
Da o(m)o(n/2 —m) = po) + & — :") a(n/2). 

meéeN 
m <n/2 

Using these evaluations we obtain the assertion of the theorem. L) 
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Glaisher extended Besge’s formula by replacing o(n) in the convolution 

sum in Theorem 12.1 by other sums over the divisors of n. These sums are 

d,(n),...,d;(n), which are defined for n € N as follows: 

d\(n) := Me d =o(n), 
deN 

d\n 

d(n):= Yd =o(n) - 20(n/2), 
déeN 

d\n 

2{n 

dx(n):= ) > d =20(n/2), 
deN 

d\n 

2\|n 

dn) = ) d=o(n)~o(n/2), 
déeNn 
d\n 

2tn/d 

ds(n) = | d =o(n/2), 
deN 
d|n 

2|n/d 

dg(n) = Y) (14d = o(n) — 40(n/2), 
deN 

d|n 

dn) := Yo (-1)"4"!d = o(n) — 20(n/2). 
deN 

d\n 

For r,s € {1, 2,3, 4,5, 6, 7} andn € N we define the convolution sum 

n—-1 

DCE ED) = Y-d,(m)ds(n —m). 

m=1 

Clearly 

DO Sn yp. Diseren): 

Glaisher evaluated D(r, s;n) in 1885. As d3(n) = 2ds(n) and dj(n) = d>(n) we 

can exclude r, s € {3, 7} from the evauation of D(r, s;n). 

Theorem 12.5. Let n € N. Then 

24D(1, 1;n) = 1003(n) — 12na(n) + 20(n), 

24D(1, 2;n) = 603(n) — 1603(n/2) — 6no(n) + 12n0(n/2) — 20(n/2), 
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24D(1, 4;n) = 803(n) — 803(n/2) — 9no(n) + o(n) + 6na(n/2) — a(n/2), 

24D(1, 5;n) = 203(n) + 803(n/2) — 3no(n) + o(n) — 6no(n/2) + a(n/2), 

24D(1, 6;n) = 203(n) — 3203(n/2) — 20(n) + 24na(n/2) —40(n/2), 

24D(2, 2;n) = 203(n) + 803(n/2) — 20(n) + 40(n/2), 

24D(2, 4;n) = 403(n) — 403(n/2) — 3na(n) — o(n) + 6no(n/2) + o(n/2), 

24D(2,5;n) = 203(n) — 1203(n/2) — 3no(n) + o(n) + 6na(n/2) — 30(n/2), 

24D(2, 6;n) = —203(n) + 3203(n/2) + 6no(n) — 40(n) — 12n0(n/2) + 100(n/2), 

24D(4, 4;n) = 603(n) — 603(n/2) — 6no(n) + 6na(n/2), 

24D(4, 5;n) = 203(n) — 203(n/2) — 3no0(n) + o(n) — o(n/2), 

24D (4, 6;n) = 3na(n) — 30(n) + 6na(n/2) + 30(n/2), 

24D(5, 5;n) = 1003(n/2) — 6na(n/2) + 20(n/2), 

24D(5, 6;n) = 203(n) — 3203(n/2) — 3no(n) + o(n) + 18n0(n/2) — Jo(n/2), 

24D(6, 6;n) = —603(n) + 9603(n/2) + 12n0(n) — 60(n) — 48no(n/2) + 240 (n/2). 

Proof. It suffices to prove one of the formulae of the theorem as the remainder 

can be proved in a similar manner. We evaluate D(6, 6;n). We have 

m—\ 

DO, 6;:n) = | de(m)de(n — m) 
m=1 

m—1 

WA Gee — 40 (m/2))(o(n — m) — 40((n — m)/2)) 

ae NIC —m)—8 oe o(m)o(n — 2m) 

m=1 meN 

m <n/2 

+16 }° o(m)o(n/2 —m) 
meN 

m <n/2 

5 1 1 
= ee, + (5 ~ 5") o(n) 

1 1 1 1 
—8 (pom + gr) + (5 = 3") a(n) 

+ (5 — i") a(n/2)) 

5 1 1 
+ 16 (Fponenr2 + & os i") a(n/2)) 

= —o3(n) + 403(n/2) + sno(n) — jon) — 2no(n/2)+o(n/2), 

as asserted. LJ 
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Glaisher has observed how the value of the sum ee , mf (m) f(n — m) can 

be determined from that of )“"~|, f(m) f (n — m). 

Theorem 12.6. Let f : N > C. Letn € N. Then 

n—1 1 n—1 

Do mf (m) fn — m) = 5nd) fom) f(a — m). 
m=1 m=1 

Proof. Changing the summation variable from m to n — m, we obtain 

n—1 n—-1 

Y_ mf (mn) f(n =m) = Le — m)f(n — m) f(m) 
m=1 

=n = f(m) f(n =m) - = mf (m)f(n — m), 
m=1 

from which the asserted identity follows. O 

Theorem 12.6 allows us to deduce the value of the sum Spee! , mo(m)a(n — m) 

from Besge’s formula (Theorem 12.1). 

Theorem 12.7. Letn € N. Then 

n—-1 

Y> ma(m)o(n —m)= 2 nosin) ae (53" — qn Jaw. 

m=1 

Proof. Taking f(n) = o(n) (n € N) in Theorem 12.6 and appealing to Besge’s 

formula, we obtain the asserted identity. L] 

Our next theorem shows that the sum poe mm f(m)f(n —m) can be 

obtained from the two sums Sec f(m)f (n — m) and 5 m? f(m)f(n — 

m). 

Theorem 12.8. Let f : N > C. Letn € N. Then 

n—-1 n—1 

>> m3 fm) f(a = m) = sn vm f(m) f(a —m)— ra Sms —m). 
m=1 

Proof. Changing the summation variable from m to n — m, we obtain 

n—1 n—-1 

Y 5m? fom) f(n =m) = Yon =m) f(n — m) fm) 
m=1 m=1 

n—-1 n—1 

n° » f(m) f(a — m) = 3n? x mf (m) f(n —m) 

n—1 

+3n » m? f(m) fn — m) — se f(m) f(a —m) 
m=1 
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so that 

n—1 n—1 n—1 

2) m? fim) f(a — m) =n? ~ f(m) f(n — m) — 3n )~ mf (m) fn — m) 
m=1 m=1 m=1 

n—-1 

+3n )°m? f(m) f(n — m). 
m=1 

Appealing to Theorem 12.6 for the value of ee mf (m) f (n — m), and then 

dividing by 2, we obtained the required result. ne- 

It is clear that in general we can express 

n—1 

dim" fan) fin =m), k ENo, 
m=1 

in terms of 

n—-1 

S° m7 fim) fia—m), j =0,1,...,k. 
m=1 

Exercises 12 

1. Let f:N— C. Letn EN. Express 

n—1 

>| m? f(m) f(n = m) 
m=1 

in terms of 

n—-1 hl n—1 

Yi m4 f(m) f(n —m), Ym? fim) f(n —m) and S~ fon) f(a — m). 
m=1 m=1 m=1 

2. Let f :N— C. Letn EN. Prove that 

Y rfororo=sn Yo forse. 
(r,s, t) € N? (r,s, t) € NW? 

r+s+t=n r+s+t=n 

3. Letn € N. By taking k = 3 in Theorem 12.3, prove that 

n—1 n—-1 

5 Se 03(m)o3(n — m) +3 De o(m)os(n — m) 

m=1 m=1 

side P| 1 ey 1 (n) 
= oun) + (5-30 CE yet Pee 
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4. Letn € N. Take k = 4 in Theorem 12.3 to determine a linear relation 

n—-l n—1 

between De o(m)o7(n — m) and > 03(m)os(n — m). 

m=1 m=1 

5. Letq € C be such that |q| < 1. Letk € N. Define 

(o-e) 

Gi(q) = Y- ox(n)q”. 
== 

Prove that 

12 I 6 
G3(q) = me 1) = O11) 516, (q). 

6. Deduce Theorem 12.7 by re the result of Problem 5. 

Let n € N. Use f(x) = (—1)*x? in Theorem 10.1 to prove Theorem 12.4. 

8. Prove that 

= 

1 we 
G1(q)G3(q) = 534) bay fsa Gig) 545514). 

9. Use Theorem 12.4 to determine a formula for see 

Notes on Chapter 12 

An extract from a letter from Besge to Liouville giving the value of the 

sum eee o(m)o(n — m) is contained in [48]. The erroneous attribution by 

Dickson occurs in [93, Vol. II, p. 338]. Rankin’s attribution to Besgue is given 

in [236, p. 115]. Lutzen’s assertion that Besge/Besgue is a pseudonym for 

Liouville is given in [192, p. 81]. Besge’s formula appears in Glaisher [109], 

[110], [111], Lahiri [159], Lehmer [165], [167, Vol. I, pp. 677-688], Ramanu- 

jan [230], [232] and Skoruppa [242]. The proof of Besge’s formula (Theorem 

12.1) given here is taken from Huard, Spearman, Ou and Williams [137]. 

Glaisher’s theorem (Theorem 12.2) occurs in Glaisher [109, p. 156]. Glaisher 

[111, p. 33] also determined 

(> cone 
n=l 

forr = 3,4 and 5. Theorem 12.3 is based on an assertion of Liouville [170, Ist 

article, p. 149]. Theorem 12.4 is implicit in the work of Glaisher [110, p. 11] 

and in the form given here is due to Huard, Spearman, Ou and Williams [137, 

Theorem 2, p. 247]. Theorem 12.5 is due to Glaisher [110, p. 11]. The first line 

of Theorem 12.5 is Besge’s formula, the fourth line is Theorem 12.4, and the 
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tenth line is the formula of Example 12.4 (as o*(n) = d4(n)). Theorem 12.6 is 

an observation of Glaisher [111, p. 36]. 

Example 12.2 is a result attributed to Glaisher by MacMahon [193, p. 101], 

[194, Vol. II, p. 329]. It also appears in Ramanujan [230, Table IV], [232, 

p. 146], Lahiri [159, formula (5.1), p. 198] and Huard, Spearman, Ou and 

Williams [137, formula (3.12), p. 237]. 

Hahn [121, p. 3] has defined for s,n € N 

&,(n) := SS (ety a 
deN 

d\n 

and 

Bye eed 
deN 
d\n 

By Problem 2 of Exercises 3 we have 

Gs(n) = o5(n) — 2°*'0,(n/2) 

and by Problem 1 of Exercises 3 

6;(”) =.0,;(n) — 20,(n/2). 

Further set 

a(n): 

G(n): 

6\(n) = dg(n) = a(n) — 40(n/2), 

6\(n) = d7(n) = a(n) — 20(n/2) 

and 

O(n) =06,07) = 0, 2 N. 

The functions 6, and 6, are related by 

6,(n) — 26,(n/2) — 6,(n) + 2°*'6,(n/2) = 0, n EN. 

Hahn [121, Theorem 2.7.2, pp. 55-56] has shown that 

es Tie Leer es 
Y &(m)e(n —m)= Gow) 4 (5" _ 1) a(n), 

m=1 

4 8 24 
m=1 

Le: ; ia (i i ee 
> é(m)a(n —m)= = 75 53(0) ei (4 = =) 6(n) — —6(n). 

(1221) 

(122) 

(12.3) 

(12.4) 
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Equation (12.3) is a reformulation of Glaisher’s formula (Theorem 12.5) 

a Li 
YS ds(m)de(n — m) = —Zoxin) + 403(n/2) — (J = 5") a(n) + (1 — 2n)o(n/2) 
m=) 

and equation (12.4) of Glaisher’s formula 

n—-1 

Y | di(m)de(n — m) 
m=1 

= oun) + 5o3(n/2) - (; - i") a(n) + & = 3n) a(n/2). 

n—-1 a 
Hahn did not consider the sum )*"_, 6(m)G(n — m). We have 

i n—1 

>. F(m)6 (n — m) = Y 7 da(m)dz(n — m) 
m=1 m=1 

J0x(n) + 5o3tn/2) ~ Soin) + 2o(n/2) 
1 

we ec Ne (NCI che 

by Theorem 12.5. Hahn [121, pp. 56, 58, 60] has also evaluated other convolu- 

tion sums involving 6 anda. 

Huber [141, Section 4.8, pp. 135-141] has extended ideas of Ramanujan 

to obtain some formulae similar to Theorem 12.3. Unfortunately some of his 

results contain errors. For example Huber’s equation (4.211) fails for k = 1 

and k = 4. 

Cheng [68, Theorem 2.9.1, p. 102] has evaluated a number of sums similar 

to that of Theorem 12.4. 
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An Identity of Huard, Ou, 

Spearman and Williams 

In 2000 Huard, Ou, Spearman and Williams proved a far reaching generalization 

of Liouville’s identity (Theorem 10.1). 

Theorem 13.1. Let f : Z* — C be such that 

f(a, b,x, y)— f(@, y, a,b) = f(—a, —b, x, y) — f(x, y, -—a, —b) (13.1) 

for all integers a, b, x and y. Letn € N. Then 

Dy GAG, Oh Vs (4, = 014) AG; Gi b,x yy) 

(a, b, x, y) € Nt 
ax+by=n 

= HG, a+ by y= x,y) + fO— arb, xx +y)— fe +B, b, Xx, x. y)) 

=>) )(O,n/d,x,d)+ fn/d,0,d,x)+ f(n/d,n/d,d —x, —x) 
deN xeENn 

d|n x<d 

— f(x,x —d,n/d,n/d) — f(x, d,0,n/d) — f(d, x,n/d,0)). 

Proof. We set 

g(a, b,x, y) = f(a, b,x, y) — f(x, y, a,b) 

so that 

g(a, —b, x, y) = g(—a, b, x, y) 

and 

g(a, b,x, y) = —g(x, y, a, b). 

137 
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Then 

ye (fG5 0,45 =F) = (GO Ay) Gna ke Vay) 

(a, b, x, y) € N4 

ax+by=n 

—f(a,a+b,y—x,y)+ f(b—a,b,x,x+ y)— f(iat+b,b,x,x —y)) 

= ys (f(Gi Dr x5 =) (aD) yl (aa yy) 

(a, b, x, y) € N4 

ax+by=n 

= (Vix by, d= Da) f(b. ay x ty) = (oy) a.) 

= DO (g@,a-b,x+y,y)+(a—b,a,y,x + y)+ (a,b, x, —y)) 
(a, b,x, y) € Nt 

ax+by=n 

and 

>> dS FO,n/d, x, d) + fn/d,0,d,x)+ f(n/d,n/d,d—x, —x) 
deNxeN 

GiNGp, 63 =! 

tC wid, n/d n/d)— f(x, d,0,ni/d)— i f(d.x,njd.O) 

= >> d\(FO,n/d,t,d) + f(n/d, 0,d,t)+ f(n/d,n/d,d—t,—1) 
deNteNn 

CNG 5 Gl 

— f(d —t, —t,n/d,n/d) — f(t, d,0,n/d) — f(d,t,n/d,0)) 

= )> > (e(n/d, 0, d, t) + 9(0, n/d, t,d) + g(n/d, n/d,d —t, —1)) 
deNteNn 

d|nt<d 

sO we must prove that 

se (g(a,a—b,x + y, y)+ g(a —b,a, y,x + y) + g(a, b, x, —y)) 
(a,b, x, y) € N* 
ax+by=n 

= )° > (e(n/d,0,d, t) + g@,n/d, t, d) + g(n/d,n/d,d —t, —1)). 
deNren 

d|nt<d 
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First we consider the terms with a = b in the left hand sum. We have 

> (glaga—b, x+y, y)+g(a—b, a, y,x +) +a(a,b, x, -y) 
(a, b, x, y) € Nt 
ax+by=n 

@=bD 

3 (g(a, 0,x + y, y) + 8(0, 4, y,x + y) + g(a, a,x, —y)) 
(a,x, y) EN 
ax+y)=n 

Do Dd (g(n/d, 0, d, 1) + 80, n/d,t,d) + g(n/d,n/d,d —t, —1)), 
deNrten 

d|n t<d 

Secondly we consider the terms with a < b. We have 

do (ela,a—b, x+y, y)+8(a—b,a, y,x +y) + (a,b, x, —y)) 
(a, b, x, y) € Nt 

ax+by=n 

a<b 

= d_ (ga,a—b, x+y, y) + g(a—b, a, y,x + y)) 
(a, b,x, y) € Nt 

ax+y)+(b-—a)y=n 

a<b 

+ >> g(a,b,x,-y) 
(a, b, x, y) € Nt 
ax+by=n 

a<b 

= De (g(a, =O, Y) 17 e(—O70.V 0) 

(a, b, x, y) € N* 
ax+by=n 

cay 

ee) 
(a, b,x, y) € N* 
ax+by=n 

Geoay, 

= se g(a, —b,x,y)+ ye 20,0, 9.) 
(a, b, x, y) € N* (a,b, x, y) € N* 
ax+by=n ax+by=n 

x>y x>y 

= Cera aD) 
(a,b, x, y) € Nt 
ax+by=n 

Ey, 
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— — bay g(x, y,a, —b) + ye g(a, —b, x, y) 

(a, b,x, y) € N* (a,b, x, y) € N* 
ax+by=n ax+by=n 

x>y x<y 

= ss BG —D; xy) 

(a, b,x, y) € N4 

ax+by=n 
ay, 

ae Ds g(, ¥,@.-=0). 

(a,b,x,y)€ Nt 

ax+by=n 

x>y 

Thirdly we consider the terms with a > b. We have 

SS (24,4 — bx -F y,y) 

(a, b, x, y) € Nt 

ax+by=n 

a>b 

eG — Dp aye y) se (2, Da + So, 

where 

= oe (g(@,¢— b,x + yy) + ea ba, y, x -F y)) 
(a, b, x, y) € N* 
ax+by=n 

a>b 

d= @@+b,a,x+y,y)+eG,atb,y,x+y)) 
(a, b,x, y) € Nt 

ax+b(x+y)=n 

> (g@+b,a,y,y-x)+8(aatb, y—x,y)) 
(a, b, x, y) € N* 
ax+by=n 

y>x 

> @&+y,y,a,a—b)+8(y,x+y,a—b,a)) 
(a, b, x, y) € N* 

ax+by=n 
a>b 

= =i, 

so that S; = 0, and 

Sy = ye g(a, b,x,-y)= » g(x, y,a, —b). 

(a, b,x, y) € N4 (a, b,x, y) € N* 
ax +by=n ax +by=n 

a>b any 
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This completes the proof of the theorem. O 

We remark that if f satisfies 

f(a, =D y) — FASO DE Vy, Sf (G;0;.%; =) = f(a, b, x, y), 

for all integers a, b, x and y then f satisfies (13.1). 

We now deduce Theorem 10.3 from Theorem 13.1. 

Proof of Theorem 10.3. Let f : Z x Z — C satisfy 

f(x, y) = f(—x, y) = f@;—y) 

for all integers x and y. Hence f(x, y) = f(—x, —y) for all x, y € Z. Define 

F(G@,.0, x, 9)== fla — b,x cy). asb x, y €Z. 

Then 

F(a, b,x, y) — F(x, y, a,b) = f(a—b,x —y)— f(x —y,a—b) 

=F(=0-+b, x —y) = fa ayo +t OB) 

= F(—a, —b, x, y) — F(x, y, —a, —b) 

so that F satisfies (13.1). 

With this choice of F’, the left hand side of Theorem 13.1 reduces to 

> UG@-b,x+y)—f@+d, x=9) 
(a, b, x, y) € N* 

ax+by=n 

and the right hand side is 

>, > GCn/d, x — 4) + fn/d,d—x) + fO,d) 
deNxeNn 

d|n x<d 

— f (4,0) — f(x —d, —n/d) — f(d — x,n/d)) 

= =) 0,d)-FG,0) 
deN 

d\n 

+20) f@/d,d =x) - fd—x,n/d)). 
deNxeN 
d\n <a 
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Now 

DE DG) ae) 
deNxeN 
a\n wad 

De Gn) de) 
deN xeN 
d|n x <n/d 

> > ¢@2- fed). 
deN ecEN 

d\|n e<n/d 

Equating the left and right hand sides, we obtain Theorem 10.3. 

In 1993 Skoruppa proved an identity of Liouville type. We show that 

Skoruppa’s identity is also a special case of Theorem 13.1. 

Theorem 13.2. Leth :Z x Z — C be such that 

h(y,y-—x)=h(x, y), & ye Zi. (13.2) 

Letn € N. Then 

- aA 

Y> (h(a, b) — h(a, -b)) = > ahd, 0) — dha, j) 
(a, b,x, y) € N* deN j=0 
ax by =n d\n 

Proof. Appealing to (13.2) we obtain 

h(a, b) = h(b, b — a) = h(b — a, —a) = h(—a, —b) 

=h(—b, a —b) =a —bD, a) 

for all a, b € Z. In particular we have 

h(a, 0) = h(O, —a) = h(—a, —a) = h(—a, 0) = hOyay=—hG@, a) 

for all a € Z. We choose 

JGs0, 4. r= 1G,b). 

Then 

fi Gas Mn y) orl Nae y, a, b) = h(a, b) Wx, y) 

= h(—a, —b) — h(x, y) 

= Ja, =X, y) rz LOS y, —a, =) 
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so that (13.1) is satisfied. We note that 

f(a, —b, x, y) = h(a, —b), 

f(a,a—b,x+y, y)=h(a,a—b)=h(b, a), 

f(a,a+b,y—x,y)=h(a,a+b)=h(—b, a), 

f(b—a,b,x,x+ y) =h(b —a,b)=h(b, a), 

f(a+b,b,x,x —y)=h(a+b,b) =h(—b, a). 

Before applying Theorem 13.1 with the specified choice of f, we make two 

simple but useful observations. First, mapping (a, b, x, y) > (b, a, y, x), we 

see that 

Sy h(a, b) = SS h(b, a). 
(a, b, x, y) € N4 (a, b, x, y) € N* 

ax+by=n ax+by=n 

Secondly we note that 

» h(x,d) = Dy, h(d —x,d)= ys h(d, x). 
xeN xeN xéeN 

x<d x<d x<d 

Thus the left hand side of Theorem 13.1 is 

Y> (Ala, b) = h(a, —b) + h(b, a) — h(—b, a) + h(b, a) — h(—b, a)) 
(a,b, x, y) € N* 
ax + by =n 

a3 Da (h(a, b) — h(a, —b)), 
(a, b,x, y)€ Nt 

ax+by=n 

and the right hand side is 

Y> YS AO, n/d) + h@/d, 0) + h(n/d, n/d) 
deNxeNn 

alm «ad 

— h(x, x — d) — h(x, d) — h(d, x)) 

=3)° >> (h(n/d, 0) — hd, x)) 
deNxeN 

d\n x ad 

=3 )) @-1)h(n/d,0)-3 ) >> Ad, x) 
déeN deNxeNn 

d\n d|nx<d 
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=3) (G1) may aye y~ Ald, x) 
deN deNxeNn 

d\n Gin ere. 

A d-\ 

=3)7 Ghd.) - 3D) DhG, x), 
déeN deéeN x=0 

d\n d\n 

Equating the left and right hand sides, we obtain the assertion of 

Theorem 13.2. L] 

Example 13.1. We show that Liouville’s identity given in Chapter 2 (see (2.7)) 

follows from Theorem 13.1. For £ € Z we define 

G2(0) = Ose thee, (13.3) 

arto Oe 

The function G2 has the property 

G2(l + 2m) = Gr(£),  €,m € Z. (13.4) 

Replacing £ by £ — m in (13.4), we see that 

G2 +m)=Gi(l—m), ¢€,m eZ, (13.5) 

and taking m = —£ in (13.4), we obtain 

G20) = Ga(-—0), eZ. (13.6) 

The function G2 is related to the function F by 

GQ =1—h@), Cez,; cl3:7) 

G+ 1)= F,(), LEZ, (13.8) 

Gof) = Fo(€+1), €eZ, (13.9) 

Fx(£)G2(4) = 0, LEZ, (13.10) 

Fy(€ + m)G2(m) = Go(L)Go(m),  £,m € Z, CI311) 

Fy(m)G2(€ + m) = Fo(m)G2(),  €,m € Z. (13.12) 

Let f : Z —> C be an even function. We choose 

f(a, b, x, y) = f (a) F2(a)G2(b)G2(x) Fr(y), a, D: xX,YE Z. 
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For alla, b,x, y € Z we have 

f(a, b, x,y) — f(x, y, a, b) 

= f(a) F2(a)G2(b)G2(x) Fa(y) — f (x) Fox) G2(y)Go(a) Fr(d) 

= f(—a)F2(—a)G2(—b)G2(x) Fo(y) — f(x) F2(x)Ga(y)G2(—a) Fo(—b) 

= iad, Ex, y) = fia, <G,—)) 

so that (13.1) is satisfied. With this choice of f, and with n replaced by 2n, the 

left hand side of Theorem 13.1 becomes using properties (13.6) and (13.11) 

> (f(b — a) Fx(b — a)G2(b)Go(x) Fo(x + y) 
(a, b,x, y) € Nt 
ax +by =2n 

— f(a + b) Fy(a + b)G2(b)G2(x) Fa(x — y)) 

ae (f(a — b) — f(a + b))G2(a)G2(b)G2(x)Ga(y) 
(a, b,x, y) € Nt 
ax + by =2n 

Y>  (f@-b)- fat). 
(a, b,x, y) € N* 
ax + by = 2n 
a, b,x, y odd 

Putting this choice of f into the right hand side of Theorem 13.1, we see that 

the second and fifth sums vanish as G2(0) = 0, and that the third and fourth 

sums vanish in view of property (13.10). Thus the right hand side is A — B, 

where 

d-1 

Ao We CH We TYE FCO) 
deN Sa | 
d|2n x odd 

2n/d odd, d even 

2a—1 

= (0) > fe 
a.eIN ea ll 

d\n x odd 

n/d odd 

=f@ did 
déeN 

d\n 

n/d odd 
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and 

Gras 

B= > DIG 
deN oat 

d|2n x odd 

2n/d odd, d even 

2d—1 

a MCE 
déeN y= 1 

d\n x odd 

n/d odd 

= yea Cay 
déeN 
d\n 

n/d odd 

This completes the proof. 

For e, f,n € N we define the convolution sum 

n—-1 

Se,p(n) = Y_ ae(m)o p(n — m). (13.13) 
m=1 

Clearly we have 

Se,¢(n) = Spe(n) 

for all e, f,n ¢ N. Ramanujan showed that the sum S,, ¢() can be evaluated 

in terms 024 /41(1), Oc+f—1(1), .--, 03(”), o(n) for the nine pairs (e, f) € N* 

satisfying 

e+ f =2,4,6,8,12, e<f, e=f =1(mod2). 

Huard, Ou, Spearman and Williams proved that all nine of Ramanujan’s eval- 

uations follow from Theorem 13.1 and thus all can be proved in an elementary 

arithmetic manner in the spirit of Liouville. The value of $,,;(n) is given in 

Theorem 12.1. We now give the remaining eight of Ramanujan’s results leaving 

their verification to the reader (see Exercises 13). 

Theorem 13.3. Letn € N. Then 

n—-1 

S| a(m)os(n —m)= w95(n) + (5 _ 5") 03(n) — —~o(n). 

m=1 

Proof. Take f(a, b,x, y) = xy’ + x?y in Theorem 13.1. ea 

We remark that the identity of Theorem 13.3 was proved in a different way 

in Example 12.2. 
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Theorem 13.4. Letn € N. Then 

n—-l 5 1 

S o(mas(n —m)= ie — (5; — 3") 05(n) + ——o(n). 

m=) 

Proof. Take f(a, b,x, y) = xy — 20x? y? + x°y in Theorem 13.1. O 

Theorem 13.5. Letn € N. Then 

n—1 
] 

S 5 o3(m)ox(n — m) = ay") - 73073 
m=1 

Proof. Take f(a, b,x, y) = xy> — 2x3 y? + x°y in Theorem 13.1. O 

Theorem 13.6. Letn € N. Then 

eee i al 1 
Yo a(myor(n —m)= 5°") + (4- a") o7(n) — apo 

m=1 

Proof. Take 

f(a, b,x, y) = l1xy’ — 56x? y> — 56x°y? + 1L1x7y 

in Theorem 13.1. CL] 

Theorem 13.7. Letn € N. Then 

n—-l 

Y | o3(m)os(n — m) = 
m=1 

Proof. Take 

1 1 
ean d9(n) — CIT =F 504 73): 

fla,b,x, y)=xy’ —xy — xy +x'y 

in Theorem 13.1. a 

Theorem 13.8. Letn € N. Then 

n—1 691 m+(4- in)a Age 
LD atmouln =m) = Beerq 713) + | 9g — ag") 110) — Gee5G7. 
m=1 

Proof. Take 

(a, b, x, y) = 271 xy"! — 1540x3 y? + 1584x°y’ + 1584x7y° y 

— 1540x? y? + 271x'!y 

in Theorem 13.1. L] 
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Theorem 13.9. Letn € N. Then 

n—1l 
if 1 

De FEA9 3) — FQ + eq_- 

Proof. Take 

f(a, b,x, y) = 2xy!! — 11x7y? + 9x? y)-+ 9x7 y° — tise weet y 

in Theorem 13.1. L 

Theorem 13.10. Let n € N. Then 

n—1 
] 1 

» o5(m)o7(n — m) = a7” + Soa 504 o7(n) — aj 

Proof. Take 

f(a, b,x, y) = 8xy!! — 35x? y? E27 yo 21x! y= 35x ye Sxe y 

in Theorem 13.1. L) 

Example 13.2. Let n € N. We use Theorems 12.1, 12.7 and 13.3 to show that 

7 aro(so) = 7 : a + (3 - an) avn 
96 52 

(r,s, t) € 
r+s+t=n 

" 1 1 a Lies, 

root fie ale Lak 
By Theorem 12.1 we have 

n—2 

Yt Oe @a@.= oan Di » ac(r)a(s) 
(r,s, t) € NB t=1 (r,s) € N? 
r+s+t=n r+s=n-t 

n—2 

= Roane (Foatn = ee & 2 sn ») o(n — ») 

1 
ya0 (Foxtn = t)+ (5 _ s(n = ») o(n — ») 

BL ane —t) + 5 5 Lao —t) 

1 Ss 
é, 

an ae — t)o(t)o(n — t). 
t=1 
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Appealing to Theorem 13.3 for the value of the first sum, Theorem 12.1 for 

that of the second sum, and Theorem 12.7 for that of the third sum, we obtain 

the asserted result. 

For e, f, g,n € N we define the twisted convolution sum 

Tepe) := > olm)os(n — gm). (13.14) 
meéeN 
m<n/g 

The integer g is called the twist. We observe that 

Te, ¢,1(1) = Se, (1). 

The sum 

T1,1,2(n) = y a(m)o(n — 2m) 
meéeN 

m <n/2 

was evaluated in Theorem 12.4. We now evaluate 7; ;,2() using Theorem 13.1. 

Example 13.3. We choose f(a, b, x, y) = a* F)(x) in Theorem 13.1. Condi- 

tion (13.1) is satisfied for this choice of f. The left hand side is 

>) Oa" = 6 Ft) F@) =—4 “5 ab 
(a, b,x, y) € Nt (a, b, x, y) € N* 
ax+by=n 2ax+by=n 

=-4 bE o(m)o(n — 2m) 

meN 

m <n/2 

= —4T, 1,2(n). 

The right hand side is 

S° SS (n/a)? Fad) + (n/a)? Fa(d — x) — x? Fy(n/d) — x — d? F,(n/d)). 
deNxeNn 

d|nx<d 

Easy calculations show that 

Dd Dd n/ay Fa(d) = no (n/2) — 0(n/2), 
deNxeNn 
d\|n x<d 

1 1 1 
Dd a4 Fad — x) = sno(n) — 5or(n) — Sor(n/2), 
deNxeNn 

alexa 
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1 YL YP AMn/a) = Fosin/2) — 5oxln/2) + 20(n/2), 
deNxeN 
d | nx <d 

ys yy r= ais (n) — eae ae oes 
- 5 prow 

deNxeNn 

Galina, 

DS YE PRta/d) = 03(n/2) — on(n/2). 
deNxeNn 
diimex id 

Hence the right hand side is 

1 4 5 1 1 1 5 
=o?) = CET Nize (5" = =) a(n) + ¢ = 3) a(n/2). 

Equating the left and right hand sides of Theorem 13.1, we deduce 

Tiaan)= )> o(m)o(n — 2m) 
meN 

m <n/2 

Bas! E ey pa iv ied 5 
= 9 awe Date sg gn) on) Side a a(n/2). 

Example 13.4. As a consequence of Example 13.3 we have 

n—l n 

Yoo (2k + lo(n—k) = Ds o(2n — 2m + 1)o(m) 
k=0 m=1 

ve o((2n + 1) — 2m)o(m) 
meN 

m <(2n+1)/2 

i 1 1 
= —o3(2 1 — — —(2 79 3(2n + + (5 52m +1)) on +1 

so that 

n—1 
1 ial 

Zs + l)o(n—k) = 757302" a tee (5 a i") o(2n +1). 

In the next theorem we use Theorem 13.1 to evaluate the twisted convolution 

sums 

T3,,2(n) = Y> ox(m)o(n — 2m) 
meéeN 

m <n/2 
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and 

Ti3,2(n)= > o(m)ox(n — 2m). 
meN 

m<n/2 

Theorem 13.11. Letn € N. Then 

SP o3(m)a(n — 2m) 

meéeN 

m<n/2 

] , 1 1 ) 1 
= ap See poe a4 eee o3(n/2) — 07 

and 

> a(m)o3(n — 2m) 

meéeN 
m<n/2 

1 1 1 1 1 
= Tee tie Fr phe a5 € — a") 03(n) — SiGe 

Proof. We set 

xX i= > o3(m)o(n — 2m), Y := LS o(m)o3(n — 2m). 

meéeN meéeN 
m <n/2 m<n/2 

With f(a, b,x, y) = a* F(x) the left hand side of Theorem 13.1 is 

Yo (b-a4-b+a)R@)= SY) (-8a%b - 8ab*) 
(a, b,x, y) € N* (a, b, x, y) € N* 

ax+by=n 2ax +by=n 

= —8X — 8Y 

and the right hand side is (after some calculation) 

=03(n) — 2as(n/2)+ (2 — =) as(n) - — —o05(n ~—-—]o 
CN ee eae Me 

1 il 
+ (x _ 5) 03(n/2) as aCe 557(0/2). 

Next, with f(a, b,x, y) = b* F)(a) the left hand side of Theorem 13.1 is 

> (a-b-@+b)R@= Y>  (-64a%b- 16ab?) 
(a, b,x, y) € N* (a, b,x, y) €N* 
ax +by=n 2ax +by=n 

== 64X% = 16Y 
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and the right hand side is (after some calculation) 

3 32 2 
= re) = a) a ¢ = ;) o3(n) 

sn —*) os(n/2) + a(n) + <o(n/2) Ss — o3(n/ ge 5 n/2). 

Solving the two linear equations for X and Y resulting from Theorem 13.1, we 

obtain the two identities of the theorem. O 

As a consequence of Theorem 13.11 we have the following result. 

Theorem 13.12. Letn € N. Then 

n—-1 
1 1 

2k+1 =) )\ SS 6A 1) — ——o (2 il Dae! + los(n — b) = sp os(2n + 1) — Seon + 1) 

and 

n—1| 1 
1 1 

ea + lo(n —k) = Ag aoe +1)- (5 + 5") 03(2n + 1). 

Proof. We have 

n—1 n 

Pe + 1)o3(n —k) = Y > o(2n — 2m + 1)03(m) 
k=0 m=1 

ye o((2n + 1) — 2m)o3(m) 
meéeN 

m < (2n + 1)/2 

1 1 
25 Oe 0 
On ag 

by Theorem 13.11. The second identity can be proved similarly. O 

As a further consequence of Theorem 13.11, we prove the following identity 

of Liouville. 

Theorem 13.13. Let M be a positive odd integer. Then 

M-1 

ye o(2m + 1)03(2M — 2m — 1) = 05(M). 
m=0 

Proof. Recalling the identities (see Theorem 3.1 (ii)) 

a (2k) = 30(k) — 20(k/2), 03(2k) = 903(k) — 803(k/2), k EN, 



An Identity of Huard, Ou, Spearman and Williams 1535 

we have 

M-1 

> 0 (2m)o3(2M — 2m) = 27S, — 18S — 2483 + 16S4, 

m=1 

where 

M-1 

S, = }° o(m)o3(M — m), 
m=1 

M-1 

So = a(m/2)o3(M — m), 
m = 1 

2\|m 

M-1 

S3= > o(m)o3((M — m)/2) 
m= 1 

2|M-m 

M-1 

Si= D7) a(m/2)o3((M — m)/2). 
m= | 

2\|m 

2|M-—m 

By Theorem 13.3 we have 

"| 1 1 1 
Sy = ——o5(M) (5; = =) 03(M) — 70°: 

By the second identity in Theorem 13.11, we have 

5. = as a(m)o3(M — 2m) = x (M) + ae ny 03(M) 
ee 3 2 24 16 aoa 

meN 

n<M/2 

Further, by Theorem 13.12, we have 

M-1 

83= > o(m)ox((M —m)/2) 
m=1 

2|M—-m 

(M—3)/2 M-1 
ae > o (2k + 1)03 me _ k) 

k=0 

1 1 
= 540° o5(M) — Bago: 
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Finally, as M is odd, m and M — m are of opposite parity, so that S4 = 0. 

Putting these evaluations together, we obtain 

151 3-9 1 
Y | o(2m)o3(2M — 2m) = Fp 730M) + (5 — GM J os) — goo). 
m=1 

Then, appealing to Theorem 13.3, we obtain 

M-1 

Y_ a (2m + 1)03(2M — 2m — 1) 
m=0 

2M-1 M-1 

= De o(m)o3(2M — m) — pie o(2m)o3(2M — 2m) 

m=1 m=1 

= u 2M : aT, 2M) — E (2M) = (Frost Jer Aa ot o3( 7407 

151 ee 1 
= (GoM) sr (; = 7M) o3(M) — en) 

=05(M), 

which is the asserted result. CL] 

We conclude this chapter by proving the following identity of Giraud. 

Theorem 13.14. Letn € N. Then 

1 1 
S> — min(a, by’ = 203(n) — =o(n). 

6 6 
(a, b, x, y) € N4 

ax+by=n 

Proof. We choose f(a, b,x, y) = S(ab — |ab|). Clearly 

Sf (Gib, xp) =f (—a, b, Hy) and f(a, b,% => f (a,b, =x30)) 

for all a, b,x, y € Z so that we can apply Theorem 13.1. With this choice the 

left hand side of Theorem 13.1 is 

Let mere eae 1 , 
S (50° + 50? — ala — 61 5b|a ~b1) = ae min(a, b)°. 

(a, b,x, y) € N* (a, b,x, y) € N* 

ax+by=n ax+by=n 

The right hand side is 

1 
y EL@-y=- > a -d= cox(n) — <0). 
deNxeN eg 

d\n x <d d\n 

Theorem 13.1 now gives the asserted formula. al 
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The problems of Exercises 13 contain many other applications of 

Theorem 13.1. 

Exercises 13 

1. Let ne N. By taking f(a, b,x, y) = b?y* — b’?xy*> in Theorem 13.1, 

prove that 

n—1 
(5 me lk ‘) ; 

aE o(m)a(n —m) = ” 2o3(n) + —n* — =n jo(n). 

m=) 

2. Letn € N. Deduce the identity 

n—1 

> ma(m)a(n —m)= >nos(n) + (59 _ i") o(n) 

m=1 

from Problem 1. This gives another proof of Theorem 12.7. 

3. By taking 

f(a, b,x, y) =abx*y — b’xy? 

in Theorem 13.1, prove that 

n—1 

yo man —m)o(m)o(n —m) = sr 293(n) — os” a(n). 

m=1 

4. Letn €N. Prove that 

n—-l 
1 1 

S| mox(m)ox(n —m)= ZU hue — pag 

m=1 

5. Letn € N. Prove that 

n—\ 

S> min —m)o(m)o(n — m) = x 303(n) — =n a(n). 

m=1 

6. Letn € N. Prove that 

n—-1 

yom o(m)o(n —m) = an 363(n) + Ga — =n] a(n). 

m=1 

7. Letn € N. Prove that 

n—1 

Sm 03(m)a(n — m) = a" 205(n) (5 _ a") 03(n). 

m=1 
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8. Letn € N. Prove that 

n—-1 
1 1 

Som o(m)o3(n — m) = so" 205(n) — 150" 303(n) — 40" a(n). 

m=1 

9. Letn € N. Prove that 

n—-1 

yo mn —m)a(m)o3(n — m) = : =" A05(n) = J,nos(n) 
m=1 

10. Letn € N. Prove that 

n—1 
5 1 1 

Pasi Dee a4 3a" 205(n) + aoa 

11. Letn € N. Prove that 

(m)o(n — m) = 3 o(n)+(— ~n?) as(n) mos(m)o(n —m — ae -— ; 
a Y mo 4 We 

12. Letk,n €N. By taking 

f(a, b,x, y) =(@ — ab)F,(x) 

in Theorem 13.1, prove that 

1 1 l Y_(m)o(n — km) = — a(n) + a(n) + zox(n/k) — Fo(n/k) 
meN 

m <n/k 

+3 Dy abt; ead, 
(a, b, x, y) ¢ N4 (a,b, x, y) € Nt 
ax +by=n ax +by=n 
x = y (mod k) x =-—y (mod k) 

13. Deduce Besge’s formula (Theorem 12.1) from Problem 12. 

14. Letn € Nand g: N? > C. Prove that 

Dy GDS ye eG. b) Ge ie ca) 
(a, b, x, y) € N# (a, b, x, y) € N* (a, b,x, y) € N* 

ax+by=n ax+by=n ax+by=n 
x = y (mod 2) x = y = 0 (mod 2) 

- DY g@b)- > g(a,d). 
(a, b, x, y) € N4 (a,b, x, y) € Nt 
ax+by=n ax +by=n 
x = 0 (mod 2) y = 0 (mod 2) 
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16. 

17. 

18. 

19. 

20. 

21. 

22. 

23. 

24. 

25. 
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Let n € N. From Problem 12 with k = 2 and Problem 14 with g(a, b) = 

ab, deduce that 

> a(m)o(n — 2m) Mee St = hen) 2) Le a a(n) — 2m) = — = — 

{2° a Of a8 
meéeN 
m<n/2 

This gives another proof of Theorem 12.4, see also Example 13.3. 

Use Theorem 13.3 to prove 

n—1 n—1 

ye moa(m)o3(n — m) + De moa(n — m)o3(m) 

m=1 m=1 

Eee (eal aN ae = —no —n-— 03(n) — ——no(n). 
She elog. = ge ace = ony 

By taking 

f(a, b, x, y) = 3b*xy? + Sabx?y — 3abx’ y” — 2b?x3 y 

in Theorem 13.1, prove that 

n—1 n—-1\ 

25° mo(m)ox(n —m)— y= mon — m)o3(m) 

m=1 m=1 

1 1 1 
= (5 — 3") o03(n) — mo 

Deduce from Problems 16 and 17 that 

n—-l 

S- ma(m)ox(n — m) = —-nos(n) — <n a3(n) — no (n) 
3 DAs 40 240 

m=1 

and 

ls 7 1 ba, 
Dae — m)o3(m) = Bre + (53" — rk ) 03(n). 

Prove Theorem 13.3. 

Prove Theorem 13.4. 

Prove Theorem 13.5. 

Prove Theorem 13.6. 

Prove Theorem 13.7. 

Prove Theorem 13.8. 

Prove Theorem 13.9. 
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26. 

27. 

28. 

29. 

30. 

31. 

32. 

33. 
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Prove Theorem 13.10. 

Let n € N. Use Theorems 12.1, 13.3, 13.4 and Problem 18 to prove that 

2880 = S) —a(my)o(ma)03(m3) 
(m,, mz, m3) € N° 
m, +m2+m3=n 

= 1007(n) + (21 — 42n)o5(n) — (30n — 36n7)o3(n) — (1 — 6n)o(n). 

Letn € N. Use Example 13.2, Theorems 12.1, 13.3 and 13.4, and Problems 

1,2 and 18 to prove that 

3456 ae a(m)o(m2)a(m3)a (m4) = 507(n) + (21 — 42n)as(n) 

(m;,m2,m3, m4) € N* 
m, +m2+m3+m4=n 

+ (15 — 90n + 108n”)o3(n) + (1 — 18n + 72n” — 72n3)o(n). 

Letn € N. Let f:Z—> C,g:Z— Candh: Z — C be even functions. 

Set 

F(a, b): =(f(a—b)— f(a t+ b))g(ajh(b) + (g(a — b) 

— g(a + b))h(a) f(b) + (A(a — b) — h(a + b)) f (a)g(d), 

G(d): = fO)g(d)h(d) + gO)h(d) fd) + h(CO) f(d)g(d), 

H(d,k): = f(d —k)g(d)h(k) + g(d — k)h(d) f (k) + hid — k) f (d)gtk). 

Prove that 

d 

Ee) = YEO yo ae, & 
(a, b, x, y) € N# deN déeN k=1 
ax+by=n d\n d\n 

Deduce Theorem 10.1 from Problem 29. 

Letn € N. Let f : Z — C be an even function. Prove that 

Yd  f@ f(b) f(a — b) — f(a + b)) 
(a, b, x, y) € N* 

ax+by=n 

hn d 

= 0) SG a) (> fe fd - »] : 
deN deN k=] 

d\n d\n 

Use Problem 31 to prove Theorem 13.5. 

Let f : Z* > C,g:Z* > Candh: Z? > C be such that 

{[@,y) = f(-—*%y) =f, —y) = fEx ay) 

g(x, y) = g(—x, y) = g(x, —y) = g(—x, —y) 
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and 

AG, y) =h x,y) =h@, —y) =heEx,—=y), 

for all (x, y) € Eek 

F(a, b,x, y):=(f(a—b,x + y)— flat+b,x — y))g(a, y)h@, x) 

+ (gla — b,x + y)— gla +b, x — y))h(a, y) f@, x) 

+ (h(a — b,x + y)—h(a+ b,x —y))f(@, y)g,.x); 

G,(d,a): = f(0, d)g(n/d, a)h(n/d, d — a) 

+ f(d, 0)g(a,n/d)h(d —a,n/d), 

H,(d, e): = f (d, e)(g(d, n/d—e)h(O, n/d)+g(0, n/d)h(d, n/d—e)), 

I,(d, e) : = f (d, e)(g(n/e, 0)h(n/e—d, e)+g(n/e—d, d)h(n/e, 0)). 

Prove that 

d-1 

Ee ety — be) G taeay ew Se He) 
(a, b, x, y) € Nt deéN a=l deN eceN 
ax+by=n d\n d\n e<n/d 

~ dE LL hnld.e). 
eEN den 

e|n d<n/e 

34. Deduce the result of Problem 29 from that of Problem 33. 

35. Use Problem 2 of Exercises 12 and Example 13.2 to prove that for all 

n & N the following identity holds 

Se ro(r)a(s)a(t) = ea AGS ao (55" - xn) 03(n) 

nae 
reciie Loar cl pion 

ibe © ab lal acc 

Notes on Chapter 13 

Theorem 13.1 is due to Huard, Ou, Spearman and Williams [137, Theorem 1, 

p. 230]. The proof that we present is taken from their paper. Giraud [108] has 

used the Huard-Ou-Spearman- Williams identity in his solution to a problem 

in mathematical physics. Skoruppa gave his identity (Theorem 13.2) in [242, 

Theorem, p. 69] and used it to prove identities between Eisenstein series. 
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Theorem 13.3 is attributed to Glaisher by MacMahon [193, p. 101], [194, 

Vol. II, p. 329]. It also appears in Ramanujan [230], [232, Table IV, p. 146], is 

formula (5.1) of Lahiri [159], and is formula (3.12) in Huard, Ou, Spearman and 

Williams [137, p. 237]. Theorems 13.4, 13.6 and 13.8 are due to Ramanujan 

[230], [232, Table IV, p. 146]. Theorems 13.5, 13.7, 13.9 and 13.10 are due to 

Glaisher [111, p. 35]. Theorems 13.4, 13.5, 13.6, 13.7, 13.8, 13.9 and 13.10 

are formulae (7.2), (7.1), (9.2), (9.1), (13.4), (13.2) and (13.1) respectively 

of Lahiri [159], and formulae (3.18), (3.17), (3.28), (3.27), (3.31), (3.30) and 

(3.29) respectively of Huard, Ou, Spearman and Williams [137]. Theorem 13.4 

is also given in the work of MacMahon [193, p. 103], [194, Vol. II, p. 331]. 

Example 13.2 is identity (5.2) of Lahiri [159]. We remark that the identity of 

Example 13.2 is implicit in the work of Glaisher [111, p. 33] and is proved in 

Bambah and Chowla [35, eq. (28), p. 145], [72, Vol. I, p. 649], see also Chowla 

[71], (72, Vol. II, p. 669], as well as in Huard, Ou, Spearman and Williams 

[137, pp. 244-246]. 

The result of Example 13.3 is implicit in the work of Glaisher [110, p. 11] 

and in the form given here is due to Huard, Ou, Spearman and Williams [137, 

Theorem 2, p. 247]. The special case of it when n is odd is due to Melfi [202, 

eq. (8)]. 

The identity of Example 13.4 does not appear to have been stated before. A 

related formula is given in Huard, Ou, Spearman and Williams [137, eq. (4.5), 

p. 248]. 

Theorem 13.11 is a result of Huard, Ou, Spearman and Williams [137, 

Theorem 6, p. 250]. The special case when n is odd is due to Melfi [202, eqs. 

(9), (10)]. 
The first identity of Theorem 13.12 was explicitly stated but never proved 

by Ramanujan [230], [232, p. 146]. A result equivalent to Theorem 13.12 was 

first proved by Masser, see Berndt [44, Part II, p. 329] and Berndt and Evans 

[46, p. 136], with later proofs by Atkin (see Berndt [44, Part II, p. 329]) and 

Ramamani [229]. None of these proofs is elementary. The proof presented here 

is the first elementary proof of Ramanujan’s identity and is due to Huard, Ou, 

Spearman and Williams [137, Corollary 2, p. 251]. 

Theorem 13.13 was stated by Liouville in [170, Ist article, p. 147]. The proof 

we give is taken from Huard, Ou, Spearman and Williams [137, Corollary 3, 

pp. 252-253]. 

Theorem 13.14 is due to Giraud [108]. 

Problem 1 is implicit in the work of Glaisher [111] and is formula (3.4) in 

Lahiri’s paper [159] and formula (3.16) in Huard, Ou, Spearman and Williams 

[1387]. 
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The formula of Problem 2 is due to Glaisher [111, p. 36]. Note that the 

multiplier 12 on the left hand side of Glaisher’s formula should be replaced by 

24. It is also formula (3.2) of Lahiri [159] and formula (3.11) of Huard, Ou, 

Spearman and Williams [137]. 

Problem 3 is formula (3.3) of Lahiri [159] and formula (3.15) of Huard, Ou, 

Spearman and Williams [137]. It is due to Glaisher [111, p. 35]. 

Problem 4 is formula (7.5) of Lahiri [159] and formula (3.19) of Huard, Ou, 

Spearman and Williams [137]. It is implicit in the work of Glaisher [111, pp. 

35-36]. 

Problem 5 is due to Glaisher [111, p. 36]. It is formula (3.6) of Lahiri [159] 

and formula (3.20) of Huard, Ou, Spearman and Williams [137]. 

Problem 6 is due to Lahiri [159, formula (3.6)] and is formula (3.21) of 

Huard, Ou, Spearman and Williams [137]. 

Problem 7 is due to Lahiri [159, formula (5.7)] and is formula (3.22) of 

Huard, Ou, Spearman and Williams [137]. 

Problem 8 is due to Lahiri [159, formula (5.8)] and is formula (3.23) of 

Huard, Ou, Spearman and Williams [137]. 

Problem 9 is formula (5.6) of Lahiri [159] and formula (3.26) of Huard, Ou, 

Spearman and Williams [137]. 

Problem 10 is formula (7.7) of Lahiri [159] and formula (3.24) of Huard, 

Ou, Spearman and Williams [137]. 

Problem 11 is due to Lahiri [159, formula (7.6)] and is formula (3.25) of 

Huard, Ou, Spearman and Williams [137]. 

The identity of Problem 12 is due to Huard, Ou, Spearman and Williams 

[137, Lemma 1, p. 247]. 

Problems 14 and 15 give another proof of the formula for 7),;,2(n) given in 

Theorem 12.7. 

Problems 16, 17 and 18 are taken from Huard, Ou, Spearman and Williams 

[137, pp. 237-238]. 

Problems 19-28 are taken from Huard, Ou, Spearman and Williams [137]. 

The identities of Problems 29 and 33 are due to Ou [218]. 

The identity of Problem 35 is formula (5.5) of Lahiri [159]. 

Lahiri [159] has given 37 sums of the form 

Yomi -+ +m," op, (m1) +++ op,(m,), a1, ---, dr € No, bi, .-.,b- EN, 

each of which can be expressed as a finite linear combination of o(7), 03(n), | 

O5(n), ... , Ob, 4-.-+b,+r—1() With coefficients which are polynomials in n of 
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degree at most a; +--- +a, +r — 1 with rational coefficients. For example 

Y> mima(mi)o(m2)o(3) 
(m,,m2,m3) € N3 

m,; +m2+m3=n 

= aa (n?o5(n) + (n? — 4n*)o3(n) — (n° — 3n*)o(n)) , 

see Lahiri [159, formula (5.9)]. Huard, Ou, Spearman and Williams [137] have 

verified that each of these 37 identities is a consequence of Theorem 13.1. 

Lahiri [160] has also exhibited 41 sums, each of which can be expressed as a 

finite linear combination of a(n), 03(n), o5(n), ... and t(n) with coefficients 

which are polynomials in n, where t(n) is the Ramanujan tau function defined 

by 
CO [e,@) 

gq] Ja-a" =) iraq", ge, lgi<1. (13.15) 
n=1 n=1 

For example 

n—1 a 1 ; 1 

2m = m)ax(m)ox(n — m) = an®oq(n) — Fer (n). 

The first few values of t() are +11) = 127@) =—24ye¢GC) = 252,,214).s 

—1472, 1t(5) = 4830, 1(6) = —6048, 1(7) = —16744 and 1(8) = 84480. 

Levitt [169] has used the theory of modular forms to show in a certain 

sense that the nine arithmetic evaluations of S,, ¢(n) with e and f odd (Theo- 

rems 12.1 and 13.3—13.10) are the only ones. Grosjean [117], [118] and Radoux 

have given recurrence relations for S., ¢(m). O’ Sullivan [217] has proved some 

of the identities in this chapter using modular forms. 



14 

Four Elementary Arithmetic Formulae 

Let n € N. Let f : Z — C be an even function. For positive integers A, B, C 

and D, we consider the sum 

S(A,B,C,D, fin):= > (f(Aa — Bb) — f(Aa + Bb). (14.1) 
(a, b,x, y) € N4 

Cax + Dby =n 

This sum has the following three properties: 

S(A, B, C, D, f;n) = S(B, A, D, C, f;n), (14.2) 

S(A, B, C, D, f;n) = S(A, B, C/E, D/E, f3n/E), (14.3) 

where E = gcd(C, D), and 

S(A,B,.C,.D, f-a) =SA/f, By FC, D, 3:1), (14.4) 

where F = gcd(A, B) and g(x) = f(Fx). Thus we may suppose that 

A> B.C 2 Dis = beens, Bie sediC 2D) = 1s 

We know from Theorem 10.1 that the sum S(1, 1, 1, 1, f;) has an elementary 

evaluation in terms of sums over the divisors of n. In this chapter we show that 

four other such sums have similar evaluations. They are the sums given by 

(A, B,C, D) = (1, 1, 2, 1), (2,1, 1, 1), @, 1, 2, 1) and (2, 1, 4, 1), 

see Theorems 14.1, 14.2, 14.3 and 14.4 respectively. We deduce these theorems 

from Theorem 13.1. It is not known if the sum S(A, B,C, D, f;n) can be 

evaluated in a similar manner for any other values of (A, B, C, D) for arbitrary 

even functions f and positive integers n. We first treat the sum (14.1) with 

(AS BCD) me (1,192: 1). 

163 
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Theorem 14.1. Letn € N. Let f : Z — C be an even function. Then 

1 
Y, (f@—b)- f(a+b)) = ai) (a(n) — d(n) — d(n/2)) 

(a,b,x,y)EN* 

2ax+by=n 

1 n ] 2n rab (4G) sas; Y: (ime 2) 00 
déeNn déeN 

d|n d|n/2 

d d 

el (240) =>, (40). 
deN \é=1 deN \é=1 
d\n d|n/2 

Proof. Let f :Z— C be an even function. We choose 

f@,b,x,y)=f@he), @b,x,yeZ, 

in Theorem 13.1. We are using f in two different ways but this should not be 

confusing to the reader. It is easily checked that the condition (13.1) is satisfied. 

Let n € N. The left hand side of Theorem 13.1 becomes with this choice 

> (Fara — f@)Fr(x) + f(@ Fr + y) 
(a,b, x, y)€N* 
ax+by=n 

=O Yy x) Pye aro) — fast »Fx) 

= >> (f(@a-b)- fa@+b)). 
(a, b, x, y) € Nt 

2ax +by =n 

The right hand side of Theorem 13.1 with this choice is 

ye oe (F (0) Fo(x) + f (n/d)Fo(d) + f (n/d) Fo(d — x) 
deNxeN 

anew <a 

— f@)Fr(n/d) — f@)F20) — fd) Fund), 

The first sum is 

1 
FO) DDE Fox) = 5 FOMo(n) — d(n) — d(n/2)), 

deNxeNn 
d|n x<d 
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by Problem 31 of Exercises 3. The second sum is 

» VL femn@= Y (5-1) Fo. 
deNxeNn déeN 

din? x% <id d|n/2 

by Problem 32 of Exercises 3. The third sum is 

» EL raorna-=5¥ (G-iro-5 Oso. 
ae ain aap 

by Problem 37 of Exercises 3. The fourth sum is 

d 

YD ORG =). (> reo) - >> fd), 
x= deN deNxen deéeN 

aim xed d|n/2 d\|n/2 

by Problem 36 of Exercises 3. The fifth sum is 

d 

~ SI@EO— (> roo) = >t: 
x=1 deN deNxeN deN 

d|nx<d d\n d|n 

The sixth sum is 

> Vo f@RW/d = DY @-VI@, 
deNxeN deN 
adnan <a d|n/2 

by Problem 33 of Exercises 3. 

Ci The asserted formula now follows by Theorem 13.1. 

Before continuing we give an application of Theorem 14.1. 

Example 14.1. Let k,n € N. We take f(x) = F,(x) (x € Z) in Theorem 14.1 

to determine the sum 

>, (i@-b)- (at). 
(a, b, x, y) € Nt 
2ax +by =n 

By Problems 6, 7 and 8 of Exercises 3 we have 

SS (1 ae 4 F,(d) = d(n/k) + o(n/k) 
deN 

d|n 
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and 

NE (1 eee + F;(d) = d(n/2k) — 2ka(n/2k) + 40 (n/2k). 
déeN 

d|n/2 

By Example 3.7 we have 

d , Ailsa! 

De (> rio) = a Te SG) 
PEN \Oat t=1 
d\n 

and 

d 1 1 k=1 

ss (> no) = 70(n/2)— > 2 fades), 
deN \é=1 
d|n/2 

Taking f(x) = F(x) in Theorem 14.1, and appealing to these identities, we 

obtain 

Y>  (Fi(a — b) — F(a + )) 
(a,b, x, y) € Nt 

2ax +by=n 

tt 1 1 = ( = z) a(n) — 7o(n/2) + 50(n/k) + (2 — k)o(n/2k) 

1 1 1 1 
_ 5a) o x uniZ) + Bh cb pa nf2k) 

Kal k—-1 
1 1 +7) ldex(n) + 7) | de x(n/2), 

f=1 =| 

which is the formula we sought. 

Next we treat the sum (14.1) with (A, B, C, D) = (2, 1, 1, 1). 

Theorem 14.2. Letn € N. Let f : Z— C be an even function. Then 

l 
De (f(2a — b)— fat b))= 5 FO) (m) — d(n) — d(n/2)) 

(a, b, x, y) € Nt 
ax by =n 

+5 (tat S)r@+5 (1+ 4) ren 
déeN déeN 

d|n d\n 

2d d 

=) SFOS. ee, 
deN é=1 deN ¢=1 
d|n d|n £=d(mod 2) 
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Proof. In Theorem 13.1 we replace n by 2n and choose f(a, b,x, y) = 

F,(a) f(b) F2(y), where f : Z — C is an even function. With this choice the 

condition (13.1) is satisfied. The left hand side of Theorem 13.1 becomes 

~  (R@S/OACY)- P@©F-DAL) 
(a,b, x, y)€ Nt 

ax + by = 2n 

+ F(a) f(a ~ b)Fa(y) — Fala) f(a + b) Fay) 
+ Fa(b ~ a) f(b)Fa(x + y) ~ Fala +b) f(b)Fa(x — y)) 

= De (fCa=b)= (Ca b)) 
(a, b,x, y)€ Nt 

2ax + 2by = 2n 

Y> (fa —b) — fa +b). 
(a, b,x, y) € Nt 
ax+by=n 

The right hand side of Theorem 13.1 is 

O12 + S39 = S445 = Se, 

where 

d—1 

YL AOFGn/DAA, 
deéeN x=1 
d|2n 

Syiee 

ail 

S%:= Y> Y) F2n/d) fOr), 
déeN x=1 
d|2n 

d-|\ 

S3:= )° >) FQ2n/d)fn/d)Fx(—x), 
deéeN x=l 
d|2n 

d-| 

Ss:= )) DRO) f@ — d)FxQn/d), 
déeN x=1 
d|\|2n 

d-| 

Ss:= )° >) F(x) f@FQn/d), 
déeN x=1 
d|2n 

d-1| 

S2= )) ) B@r@)r0). 
déeN x=l 
d\|2n 
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Straightforward calculations show that 

5s= > (= ib 1) f(@), (14.5) 
deéeN 
d\n 

S2 = 5fO) (a(n) — d(n) — d(n/2)), (14.6) 

1 n 1 Samia ag a i Oma ae (14.7) 
deN deéeN 
aig d\|n/2 

d 

SD) fOnabante), (14.8) 
déeN Kal deN 

d\n k=d (mod 2) d\n 

1 l 
Ss=5) @-DF@M- > Dd) fd), (14.9) 

deN déeN 

d|n d\|n/2 

2d 

Ss= >) >) fO— >: Fd). (14.10) 
deéeN k=1 deN 
d\n d\n 

Equating the left and right hand sides of Theorem 13.1, we obtain the identity 

of Theorem 14.2. ia 

Example 14.2. Let k,n € N with k odd. We take f(x) = Fy(x) (x € Z) in 

Theorem 14.2 to determine the sum 

a (Fi,(2a — b) — F.(2a + b)). 
(a, b, x, y) € N* 
ax+by=n 

By Problems 6, 7 and 8 of Exercises 3, we have 

4n 
> (1 —d+ 7) F,(d) = d(n/k) + (4 — k)o(n/k). 

deN 

d\n 

Further, by Problems 6 and 8 of Exercises 3, we have as k is odd 

~ ) Fx(2d) =~ (Coes F,(d) = d(n[k) + o(n/h). 
deN déeN 

d\n d\n 
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By Problem 30 of Exercises 3, we have as k is odd 

k-1 

s = EO = =o(n) - jd x(n). 
deN &=1 
d}n 

By Problem 25 of Exercises 3, we have as k is odd 

d k-1 k-1 : 
1 

oP ae Oe 0") - gD iain) - SE De Ede.24(0). 
deN C= L=-k 

d|n £=d(mod2) Dafee 

Taking f(x) = F,(x) in Theorem 14.2, and appealing to these identities, we 

obtain 

ey (F,(2a — b) — F,(2a + b)) 

(a, b,x, y) € N* 
ax+by=n 

1 2) 1 bs as “ & 2 x) Sie ( : 5) o(n/k) 

= 54m) = sa(n/2) + d(n/k) 

fr 5 tas) +} te nf) + 3s Lder(n), 
me 

248 

which is the formula we sought. 

Our next theorem evaluates the sum (14.1) for (A, B, C, D) = (2, 1, 2, 1). 

Theorem 14.3. Letn € N. Let f : Z — C be an even function. Then 

> (f@a—b)— fa +b) = FO ((n/2) — dn/2)) 
(a, b, x, y) € N4 
2ax+by=n 

1 2n 1 n +5 (1-44 F)s@4+5 DO (149) 00 
déeN deN 
ain d|n/2 

d 2d 

=> VP OAOUDS 1, 
déeN (Gas déeN &=1 
d|n @€=d(mod 2) d|n/2 
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Proof. In Theorem 13.1 we replace n by 2n and choose 

f(a, b,x, y) = F(a) f(b) Fra) Fry), 

where f : Z — C is an even function. With this choice condition (13.1) is 

satisfied. The left hand side of Theorem 13.1 becomes 

~ (ROSORORCy) - Af RWORO) 
(a, b,x, y) € Nt 

ax +by =2n 

+ F(a) f(a — b) Fo +y) Foy) — Pola) flat DY — xh) 

+ Fob -afhh@MhG@+y)—-hat+bDfoOh@h@ — y)) 

=) (A@sS@-HAG + NAO) — R@fa+bFv — )F0)) 
(a, b,x, y)€ Nt 

ax + by = 2n 

= © (AP@s@-DAWAO)- POSE+HFAFO)) 
(a, b, x, y) € N# 
ax by = 2n 

= Yo A@RWHOM f(a -b)— fla+b)) 
(a, b, x, y) € N4# 

ax + by =2n 

= > (f@a-b)— fa +bd)) 
(a, b, x, y) € N# 
4ax + 2by = 2n 

= >> (f@a-b)— fQa+b)). 
(a, b, x, y) € N# 
2ax + by =n 

The right hand side of Theorem 13.1 is 

UU bite ol i ta We Rete 

where 

aa 

YS YE AO FAn/d AW) Fd), 
deNec=! 
d|2n 

Tia 

d-1 

Th: = V0 Yo AQn/d) fOR@ Fx), 
déN x=1 
d|2n 



lie 

Lge 

disme 
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d—l 

>> >So BQn/d) f Qn/d)Fr(d — x) Fo(-x), 
deéeN x=1 
d|2n 

d-\ 

Yo DE A@) Ff - d)FoQn/d)Fy2n/d), 
déeN x=1 
d|2n 

d-1 

YS I AO) FOFO Fr2n/d), 
deN x=1 
d|2n 

d-1 

YS VE A@S@HOn/d) Fr). 
deN x=1 
d\|2n 

We leave it to the reader to show that 

Theorem 14.3 now follows by equating the left and right hand sides. 

T 

ve 

14 

Ts 

T6 

= et — 17). 
deN 

d\n 

= f(0)(o(n/2) — d(n/2)), 

1 n = 5 yy (5 22) fed), 
deN 

d|n/2 

d 

Sa ea FG): 
déeN k= deN 

d|n k =d (mod 2) d\n 

1 ] =5 . @-DF@- 5D, fd), 
deN deN 

d\n d|n/2 

2d 

=) yo fe > Fd). 
deN k=1 deN 

d|n/2 d|n/2 

wal 

(14.11) 

(14.12) 

(14.13) 

(14.14) 

(14.15) 

(14.16) 
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By taking f(x) = F,(x) in Theorem 14.3, a formula for the sum 

YS) (Fea —b) -— F(2a+b)), k,n EN, 
(a,b,x,y)e€ Nt 

2ax+by=n 

can be determined, see Problem 28. 

Finally we evaluate the sum (14.1) for (A, B, C, D) = (2, 1, 4, 1). 

Theorem 14.4. Letn € N. Let f : Z — C be an even function. Then 

1 
a AG Daas d(n/2) — d(n/4)) 

(a,b, x, y) € Nt 
4ax+by=n 

+5 ss) (1+ 2) F@-5 My afi) + 5 Sy (1+ 5) f(2d) 
deN deN deN 

d|n d|n/2 d|n/4 

d 2d 

oe 
deN Ca aden 1 

d|n £=d(mod 2) d|n/4 

Proof. The proof of this theorem appears to require a more subtle choice of the 

function f(a, b,x, y) in Theorem 13.1. A choice that works is 

fla, b, Xx, y) — fla i b) Fy(ax), 

where f : Z — C is an even function. First we note that 

f(a, b,x,y)— f(, y, a,b) = f(a — b)F(ax) — fx — y)Fa(xa) 
= f(—a + b)F)(—ax) — f(x — y)Fo(—xa) 

=> fea, UX. y) ae hes Wi 25 =D) 

so that our choice satisfies (13.1). Next we observe that 

fla, DEN, —y) eal 1, =D, x, y) = fla a b) Fy(ax) = f(a aR b) Fy(ax) 

= (f(a — b) — fla+b)) Fr(ax), 

as well as 

f@,a—b,x + y,y) — fa,a@+b,y —x, y) 

= f(b)Fy(ax + ay) — f(—b)Fy(ay — ax) 

= f(b) Fy(ax + ay) — f(b) Fo(ax + ay) 

=0 
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and 

(DG, Oey) — £0 +b, bo xex = 'y) 

= f(—a)Fy(bx — ax) — f(a) Fo(ax + bx) 

= f(a) Fy(ax + bx) — f(a) Fy(ax + bx) 

= 

Thus the left hand side of Theorem 13.1 with this choice of the function 

J (Ge boxy is 

>> (f@-b)- fa +b)) Fax) 
(a, b, x, y) € N* 

ax+by=n 

= >) (f@-d)- fa+b) 
(a, b, x, y) € Nt 
ax+by=n 

2 | ax 

= > (f@-b)- fat) 
(a, b, x, y) € N+ 

ax+by=n 

2\a 

+ SY (f@-=b)- fat+b)) 
(a, b, x, y) € N* 
ax+by=n 

2x6 

- 0 (f@-b)- fatd) 
(a, b,x, y) € N# 
ax+by=n 

Qala 2 lino 

= ye (f(2a — b) — f(2a + b)) 
(a, b, x, y) € N4 
2ax+by=n 

+ ) (f@-b)- fatd)) 
(a, b, x, y) € Nt 
2ax+by=n 

- So (f@a-b)- f2at+d)). 
(a, b,x, y) € N4 
4ax +by=n 

The value of the first sum is given in Theorem 14.3 and the value of the second 

sum in Theorem 14.1. The third sum is the sum whose evaluation we seek. 

We now turn to the evaluation of the right hand side of Theorem 13.1 for 

our choice of the function f(a, b, x, y). The right hand side is 

Opa US a U4 U5 = Ug; 
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d-\ 

>> do fCn/d) 0), U, (= 

deN x=1 
d\n 

d-1\ 

i=) DF n/)P@), 
déeN x=1 
d|n 

d-1 

Us:= D> FORGE - x)/d), 
déN x=1 
d\n 

d-1 

Us: = Do DU fS@MFnx/d), 
déN x=1 
d|n 

d-1 

Us:= )) > fa@-dF(0), 
déeN x=1 
d\n 

d-\ 

Ue sea a) Cm), 
déeN x=1 
d\n 

We leave it to the reader to carry out the straightforward calculations needed to 

show that 

u= > iC i 1) f(@), (14.17) 

a 
Ur = Fain) (5-1) f@), (14.18) 

deN 

d|n 

1 
U3 = 5 FON) + o(n/2) — d(n) — 2d(n/2) + d(n/4)), (14.19) 

1 i) 
Us= 5) @-DI@+5 Di E-VF@ 

déeN deN 

d|n d|n/2 

1 1 
<5) fGd+5 D. f2d), (14.20) 

déeN déeN 
d|n/2 d|n/4 
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d 

Us= > >) fO— dF), (14.21) 
deN @=1 deN 
d|n d|n 

d 

Us = Fon) )) > f() — Fn) DSF). (14.22) 
deN =1 déeN 
d|n d\n 

Appealing to Problem 34 of Exercises 3, we obtain 

= (4-1 fat dy (55-1) rea- © G - 1) reo 
d deN eN deN 

d|n/2 d|n/2 d|n/4 

and 

d 

Us, (es (0) — >) f@ 
deN *£=1 déeN 
d|n/2 d|n/2 

2d 

=o p>: #0) — >> f(2a) 
deN *é=1 deN 
d|n/2 d\|n/2 

2d 

AL CL f(0) + 7 fd). 
deN *é=1 déeN 
d|n/4 d|n/4 

Theorem 14.4 now follows by equating the left and right hand sides. C] 

By taking f(x) = F,(x) in Theorem 14.4, a formula for the sum 

i (Fa —)) +h @a--b)), kine N,; 

(a, b,x, y) € N* 
4ax+by=n 

can be determined, see Problem 29. 

The identity of the next example will be used in the proof of Theorem 14.5. 

Example 14.3. We use Example 14.2 to determine a formula for 

Ce 1 Oa 0). 
(a,b, x, y)€ N+ 

ax+by=n 

For n € N we set 

ej, :=dji4(n), 1 =0,1,2,..., 13, 
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so that 

dj5() =e; Fei49; 0 eee OF 

With k = 7 we have 

1 Sas 1 
(5 Fy x) a(n) + € = 5) a(n/k) = 7o(n) —@o(n/7) 

and 

= ) “i 2)+ d(n/k Bacall yeeyl 2) + d(n/7) EY eh) n/k) = Rt a: (n 

1 
= — 5 (do,14(7) + di 14(n) + +++ + )3,14(1)) 

1 
— =(do,14(n) + dz,14(n) +--+ + dj2,14(n)) 

2 

+ doi4(n) + d7,14(1) 

1 1 1 1 
= 730 =e, — ae 75 a ot 

1 1 
eg 8g ie Cle 12 eae 

Also 

ig 1 6 

OE, Ldr+sye/2,n(0) = > Ld4e,7(n) 
or 

wd (0) + di a(n) =“ = ds. 7(n) 

fi aw 5 6 
7 2,7(n) + 746,1(n) ae 7 43,7") 

2 4 6 1 3 5 
= 71 + 702 te 563 or 74 a2 565 Si 7&6 

2 + 6 1 3 5 
aa se a 569 so 7610 te ell — 7612 a8 7613, 

1 
SE De bde2(n) = ay ldy14(n) 
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and 

ao 

k-1 1 6 

2 tdex(n/2) = 5) ede r(n/2) 
c=] 

1 DO 3 
= ahyan/2) ae 7 o2,(n/2) ate qaantl2) 

4 5 6 
+ 7441/2) ue 745,7(1/2) Ss 7 6,1(0/2) 

oe ce 2. Weta Bea awe ==6) + en = = =€12. 7 2 7 4 76 7&8 7 10 7012 

By Example 14.2 we obtain 

pe (F;(2a — b) — F;(2a + b)) 
(a, b,x, y) € N* 
ax+by=n 

1 (n) (n/7) 1 Z 4 rs Z 
O01") Oe) | — 07 5 = 

7 ot te ie ie ce 
1 1 2 4 2 1 

AP has = 568 = 569 se £10 = 761 aig 5612 ar 5613 

1 1 Z 
= 7o(n) —o(n/7) — 71,1”) = 7 42,7") 

ch Sh 4] > 7 5), 7 > 

The proof of the final theorem of this chapter makes use of Examples 10.3 

and 14.3. For n € No we set 

w(n) := card{(x;, x2) € Z? | x17 +.x1x2 + 2x? =n} 

so that w(0) = 1. We need the following evaluation of w(n) (n € N), namely 

w(n) = 2 y (=). (14.23) 
meéeN 
m\|n 

=], : : ne 
where (=) (m € N) is the Legendre-Jacobi-Kronecker symbol for discrim- 

m 
inant —7, that is 

bee +1, ifm=1,2,4 (mod 7), 

(=) ie rene 5.6 nod 7), 
0, if m = 0 (mod 7), 
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see the notes at the end of this chapter. It is convenient to set for n € N 

d; = 4:4), 51 = 0,12, 3; 4, 5.6, 

so that by (14.23) 

w(n) = 2d, + 2d, — 2d3 + 2d4 — 2ds — 2de. (14.24) 

Theorem 14.5. Letn € N. Then the number of (x1, X2, X3, X4) € Z* such that 

2 
n = x42 +x 1X2 + 2x9? + x37 +.x3x4 + ona 

4a(n) — 280(n/7). 

Proof. The number of (x1, x2, x3, x4) € Z* such that 

iL = Kin + X1X2 + D0" = x3" —- X3X4 + oe 

is 

n—-| 

> wlkyw(l) = 2w(n) + Y_ w(kyw(n = b). 
(k, £) € NB k=1 
k+fl=n 

Now, by (14.23), we have 

Z wwe F- 03 (2) CE G)) 
aéeN beN 

a\k b|n—k 

—7 -4 y (J). ab 
(a, b, x, y) € N* 

ax +by=n 

Appealing to the second part of Problem 5 of Exercises 3, we obtain 

=] s (=) = s (F(a — b) — F(a + b)) 
(a,b, x, y) € N4 (a,b, x, y) € N4 
ax+by=n ax +by=n 

+ S$) (F(a-2b)- F(a + 2b)) 
(a, b, x, y) € N* 
ax+by=n 

+ ) (Fa -b)- F,Qa +d) 
(a, b, x, y) € Nt 
ax+by=n 
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= >) (F(a-b)- F(a+b)) 
(a, b, x, y) € Nt 
ax+by=n 

+2  S° (F)(Qa—b)— F,Qa + b)). 
(a, b, x, y) € N* 

ax+by=n 

By Example 10.3 we have 

Y> (F(a -b) - F(a + b)) 
(a, b,x, y) € Nt 
ax+by=n 

1 1 
ee 5a(n/7) a oy d3 + a tpheeg = —a(n) — 5ao(n/7) — =d; — =d> — = = = —d¢. 

Z ee ane ee eae eA PT 

By Example 14.3 we have 

>) (F)(2a — b) — F;(2a + b)) 
(a, b, x, y) € Nt 
ax+by=n 

ceo LY safe eee a ee = —o(n) — —=-d,-=- —d3 ——- — —dg. 
Aas oe “RS eels is Mot KON aa face 

Hence, by (14.24), we obtain 

= (SF) = otn = totnyt) = ds = dy + dy = dh + ds +d 

(a, b, x, y) € Nt 

ax+by=n 

= a(n) — 7a(n/7) — sw(n). 

Thus the required number is 

2w(n) + 4(o(n) — Ja(n/7) — sw(n)) = 40(n) — 280(n/7) 

as claimed. LC 

Exercises 14 

Prove (14.5). 

Prove (14.6). 

Prove (14.7). 

Prove (14.8). 

Prove (14.9). ee es 
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21. 

Prove (14.10). 

Prove (14.11). 

Prove (14.12). 

Prove (14.13). 

Prove (14.14). 

. Prove (14.15). 

. Prove (14.16). 

. Prove (14.17). 

Prove (14.18). 

. Prove (14.19). 

. Prove (14.20). 

. Prove (14.21). 

. Prove (14.22). 

. Prove (14.23). 

Number Theory in the Spirit of Liouville 

Letn € N.Setn = 7°N,wherea € No,n € Nand gcd(N, 7) = 1. Deduce 

from Theorem 14.5 that the number of (x), x2, x3, x4) € Z* such that 

is 

2 2 ee z m= x7 + 1% + 2% Gy + aks + 2K, 

4o(N)=4)<d. 
d\n 

T4d 

Is every positive integer of the form x7 + x)x2 + 2x3 +x} + x3x4 + 2x? 

for some integers x), x2, x3, x4? 

Let k,n € N. Extend the ideas of the proof of Theorem 10.2 to prove that 

ey See eee eens aes 
(a, b,x, y) € N* (a, b,x, y) € N* (a, b, x, y) € N* 

2ax+by=n 2ax +by=n 2ax+by=n 

a—b=k a—b=-k a+b=k 

1 n ae 1— S014+5(14+5) Ae De 5 (1+ 7) Fe) 
deN deN 

d\n d|n/2 
d>k d>k 

1 2n 
a: 1 = 2h fs F(k) Fx2(n). 

Deduce Theorem 14.1 from this identity. 
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22. Let k,n €N. If 2{k extend the ideas of the proof of Theorem 10.2 to 

prove that 

TEs a ame ae 
(a, b, x, y) € Nt (a, b, x, y) € N* (a, b, x, y) € Nt 

ax+by=n ax+by=n ax+by=n 
2a —b=k 2a —b=-—k 2a+b=k 

De Ng eel 
=— ey ee ee ee D 1- D4(F-F-5) nm 

déeN deN 

d\n d\n 
d>k/2 d>k 

d odd 

Similarly if 2 | k prove that 

eelte pep 2h eel mt 
(a, b, x, y) € N* (a, b, x, y) € N* (a, b, x, y) € N* 

ax+by=n ax+by=n ax+by=n 
2a -—b=k 2a —b=—-k 2a+b=k 

on 7k ot oe ail 
=— lee fe oe = eee > Sy (7 : >) «(n) ¢ 5) /2(n) 

deN deN 
d|n d\|n/2 

d>k/2 d>k/2 

Deduce Theorem 14.2 from these identities. 

23. Let k,n € N. Extend the ideas of the proof of Theorem 10.2 to prove that 

See a oe Pe ey Pee Cae Xu ba idea 
(a, b, x, y) € N* (a, b, x, y) € Nt (a, b,x, y) € N4# 
2ax +by=n 2ax +by =n 2ax +by=n d|n d|n/2 
2a—b=k 2a —b=-—k 2a+b=k d=k aks 2 

d =k (mod 2) 

1 2n 1 2n 
+-[1-k+—]Fam)+-(14+— ]) he). > ( ) k(n) 5 7 2(k) Fi (n) 

Deduce Theorem 14.3 from this identity. 

24. Let k,n € N. Extend the ideas of the proof of Theorem 10.2 to prove that 

Dore at) heer nectaee  t eea Semnnd ie i 
(a, b, x, y) € N* (a, b,x, y) € Nt (a, b,x, y) € N* deN deN 
4ax+by=n 4ax +by =n 4ax+by=n d\n d\n/4 
2a —b=k 2a —b=-k 2a+b=k d>k d>k/2 

d =k (mod 2) 

1 1 1 2 +5 (1+ 2) Filn) — skFi(n/2) + 5 (: + +) Fa(k) Fep(n/4). 

Deduce Theorem 14.4 from this identity. 
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25. Letn € N. Deduce from Example 14.1 that 

1 1 1 
> G@-b)- Psa +b) = Zo(n) — zo(n/2) + 5o(n/3) — o(n/6) 

(a,b, x, y) € Nt 
2ax +by =n 

1 
= -(dis(n) — dz,3(n)) — Aas 2) — dz,3(n/2)). 

26. Letn € N. Deduce from Example 14.1 that 

1 1 1 
Y, GG@-b)-hi@+b))= gon) — ga(n/2) + 50 (n/4) - 20(n/8) 

(a,b, x,y) € Nt 

2ax + by =n 

1 1 
= yaa) = 03 A) = Ze) — dz 4(n/2)). 

27. Letk,n € N. Determine the sum 

Y> (Fi, (2a — b) — Fy(2a + b)) 
(a, b,x, y) € Nt 
ax+by=n 

in the case when k is even. The case k odd is treated in Example 14.2. 

28. Letk,n € N. Take f(x) = F;,(x) (x € Z) in Theorem 14.3 to determine a 

formula for the sum 

SS (F,(2a — b) — F,(2a + b)). 
(a, b,x, y)€ Nt 

2ax +by=n 

29. Letk,n € N. Take f(x) = F(x) (x € Z) in Theorem 14.4 to determine a 

formula for the sum 

Se (F(a — by = FOa-— b)), 
(a, b, x, y) € N* 

4ax +by=n 

Notes on Chapter 14 

Theorems 14.1, 14.2, 14.3 and 14.4 were discovered by Huard, Ou, Spearman 

and Williams in their research leading up to their paper [137]. Theorem 14.1 is 

given in Williams [266, Proposition 2, p. 236]. 

We indicate how (14.24) can be proved. Let d be a negative integer with 

d =0or 1 (mod 4). Let {fj(x, y) = ajx? + bixy + cy? |i =1,2,...,h} be 
a representative set of inequivalent, primitive, positive-definite, integral, binary 

quadratic forms of discriminant d. Let N(n, d) denote the number of represen- 

tations of n € N by the forms fj(x, y) i = 1,2,...,h). Let f be the largest 
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positive integer such that f? | d and d/f* =0 or 1 (mod 4). The integer f is 

called the conductor of the discriminant d. Kaplan and Williams [152] have 

proved the following extension of a theorem of Dirichlet, see [94, Theorem 64, 

p: 73]: 

d 
N(n, d) =X(d) > (<). gcd(n, f) = 1, (14.25) 

m 
meN 

m\|n 

where 

Ome itd ease 

NG) = 440) Geo ==, 

6, ifd=-3. 

When d = —7 we have f = 1,h = 1 and 

(fix, Wn i = 1,258 & hh) = (x? + xy + 2y}. 

Thus by (14.26) we have for all n € N 

w(n) = N(n, -7) = 2 yi (=*) 
meN 

m\|n 

Theorem 14.5 is given in Lomadze [189]. The first elementary arithmetic 

proof of this result is due to Williams [269, Theorem 1.1, p. 793]. This is the 

proof given here. 

When'at——1lwe have =-5 hh =sland 

{fitx, y) | i=1,2,...,h} = (x? + xy + 3y7}. 

Thus, by (14.25), we have for alln € N 

—11 
card{(x;, x2) € Vig a= ye 3x27} =) ys (=) ; 

m 
meéeN 

m\|n 

The number of representations of n € N by the quadratic form x;* + x,x2 + 

3x27 + x3* +.x3x4 + 3x47 is given in the book by Petersson [222, p. 80]. 

Recently Shavgulidze [241] has determined the number of representations of a 

positive integer by the quadratic form 

2 ) 2 
xy” + px + 3x07 + ++ + Hop? + Xo E + BxHy 

in the cases k = 3, 4 and 5. 
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Some Twisted Convolution Sums 

For n € N ands € N we define the twisted convolution sum A,(n) by 

As(n) = Ti1s(n) = > o(m)o(n — sm), (5D) 
meN 

m<n/s 

where the sum T,, ,.(”) was defined in (13.14). By Besge’s formula (Theorem 

12.1) we know that 

A\(n) = si po + & - 5") a(n). Cise) 

By Theorem 12.4 we have 

Ad(n) = Zoxln) + zoxtn/2) + (55 - gn) on) + (52 - gn) o(n/2), a(n peat 03(n mA mie a(n 7A we a(n/ 

see also Example 13.3 and Problem 15 of Exercises 13. In this chapter we begin 

by giving another proof of Theorem 12.4, this one using Theorem 14.1, and 

then we determine A3(n) and Aq(n). 

Theorem 15.1. Letn € N. Then 

A2(n) = : pe + 5ostn/2) + € — 5") o(n) + (5; = 7") o(n/2). 

Proof. We take f(x) = x? in Theorem 14.1. The left hand side is 

> (@-b -@t+br)=-4 Sab 
(a, b, x, y) € N4 (a, b,x, y) € Nt 
2ax+by=n 2ax + by =n 

eee eye CHL Ls 
(£,m)eN?aceN beEN 
22+m=n all b\|m 

184 
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=—4 3 o(£)o(m) 
(2,m) € N? 
2Uw+m=n 

=-4 > o(C)jo(n — 28) 
LEN 

l= 27/2 

= —4A)(n). 

The right hand side is 

1 n 2n 
= ee Na baa pia tenet 
deN déeN 

d\n d|n/2 

d d 

deN \v=1 deN \v=1 
d|n d|n/2 

Clearly 

s (1 7 d* = 0,(n) +no(n) 

déeN 

d\n 

and 

De (1 Soy +] d? = 09(n/2) — 203(n/2) + 2no(n/2). 
deN 

d|n/2 

From Problem 28 of Exercises 3 we have 

ee na 1 I 
DY (Doe) = 3230) + so0ln) + con) 
deN \v=1 
d|n 

and 

i ie 1 1 
DS (doe?) = zo3ln/2) + 5 02(n/2) + 2o(n/2). 

3 2 6 
deN \v=1 
d|n/2 

Thus the right hand side is 

1 4 , 1 1 , 
sean) m TO aay € = 5") a(n) — (3 = n) o(n/2) 

Equating the left and right hand sides, we obtain the evaluation of A2(n). O 
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Next we use Theorem 14.4 to determine A4(n). 

Theorem 15.2. Letn € N. Then 

1 1 1 1 
Aq(n) = Ro ae wo ay ge?) *P (5; = a") a(n) 

1 1 
BG (5; = i") a(n/4). 

Proof. We take f(x) = x? in Theorem 14.4. The left hand side is 

Y. (@a-byY -Qat+by’)=-8 > ab 
(a, b,x, y) € Nt (a, b, x, y) € N* 

4ax +by=n 4ax+by=n 

= Y Days 
(,m)eN2aeN beN 
44+m=na|l b\|m 

= ya o(L)o(m) 
(€,m) € N? 
4€+m=n 

=-8 J) oon —4e) 
LEN 

1<€<n/4 

= —8A4(n). 

The right hand side is 

1 n 1 n sD (ge-F Dey (se SO) (tee) a ee ee 
deN déeN déeN 

d|n d|n/2 d|n/4 

d 2d 

Fp pn Dc! oe Le 
deN k=1 deN k=1 
d\n k=d(mod2) d\n/4 

We have 

1 n 1 1 is 1 “)d? == a 5 ( ae porn) + sno (n), 
deN 

d\n 

l | 
5 DF = 503(n/2), 

deN 
d|n/2 
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and 

ay (1 2 a d? = 20,(n/4) + 2no(n/4). 
déeN 

d|n/4 

From Problem 29 of Exercises 3 we have 

D3 ss e= Ep (n) + ae (n) + ee 
aed Dae 3 

deN k=1 
d|n k=d (mod 2) 

and from Problem 35 of the same exercises 

2d 8 1 

ape 303(1/4) + 20a(n/4) + 20(n/4). 
déeN k=1 
d|n/4 

Thus the right hand side is 

de Gj o.0nae ae (n)+ re, (n/4) ——03(n)— —03(n/2)— = —~+=n]jlo — : 6 3 5 3(n, BEY 3 oe n 3 njo(n/ 

Equating the left and right hand sides, we obtain the evaluation of Aq(n). UO 

Example 15.1. We use Theorems 12.1, 15.1 and 15.2 to prove three formulae 

due to Hahn. We recall that form € N 

o(m) = ao(m) —40(m/2),  G(m) = ao(m) — 20(m/2), 

and 

53(m) = 03(m) — 1603(m/2), 63(m) = o3(m) — 203(m/2). 

Thus 

pe G(m)a(n — 2m) = A2(n) — 4A4(n) — 4A,(n/2) + 16A2(n/2). 

meN 
m <n/2 

Appealing to Theorems 12.1, 15.1 and 15.2 for the evaluations of A;(n/2), 

A2(n), A2(n/2) and A4(n), we obtain 

> &(m)e(n — 2m) = —F0sin/2) + 403(n/4) + (;" = :) a(n) 

— (4" _ 3) a(n/2) — (x — 5) a(n/4). 

meN 

m<n/2 
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Thus 

alte ek bepyayed Al (21% | in 2) 
ne —Fertn/2) +(5n— 5) acm) + gr- 3) 

m <n/2 

which is the first formula of Hahn. The second and third formulae of Hahn, 

namely, 

1 1 1 
ys G(m)é(n — 2m) = —Gosln/2 + (5 - 3) G(n) + gc) 

meN 
m <n/2 

+ non) - (5 + a) a(n/2), 

Y > é(m)é(n — 2m) = ae me (n/2)+ i-5) aye en 
= he le 4s 2A we 

m<n/2 

can be proved in a similar manner. Although not considered by Hahn the 

formula 

5 1 1 
S> é(m)é(n — 2m) = 56g 030) + 938309) — 53 53(n/2) 
meéeN 
m<n/2 

ee LD en 2) G60) og) Gat 

can be proved in exactly the same way. 

Our next goal in this chapter is to determine A3(n). Since none of Theorems 

14.1-14.4 contains the constraint 3ax + by =n, we cannot use any of these 

theorems with f(x) = x* to determine A3(n). Instead we make use of the 

Huard-Ou-Spearman- Williams identity (Theorem 13.1) with a suitable choice 

of f(a, b,x, y). 

Theorem 15.3. Let n € N. Then 

1 3 1 1 1 
A3(n) = OO 1s gts) ee Oe | ee Won 3). 

Proof. We apply Theorem 13.1 with 

f(a, b, x, y) = (a? i’ ab) F3(x). 
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It is easily checked that this choice of f satisfies (13.1). With this choice the 

left hand side of Theorem 13.1 is 

YS) (@ = ab) F(x) — @ + ab) Fx) + @? - ala — b) F(x + y) 
(a, b,x, y) € N* 
ax+by=n 

—(a* —a(a + b)) F3(y — x) + ((b — a)? — (b — a)b) F3(x) 

— (a+b) — (a + b)b)F3(x)) 

=- So 4abF(x)+ Yo abFy(x+y) 
(a, b,x, y) € N4 (a, b,x, y) € N* 
ax+by=n ax+by=n 

ar ) abF3(y — x) 

(a, b, x, y) € N* 

ax+by=n 

=-—4 oS ab+ ye ab+ ) ab. 

(a, b, x, y) € N* (a, b,x, y) € N4 (a, b,x, y) € N* 

3ax +by=n ax+by=n ax+by=n 
x = -—y (mod 3) x = y (mod 3) 

The first sum is 

A ye ab = —4 Da ya) b=-4 >» a(£)a(m) 
(a, b, x, y) € N* (2,m)eN2aeN beEN (£,m) € N? 
3ax +by=n 3l+m=n ale b\|m 3l+m=n 

= =4 ) a(Lja(n — 3£) = —4A3(n), 

LeN 
SI} 

which is the sum we wish to evaluate. By consideration of the residues of x 

and y modulo 3, we obtain 

iS ab + E ab 

(a, b,x, y) € N4 (a, b,x, y) € N4 
ax+by=n ax+by=n 

x = —y (mod 3) x = y (mod 3) 

=3 p= }ab 17 i = tab 
(a, b, x, y) € N* (a, b,x, y) € N# 
ax+by=n ax+by=n 

x = 0 (mod 3) 

y = 0 (mod 3) 

=U a Sys 
(a, b,x, y) € N* (a, b,x, y) € Nt 
ax+by=n ax+by=n 

x = 0 (mod 3) y = 0 (mod 3) 
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=3 Se ab+ 2 ab —2 aa ab 

(a, b, x, y) e Nt (a, b, x, y) € N* (a, b, x, y) € Nt 

ax + by =n/3 ax+by=n 3ax +by=n 

= 3A\(n/3) + Ai(n) — 2A3(n). 

Hence the left hand side of Theorem 13.1 for our choice of f is 

3A; (n/3) + Ai(n) — 6A3(n). 

By Besge’s formula (Theorem 12.1) we have 

yi 5 1 1 
1(n) = pw a (5 = 5") a(n) 

and 

5 1 
A,(n/3) = mo a (3 = =r) a(n/3) 

so that the left hand side is 

5 5 3 1 1 1 | 3 6A 
ech) UE qo! 1S (3 a 5") a(n) + € = 5") a(n/3) — 6A3(n). 

We now turn to the evaluation of the right hand side of Theorem 13.1 for 

our choice of f. The right hand side is 

© ¥((G) B@- 0? - 26 -ayrn/d) 
deNxeN 

Gl ie Seca! 

— (x? — xd) F(0) = @? = dx) Fs(n/d)) 

= G)@-v-¥ Re Le 
deN déN x=1 deN 
d\n d\n d|n 

3\d 3|n/d 

Next we evaluate each of these three sums. The first sum is 

EN E 

d\n d\n 

3\d 3 | n/d 

n =e) d 
déeN 

d\n/3 

no(n/3) — o2(n/3). 
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The second sum is 

ii d-\ d-1 

Dee aes yy md) 
deéN x= HEN x=] x=1 
d|n d|n 

= ds (<a = bgCa=1)— 5d - 1)) 
deN 
d\n 

= 2) da) 
deN 
d|n 

rg 1 
= ND, _ Re 

The third sum is 

Sy d(d-1)= > @-d’) 
déeN deN 

d\n d\n 

3|n/d 3 | n/d 

si ea Grad 
déeN 

d|n/3 

= 03(n/3) — 02(n/3). 

Thus the right hand side is 

zox(n) — 03(n/3) — 50(0) + no(n/3). 

Equating the left and right hand sides, we obtain the asserted formula 

for A3(n). C] 

As an application of Theorems 15.1 and 15.2, we obtain the following result. 

Theorem 15.4. Letn € N. Then 

5 ‘| 2 1 1 
ah o(m)o(n —m) = Te ee + co = goes) + l= _ zn)oin) 

meN 

m<n 

meven 

ate G — snjotn/2) — (= = snyo(n/a) 

Proof. From Theorem 3.1 (ii) (with k = 1 and p = 2) we have 

o(2m) = 30(m) — 20(m/2), meN. 
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Hence 

o(m)o(n — m) 

meN 

eae 

= > o(2m)o(n — 2m) 
meN 

m <n/2 

=3 )° olm)o(n -2m)—2 Y= o(m/2)o(n — 2m) 
meN meN 

m<n/2 m<n/2 

=3 }) o(m)o(n—2m)-2 oo o(m)o(n — 4m) 
meN meN 

m<n/2 m<n/4 

= 3A2(n) — 2A4(n). 

The theorem now follows from Theorems 15.1 and 15.2. bed 

The next result follows from Besge’s formula (Theorem 12.1) and Theorem 

15.4. It will be used in the proof of the formula for the number of representations 

of a nonnegative integer as the sum of eight triangular numbers (Theorem 

16.13). 

Theorem 15.5. Letn € N. Then 

2 7 Zz I 1 Do almyo(n —m) = Fax(n) — gox(n/2) + 5os(n/4) + (5 — gn)oin) 
meN 

m<n 

m odd 

— (5 — sn)oinj2 + (4 - sn)ocn/4), 
Proof. We have 

ye o(m)o(n —m) = ye o(m)a(n —m) — » o(m)a(n — my). 

meN meN meN 

m<n m=n m =n 

m odd m even 

The value of the first sum on the right hand side is given by Besge’s formula 

and that of the second by Theorem 15.4. a 

Example 15.2. We use Theorem 15.5 to reprove (2.8). For n € N, by Theorem 

3.1(ii) (with k = 3 and p = 2), we have 

03(2n) = 903(n) — 803(n/2) 
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so that 

5 7 2 1 1 ae 
Ae) ae 373) “iF Bole) = co) = 730) ze 3°3 (2n). 

Also, as 

o(2n) = 30(n) — 20(n/2), 

we have 

en | ihn th 1 . 
€ — 5") o(2n) — € — 5) o(n)+ (5 — n) On] 2) =U, 

Hence, by Theorem 15.5, we have 

1 
D o(m)o(2n — m) = g73 n) =O; (it), 

meéeN 

m <2n 

m odd 

which is (2.8). 

We next use Theorem 15.5 to prove a theorem of Liouville about binary 

quadratic forms. 

Theorem 15.6. Let p be a prime with p = 3 (mod 8). Then there exists a prime 

q = 5 (mod 8) and integers x and y such that 

2p =x? +qy’. 

Proof. Taking n = 2p in Theorem 15.5 we obtain 

P 

Y | o(2m = 1)o(2p — 2m + 1) = 03(p). 
m=1 

Now 

03(p) = 1° + p>? =14+3° = 4 (mod 8) 

so that 

P 

Y "a (2m — 1)o(2p — 2m + 1) = 4 (mod 8). 
m=1 

Hence 

(p—1)/2 

2 )° o(2m —1)o(2p — 2m + 1) + 0(p) = 4 (mod 8). 
N= 
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Now 

o(p) =(1+ p)’ = 0 (mod 16) 

SO 

(p—1)/2 

Y > o(2m = 1)o(2p — 2m + 1) = 2 (mod 4). 
T= 

Suppose there exists m € {1,2,...,(p — 1)/2} such that 

a (2m — 1)a (2p — 2m + 1) = 1 (mod 2). 

Then 

o(2m — 1) =a(2Qp — 2m + 1) = 1 (mod 2). 

Hence there exist odd integers x and y such that 

2m—-1l=x’, 2p—2m+1l=y’, 

so 

2p =x? + y? =2 (mod 8), 

contradicting p = 3 (mod 8). Hence for all m € {1, 2, ..., (p — 1)/2} we have 

o(2m — l)o(2p — 2m + 1) = 0 (mod 2). 

If 

o(2m — l)o(2p — 2m + 1) = 0 (mod 4) 

for all m € {1,2,...,(p — 1)/2} then 

(p—-1)/2 

Y > o(2m — 1)o(2p — 2m + 1) = 0 (mod 4), 
m=1 

a contradiction. Hence there exists m € {1, 2,...,(p — 1)/2} such that 

a(2m — 1)o(2p — 2m + 1) = 2 (mod 4). 

Thus there exists m € {1,2,..., p — 1} such that 

o(2m —1)=1(mod2), o(2p —2m +1) =2 (mod 4). 
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Hence there exist an odd integer x, an odd integer y, and a prime g = 1 (mod 4) 

such that 

2m —-1=x’, 2p —2m+1=qy’, 

so that 

2p =x’ +4qy", 
as asserted. Finally we have 

l+q=x7 +¢y"=2p = 6 (mod 8), 

so that 

q =5 (mod 8) 

as claimed. O 

For a € Zand b,n € N we define 

Wa.p(n) := ie o(m)o(n —m). 

meN 

m<n 

m =a (mod b) 

As W,.,(n) = Wa p(n) if a = a’ (mod b) we usually restrict a to satisfy 0 < 

a<b-l. 

Theorem 15.7. Fora € Zand b,n € N we have 

W.p(n) = Wh—a,p(n). 

Proof. We have 

n—1 

Wasr)= YY)  o(m)o(n—m) 
mea 

m = a (mod b) 

n—1 

yy o(n —m)o(m) 

m= 1 

n—m =a (mod b) 

n—1 

= re o(m)o(n —m) 

1 | 

m =n-—a (mod b) 

= Wea bit), 

as asserted. O 
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Theorem 15.8. For b,n € N we have 

y Wa,p(n) = > ox(n )+ ( 5 = 5) a(n). 

Proof. We have 

b-1 n— 

>| Wa,o(n) = = o(m)o(n — m) 
a=0 mA 

m =a (mod b) 

n—-1 

= SY o(m)o(n —m) 

m=1 

Dee (ae = Zan) (F 4” o\n), 

by Theorem 12.1. ‘a 

We now use Theorems 15.4, 15.5 and 15.8 to evaluate Wo 2(n) and W; 2(n). 

Theorem 15.9. Letn € N. [fn = 0(mod 2) then 

Wo,2(n) = ‘ Fics ag 5ostn/2) su (3 a 5) a(n), 

Wi 2(n) = son) = 5outn/2). 

Ifn = | (mod 2) then 

5) 1 1 
Wo,2(n) = Wi 2(n) = at es (5; = 7") a(n). 

Proof. Suppose first that n = 0 (mod 2). By Theorem 15.4 we have 

Wo,2(n) = = (So3(n) + 2103(n/2) — 1603(n/4)) 

+ il — 6n)(a(n) + 30(n/2) — 20(n/4)). 

Now as n is even, we have by Theorem 3.1 (ii) 

a(n) — 30(n/2) + 20(n/4) = 

and 

03(n) — 903(n/2) + 803(n/4) = 
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Thus 

Qe=2 

The value of W.2(n) then follows by Theorem 15.8 with b = 2. 

Now suppose that n = 1 (mod 2). Then, by Theorems 15.7 and 15.8, we 

have 

7 1 1 J 
—Wo2(n) = 5 73) + 73/2) AE (= = 5") a(n). 

Wo,2(n) = Wi 2(n) 

and 

Wo,2(n) + Wi,2(n) = Sere ao (3 - 5) a(n) 
; 12 12, 

so that 

Wo,2(n) = Wi,2(n) = Sesh ain (5 77 i") a(n), 
24 24 4 

as required. O 

In addition to 03(n), 03(n/3) and o(n) the sums W, 3(n) (a € {0, 1, 2}) 

require another function for their evaluation, see the notes at the end of this 

chapter. Similarly the sums W, 4(n) (a € {0, 1, 2, 3}) require for their evaluation 

a function other than 03(n), 03(n/2) and o(n), see the notes at the end of this 

chapter. For b > 5 the evaluation of W, ,() is unknown. 

Example 15.3. Let n € N. We evaluate the sum Ag(n) for n = 0 (mod 3). 

As n = 0 (mod 3) we have 

Ag(n) =) a(m)o(3(n/3 — 3m)) 
meN 

m<n/9 

= a o(m) (40(n/3 — 3m) — 30(n/9 — m)) 
meéeN 

m<n/9 

= 4A3(n/3) — 3A;(n/9). 

Appealing to Theorems 12.1 and 15.3 we obtain 

1 1 1 1 
Ao(n) = 203(n/3) + —03(n/9) + 5G — 2n)o(n/3) — (1 + 2n)o(n/9) 

6 4 18 12 

for n = 0 (mod 3). 

Example 15.4. Let n ¢ N. We use Example 15.3 to evaluate the sum Wo, 3(7) 

for n = 0 (mod 3). 
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We have 

Woxtn)=  Y)— a(m)o(n—m) 
meéeN 

m<n 

m = 0 (mod 3) 

yy o(3m)o(n — 3m) 
meéeN 

3m <n 

> (4a(m) — 30(m/3))o(n — 3m) 
meéeN 

m <n/3 

= 4A3(n) — 3Ao(n). 

Appealing to Theorem 15.3 and Example 15.3, we obtain 

1 3 
Wo3(n) = AD) + .G3(n/5) = Boca) 

1. sgl Le We 3 rae | 9 
te (2 — 5") a(n) — (5 =F =") a(n/3)+ € 4e 5") a(n/9). 

Appealing to 

03(n) = 2803(n/3) — 2703(n/9) 

and 

a(n) = 40(n/3) — 30(n/9), 

which are valid for all n = 0 (mod 3), we obtain 

7 2 1 
Wo3(n) = Br oh acy) te | aie hestin) (71). 

Example 15.5. We use Theorem 15.3 to prove the following result: If g is a 

prime such that g = 5, 11 (mod 24) then there exist positive integers x and y 

such that 

a= 254 Bye. 
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Taking n = q in Theorem 15.3, we obtain 

1 
De a(m)a(q — 3m) = 54 (739) + (1 — 2q)o(q)) 

meéN,m < q/3 

eeobpne sg = 54 (4 De (i 2g g 4-8) 

(@= 1) G.—2) 
8 greed 

As q = 5, 11 (mod 24), both (g? — 1)/8 and (q — 2)/3 are odd integers, and 

SO 

Y= a(m)o(q — 3m) = | (mod 2). 
meN 

m<q/3 

Hence there exists 7 € N with i < qg/3 such that o(q — 3i)o(i) = 1 (mod 2). 

Thus 

o(q — 3i) = o(i) = 1 (mod 2). 

Now o(m) = 1 (mod 2) if and only if m = t? or 2t? for some t € N. Thus there 

exist x € N and y € N such that 

g-3i= Xi0L 2K = Von yr. 

Hence 

Gi Bye Baye EGy or 2 poy 

Now 

ae + 3y- = Op. (mod.3),.ar ee by = O81 Gmod 3).22%° + 6y7.=0.(mod 2); 

so 

Geek Oy ey ln GY. 

Therefore 

gq = 2x* + 3y’? 

for some x, y € N as claimed. 

Exercises 15 

1. By taking k = 2 in Problem 12 of Exercises 13, prove Theorem 15.1. 

2. By taking k = 3 in Problem 12 of Exercises 13, prove Theorem 15.3. 
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3. By taking k = 4 in Problem 12 of Exercises 13, prove Theorem 15.2. 

4. By taking n = 2M, where M is odd, in Theorem 15.5 prove that 

M 

SS o(2m — 1)o(2M — 2m + 1) = 03(M). 
m=1 

5. Letn € N. Set 

De Se o3(m)o(n — 2m), Y := 2 o(m)o3(n — 2m). 

meéeN meN 

m<n/2 m <n/2 

By taking f(x) = x* in Theorem 14.1 prove that 

X+Y= : mee) a : ae + 3 _ a") 03(n) 

et ppt whe 7 EC (4 - Lo 302) Fg) oan 

6. Letr € N. Let p bea prime. Let n € N be such that n = 0 (mod p). Prove 

that 

A,p2(n) = (p + 1)A,p(n/p) — pA,(n/p’). 

7. Let n € N. Use Problem 6, Theorem 15.1 and Theorem 15.2 to prove 

that 

1 1 1 1 
NG Bae ores) craic \00/ a) sie eo ee) 

1 1 1 1 
=f (5; _ 1) a(n) + (2 = i") o(n/8) 

for n = 0 (mod 2). 

8. Let n € N be such that n = 0 (mod 3). Use Example 15.3 to prove that 

1 1 3 
Ag(n) = AE) ae ——3(n/3) + 7300/9) 

1 1 i 1 

9. Letn € N. Let p bea prime. Prove that 

Wo, p(1) = (p+ 1)A,() a PAp2(n). 

10. Let p be a prime. Let n € N be such that n = 0 (mod p). Prove that 

Wo, p(n) = (p + 1)A,(n) — p(p + 1)A,(n/p) + p? Ai(n/p?). 
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11. Use the ideas of Example 15.5 in conjunction with Theorem 15.1 to prove 

that if g is a prime with g = 5 (mod 8) then there exist positive integers x 

and y such that g = x” + y’. (This is a special case of the Girard-Fermat 

theorem (Theorem 7.1).) 

12. Use the ideas of Example 15.5 in conjunction with Theorem 15.2 to prove 

that if g is a prime with gq = 3 (mod 8) then there exist positive integers x 

and y such that g = x* + 2y’. (This is a special case of Theorem 7.3.) 

13. Evaluate the sum 

De o*(£)a*(n — 22) 
LEN 

£<n/2 

for alln € N. 

14. Leta € Zandb,n € N. Letd € N be such that d | b. Prove that 

(b/d)-1 

> Was ja,0(n) = Wa,a(n). 
j=mO 

Notes on Chapter 15 

Theorems 15.1 and 15.2 in the case when n is odd are due to Melfi [202]. For 

general n they are due to Huard, Ou, Spearman and Williams [137, Theorems 

2 and 4, pp. 247, 249]. For sums related to A4(n), see Cheng and Williams 

[69, Theorem 4.1. p. 570]. For 3 { n Theorem 15.3 is due to Melfi [202]. His 

result was extended to general n by Huard, Ou, Spearman and Williams [137, 

Theorem 3, p. 248]. Theorems 15.4 and 15.5 are Theorem 5 and Corollary 

1 respectively of Huard, Ou, Spearman and Williams [137]. The evaluation 

of A,(n) has been carried out for s = 5 Lemire and Williams [168], s = 6 

Alaca and Williams [29], s = 7 Lemire and Williams [168], s = 8 Williams 

[270], s = 9 Williams [268], s = 10 Royer [238], s = 12 Alaca, Alaca and 

Williams [12], s = 16 Alaca, Alaca and Williams [18], s = 18 Alaca, Alaca 

and Williams [14], s = 23 Chan and Cooper [63] and s = 24 Alaca, Alaca and 

Williams [15]. Functions other than o,(n) are required for their evaluation. A 

general approach to the evaluation of A;(n) has been given by Royer [238] 

using quasimodular forms. Theorem 15.6 is due to Liouville [171], [172]. It 

would be interesting to have a proof of Liouville’s theorem based on the theory 

of binary quadratic forms. Theorem 15.9 can be found in Huard, Ou, Spearman 

and Williams [137, p. 256]. 

The formulae of Example 15.1 are due to Hahn [121, Theorem 2.7.5, p. 58]. 

(Note that in equation (2.7.9) of [121] there should be a “2” in front of the term 

63(n/2).) 
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Example 15.5 is a simple consequence of Gauss’s theory of genera. If q is 
4 

a prime such that (=) = | then q is represented by exactly one of the two 
q 

inequivalent positive-definite binary quadratic forms x” + 6y? and 2x* + 3y? 

of discriminant —24. By Gauss’s theory of genera we have 

3 8 
q=uxrt+bo6y <= (=) = (=) — 1 — sq =1,7 (mod 24) 

q q 

and 

g =2x°+3y* > ( — J =([ - J] = -1 Sg &=5, 11 (mod 24). 
q 

The identity of Problem 4 is due to Liouville [170, Ist article, p. 146], see also 

[93,. Val. Lp, 287; Voly 2, ps29)- 

The evaluation of W,.3(n) was begun in Melfi [202], Huard, Ou, Spearman 

and Williams [137], Williams [267] and completed in Williams [268], where it 

was shown that: if n = 0 (mod 3) 

7 y 1 
Wo3(1) = ap a3 mea a5 & = 5") a(n), 

1 1 
Wi3(7) = —03(n) — —03(n/3), 

9 9 

1 1 
W23(n) = OW: a me UE 

ifn = 1 (mod 3) 

Wo.s(n) = —oxln) + (— - = 0,3(n) = 95% n)+ (5; = i") o(n) + 1a 

Ld 1 1 1 
Wi 3(n) = TREO (5, = i") a(n) + — a(n), 

1 1 
W23(n) = an) = 92): 

if n = 2 (mod 3) 

ll 1 1 
Wo3(n) = 79 730) ta (5; = i") a(n), 

1 
Wi 3(n) = 9 737): 

i 11 1 
W23(n) = 79 73(0) te (= ss 7") a(n); 



Notes on Chapter 15 203 

where the integers a(n) (n € N) are defined by 

> 204" =4[]a-9**. 
n=1 n=1 

The evaluation of W,.4(n) was begun in Melfi [202] and Huard, Ou, 

Spearman and Williams [137], and completed in Alaca, Alaca and Williams 

[27], where it was shown that: if n = 0 (mod 4) 

22 17 1 1 Woaln) = —orln) + <os(n/2) + (= — sn)omn), 
1 1 

Wi 4(n) = ne = je 

9 9 
W2,4(n) = 5473) = Fa: 

1 1 
W3 4(n) = 1? == es 

if n = | (mod 4) 

11 1 1 3 Woaln) = Scorn) + (55 — gn)on) + Sex(n), 
1] 1 1 3 Wialn) = Scorn) + (55 — anon) + Sev(n), 
2 3 

W2,4(n) = 73M) = 39 8): 

S) 5) 
W3.4(n) = Fee — 3508); 

if n = 2 (mod 4) 

Ml 1 1 
Wo4(n) = 75 730) a8 le _ zn)oin), 

il 1 
Wi 4(n) = 1373 + 5081/2), 

11 1 1 Woa(n) = = orn) + (55 — gn Jon), 
1 1 

W3,4(n) = Ro —s cain /2); 

if n = 3 (mod 4) 

11 1 1 3 Woa(n) = seox(n) + (52 — zn)o(n) + Sealn) 
3 3 

W,4(n) = 393) = 39 08): 
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3 3 
W2,4(n) = ae et), 

2 Bi) 

11 1 1 3 
W3 4(n) = 963) a (3 — zn)oin) + 39 08): 

where the integers cg(n) are defined by 

CO lo) 

» vex) q” = 9 | ]d-a 9"). 
n=1 n=1 

Recently Alaca, Alaca, Uygul and Williams [10] have determined W, (nv) for 

alla € {0, 1, 2,3,4,5, 6, 7} andalln €N. 
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Sums of Two, Four, Six and 

Eight Triangular Numbers 

The triangular numbers are the nonnegative integers 

i= sk(k +1), k Ee No, 

so that 

To =O, Ty ea 3 Ieee G6, Ty 10, Peed): 

We set 

AST ee Nol =410,41. 5,6; 10, 155425); 

Let k be a positive integer. We denote the number of representations of n(€ No) 

as a sum of k triangular numbers by ¢;(), that is, 

1 1 
h(n) := card {(m,...,mx) € No |n= ara qa Orar oar aimee =p) Lys 

Clearly %(0) = 1 for all k € N. In this chapter we obtain formulae for t;(n) 

(n € No) fork = 2, 4, 6 and 8. 

We begin by using Theorem 9.3 to determine a formula for f2(7). 

Theorem 16.1. Letn € No. Then 

—4 
to(n) = > (=). 

deN 
d|4n+1 

205 
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Proof. For n € No we define the following three sets: 

X= {(a.b) eN§ In = sala ++ 5+ Df, 

1 
Y= {(a.) eZ? in = pala +1) +3640}, 

Z = {(a,b) € Z | 8n+2 =a’ +b’). 

Clearly 

to(n) = card X. 

As a(a + 1) = $(—a — 1)(—a — 1 + 1) we have 

card Y = 4card X. 

It is easily checked that the mapping f : Y > Z given by 

I (G,;.6)) = Ca 142b-- 1) 

is a bijection. Thus 

card Y = card Z = r2(8n + 2). 

By Theorem 9.3 we have 

4 
r(8n +2) = 4 ss (=) 

déeN 

d|8n+2 

Now the even divisors of 8n + 2 contribute nothing to the sum so that 

r(8n+2)=4 >> (>). 
deN 

d|4n+1 

Hence 

Bry eine ree eae TEE to(n) = car Bat a (iy ys rey f 

deN 

d|\4n+1 

completing the proof of the theorem. L 

Example 16.1. We determine all the representations of 748 as the sum of 

two triangular numbers. The four integers 45, 153, 595 and 703 are triangular 

numbers as 

9-10 Le al : ; 
45 = ——, 153= S sos ee nie ee 

2 2 2 2 

We have 

748 = 45 + 703 = 153 + 595 = 595 + 153 = 703 +. 45. 
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By Theorem 16.1 we have 

afi 
1,(748) = e. (>) 

deN 

d | 2993 

=] 4 =4 =4 (2) (a) Gas) 
= Pe ee 

= 4, 

Thus the four representations of 748 as the sum of two triangular numbers 

given above comprise all such representations. 

Next we determine a formula for the number t4(n) of representations of a 

positive integer n as the sum of four triangular numbers. 

We begin by observing that 

Y> (f@-b) = fla+d)) 
(a, b, x, y) € N* 
ax +by=n 

x = | (mod 2) 

= >> (f@-b)-fatbh- Yo (fa-b)- fla+b)) 
(a, b,x, y) € N* (a, b, x, y) € N# 
ax+by=n ax+by=n 

x = 0 (mod 2) 

>> (f@-b)-fatb)- Yo (Fa@-b)- fla+d)). 
(a, b, x, y) € Nt (a, b, x, y) € N* 
ax+by=n 2ax + by =n 

Then, appealing to Theorems 10.1 and 14.1 for the evaluation of the last two 

sums, we obtain the following theorem. 

Theorem 16.2. Letn € N. Let f : Z— C be an even function. Then 

1 
d  (f@—b)— fla +b) = 5 FOlo(n) — dn) + d(n/2)) 

(a, b,x, y) € N* 

ax+by=n 
x = | (mod 2) 

1 3n ] 2n tg gs (1-24+ 7) pea) — 5 Ny, (1-24 + 2) pa 
déeN deN 
d\n d|n/2 

d d 

= 5) (ire) + Ss (40). 
déeN ‘v=1 deN ‘v=l 
d\n d|n/2 
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We require the following consequence of Theorem 16.2. 

Theorem 16.3. Let n € No. Then 

»s (=) = o0(2n + 1). 

(a, b,x, y) € Nt 

ax + by =4n+2 
x = 1 (mod 2) 

Proof. Replacing n by 4n + 2 and choosing f(x) = F4(x) in Theorem 16.2, 

we obtain using Theorem 3.10 and Example 3.6 

—4 3 1 d Td 
— } = -o(2 1) — =d(2 1)—- — —|. se (=) 50(2n +1) 5d(2n + 1) > s+ y is] 

(a, b,x, y) € Nt deN deN 

ax + by =4n+2 d|4n+2 d|2n+1 

x = | (mod 2) 

Appealing to (3.13) we have 

d d d e 

rlal- Elal- Zbl = Sls] 
deN deN deéeN eeN 

d|4n+2 d|2n+1 d|4n+2 e|2n+1 

2\|d 

1 1 
AOL eae aan + 1) 

1 1 
= qoten +1)- win + 1): 

The asserted formula now follows. O 

Our next result is a slight reformulation of Theorem 16.3. 

Theorem 16.4. Let n € No. Then 

ps (=) = o0(2n +1) 
ab 3 

(a, b, x, y) € N* 

ax + by = 4n+2 

ax = | (mod 2) 

Proof. As 

—4 
— ] =0, fora = 0 (mod 2), 
ab 

only the terms with a = | (mod 2) contribute to the sum 

al ab 
(a, b,x, y) € N+ 

ax + by = 4n+2 

x = | (mod 2) 

and the asserted result follows from Theorem 16.3. LJ 
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Theorem 16.5. Let n € No. Then 

—4 

>»  (5)=2 ab 
(a, b, x, y) € N* 

ax + by =4n+2 

ax = 3(mod 4) 

Proof. Interchanging the roles of a and x, we obtain 

—4 —4 

ee able a) 
(a, b,x, y) € Nt (a, b,x, y) € N4 

ax + by = 4n+2 ax +by =4n+2 
ax = 3 (mod 4) ax = 3 (mod 4) 

As ax = 3 (mod 4) we have 

Thus 

> (= >» (= Ss a ab j* 
(a, b, x, y) € N* (a, b, x, y) € N* 

ax + by = 4n+2 ax +by =4n+2 

ax = 3 (mod 4) ax = 3 (mod 4) 

and the asserted result follows. L] 

The next theorem gives the result we require for the determination of 

t4(n). 

Theorem 16.6. Let n € No. Then 

> (>) = o(2n +1). 
(a, b, x, y) € N* 

ax +by =4n+2 

ax = 1(mod 4) 

Proof. This result follows immediately from Theorems 16.4 and 16.5. CL) 

We are now ready to determine t4(n). We prove 

Theorem 16.7. Let n € No. Then 

ta(n) = o(2n + 1). 
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Proof. We have by Theorems 16.1 and 16.6 

ta(n) = ) | b(m)ta(n — m) 
m=0 

n =04 = 

Saag yaa) m=0 aeéeN beN 

a|4m+1 b\|4n—m)+1 

aa) 
(a, b, x, y) € N* 2 

ax +by =4n+2 

ax = | (mod 4) 

= oa(2n+ 1), 

which is the required result. O 

Example 16.2. By Theorem 16.7 we have t4(3) = o(7) = 8. The eight repre- 

sentations of 3 as the sum of four triangular numbers are 

3=04+04043=0+40+340=0-+340+0=3-0+0-0 

=1414140=14+14+0+1=1+04141=0+141+41. 

We now turn to the determination of f6(7) (n € No). We require some pre- 

liminary results. 

Theorem 16.8. Forn € No we have 

—4 —4 1 —4 
_ b=-- pte Nd. eCard arty) ee Dlg, 

(a, b,x, y) € N* deN 
ax + by = 4n+3 d|4n+3 

Proof. We extend the definition of the Legendre-Jacobi-Kronecker symbol 
—4 
(=) (x € N)toall x € Z by defining 

x 

—4 —4 —4 (2) =-(=) wom (Z)-n —x x 0 

—4 ; : 
so that (=) (x € Z) is an odd function of x. We choose 

aad 
f(a,b, x,y) = (=) b, (Geb, 5) ]Z 

in Theorem 13.1. It is easy to check that (13.1) is satisfied. With this 
choice of f, and with n replaced by 4n + 3 (n € No), the left hand side of 
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Theorem 13.1 is 

E (a) (Some 
(a, b, x, y) € Nt 

ax +by =4n+3 

=A =A =A 
2 ae ha | ——— |b= b eee) aa)? 

(Ges)al ars) = yy = b. 
b-a a+b 

(a, b, x, y) € Nt 
ax + by =4n+3 

The right hand side of Theorem 13.1 is 

d-1 
— al 4n + 3 17) = 5H 

dX eee 
eee) 

d|4n+3 

So = Sea 
deN x= (4n + 3)/d d x d 

d|4n+3 

= A; — Ao — A3, 

where 

d—-\ .: =A 4n +3 
it Y(asz) dum 

deN x=1 
d|4n+3 

d-1 4 

ING) Da ==) 1%, 
Xx 

deN x=l 
d|4n+3 

d-| LA 

Ney Stee \Z (=). 

deN x=1 
d|4n+3 

First we determine A,. We have 

—4 4n +3 

ee Xu a-v(— 5) d 
d|4n+3 

bs ys (A -1)(S)e 

d d 
déeN 

d|4n+3 

—4 = 

Ng) ¢ Daa)" 
déeN déeN 

d|4n+3 d|4n+3 
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By Problem 26 of Exercises 3 

z (a) Z cwwne 
deéeN deN 

d|4n+3 d|4n+3 

Thus 

—4 

deN 
d|4n+3 

Next we determine A2. It is easy to show that 

si —4 =4 G1) 
aa }— a a 

x d 2 
x=1 

for a positive odd integer d. Hence 

Ny 1 —4 
A=- »* (—)——=-- Y (—)a. 

; a 2 2 
deNn 

d|4n+3 d|4n+3 

Finally we determine A3. We have 

=) d-1 

BM GAD deN x=1 

d|4n+3 

= (=)—* 
d 2 

1 aN a —4 

=i: Dea )8 oe lea 
déeN déeN 

d|4n+3 d|4n+3 

Equating the left and right hand sides, we obtain the asserted result. 

Theorem 16.9. Forn € No we have 

—4 ) 1 —4 E Gai z Ge 
(a, b, x, y) € N* aS tL deN d 

ax + 2by = 4n +3 d|4n+3 

Proof. First we observe that if a is odd then 4b* — a? = 3 (mod 4) so 

Ge) (wt) (a)-@) 
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and thus 

Then 

(a, b, x, y) € N* 

ax + by = 4n+3 

a odd, b even 

Td fol 
(a, b, x, y) € N* 

ax +2by =4n+3 

a odd 

=—4 eb 

(a, b, x, y) € N# 
ax + 2by =4n+3 

a odd 

Bee = € =) 
(a, b, x, y) € N* 

ax +2by =4n+3 

—4 
b 

sa 

Next if b is odd we note that b? — 4a? = 1 (mod 4) so that 

(525) (5420) = (@=a) = 
and thus 

Then 

(a, b,x, y) € Nt 
ax +by =4n+3 

a even, b odd 

[i (=) 5 i= 
(a, b,x, y) € N* 

2ax + by = 4n+3 

b odd 

= 0. 

213 
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If a and b are both odd then a + b and a — b are both even so 

“. (Ga) A Ga) oo 
(a,b,x,y)€ Nt 

ax + by = 4n+3 
a odd, b odd 

Thus, as ax + by = 4n + 3 implies that a and b are not both even, we have 

Me (ee) Cae maa cea 
(a,b, x, y) € Nt (a,b, x, y) € Nt 

ax + by =4n +3 ax + 2by = 4n +3 

The assertion of the theorem now follows from Theorem 16.8. 

Theorem 16.10. Forn € No we have 

—4 1 —4 
—)b=--= Bed. ean elk cary les) 

(a, b, x, y) € N4 
ax + 2by =4n+3 d|4n+3 

Proof. We have 

so that 

(a, b,x, y) e Nt 

ax + 2by = 4n+3 

—4 
=? ) ae 

(a, b, x, y) € N* 
ax +2by =4n+3 

b even 

—4 
De ; 

(a, b, x, y) € N* 
ax + 4by = 4n +3 

—4 aha: (=) 
Xx 

(a, b, x, y) € Nt 

ax +4by =4n+3 

24 —4 
=2 ) = == 

(a, b,x, y) € Nt 
ax + 4by = 4n+3 
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=, =A 

(a, b, x, y) € N* 

ax + 4by = 4n4+3 

—4 
=2 Ss (=)a+eme 

(a, b,x, y)€ Nt 

ax + 4by = 4n+3 

=. 

The asserted identity now follows from Theorem 16.9. LJ 

Theorem 16.11. Forn € No we have 

(a,b,x,y)€ Nt 

ax + 2by = 4n+3 

ax = 3(mod 4) 

Proof. We have 

=) 4 a 
(a, b, x, y) € Nt . (a, b,x, y) € N* " 

ax + 2by =4n+3 ax + 2by = 4n +3 
ax = 3 (mod 4) ax = 3 (mod 4) 

eee)? 
ax + 2by = 4n+3 

ax = 3 (mod 4) 

I —4 a 
=. eee |B 

2 e )( ce) 
(a, b,x, y) € N* 

ax + 2by = 4n+3 
ax = 3 (mod 4) 

=A 
De (S)a+cme 

a 
(a, b,x, y) € Nt 

ax + 2by = 4n +3 

ax = 3 (mod 4) 

| | 

Nile 

as claimed. ira] 

We are now ready to determine the number of representations of a nonneg- 

ative integer as a sum of six triangular numbers. 
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Theorem 16.12. Forn € No we have 

Proof, Appealing to Theorems 16.1, 16.7, 16.11 and 16.10, we obtain 

t6(n) = ) | t2(m)ta(n — m) 
m=0 

n er 3 (sles aaa a 
m=0 aeéeN beN 

a\|4m+1 b|2(n—m)+1 

—4 

de? lene a 
(a, b, x, y) € N* 

ax + 2by =4n+3 

ax = | (mod 4) 

—4 

Don mellasle a 
(a, b,x, y) € N* 

ax +2by =4n+3 

l —4 
-- yo (—)a’. 

8 es 
deN 

d|4n+3 

This completes the proof of the formula for t¢(n). L 

Example 16.3. By Theorem 16.12 we have 

1 ~4 I 1 ay ee FO Ne ee aie, ea ey en =n 6(3) (She g(l? — 3° + 5? — 15*) = (208) = 26 
déeN 
d|15 

Next we determine the number of representations of a nonnegative integer 

as a sum of eight triangular numbers. 

Theorem 16.13. Let n € No. Then 

tg(n) = 03(n + 1) — o3((n + 1)/2). 

Proof. Recall from Theorem 16.7 that 

t4(n) =a(2n+1), neENo. 
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Thus 

tg(n) =) ta(m)ta(n — m) 
m=0 

= Y\a(2m + 1)o(2n — 2m + 1) 
m=0 

n+1 

= ) > o(2m — 1)o((2n + 2) — (2m — 1). 
m=1 

Appealing to Theorem 15.5, we obtain 

is(n) = 2 (2n + 2) i (n+ 1) n =": — —_— — 8 74 °3 n 373 n 

2 D/2 1 oe | D D 
sure Ua )/ (54+ pn) aan ) 

+ (F + 5") a(n+1)— (5 +n) a((n + 1)/2). 
S42 12 

By Theorem 3.1(ii), with k = 3, p = 2 and n replaced by n + 1, we have 

o3(2n + 2) = 9o3(n + 1) — 803((n + 1)/2) 

and, with k = 1, p = 2 and n replaced by n + 1, we have 

a(2n + 2) = 30(n + 1) — 20 ((n + 1)/2). 

Using these we deduce the formula of the theorem. L 

Example 16.4. For n € No we have 

tg(2n) = 03(2n + 1) 

by Theorem 16.13. Thus we have the inequality 

(2n + 1)? < tg(2n) < (2n + 1). 

We close this chapter by determining the number of representations of n(€ 

No) in the form ft; + ft) + 2t3 + 2t,, where tj, tz, t3, t4 are triangular numbers. 

We set 

R(n) = card{(ty, to, t3, t4) € A* | n = t) +t + 283 + 24} 

for n € No. We begin by proving some results that are analogous to Theorems 

16.3-16.6. 
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Theorem 16.14. Forn € No we have 

—4 1 

(a, b,x, y) € Nt 

2ax + by =4n+3 

Proof. From Problem 27 of Exercises 3 and Problem 26 of Exercises 14, we 

have 

1 
Dé (Fy(a — b) — Fi(a + b)) = zon $23); 

(a, b, x, y) € N# 

2ax + by = 4n+3 

The asserted identity now follows using Theorem 3.10. LJ 

Theorem 16.15. Forn € No we have 

4 
el 8 ab 

(a, b,x, y) € N# 
2ax + by = 4n+3 

x = 0(mod 2) 

Proof. Interchanging the roles of b and y in the sum in the statement of the 

theorem, and noting that 

GG) 1G ENG.) 
we obtain 

De (ae) AB aI Slo von lal 
(a, b, x, y) € N* (a, b,x, y) € N# (a, b,x, y) € N* 

2ax + by = 4n+3 2ax + by = 4n+3 2ax + by =4n+3 
x = 0 (mod 2) x = 0 (mod 2) x = 0 (mod 2) 

from which the assertion of the theorem follows. ia 

Theorem 16.16. Forn € No we have 

Dy (=) Seine) 
ab 4 

(a, b,x, y) € Nt 
2ax + by = 4n +3 

x = | (mod 2) 

Proof. This follows from Theorems 16.14 and 16.15. L 

Theorem 16.17. Forn € No we have 

ys EAA Vee gree ——— = —C i 

ab 4 i 
(a, b,x, y) € Nt 

2ax + by = 4n +3 

ax = 1(mod 2) 
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—4 
Proof. \f a is even then (=) = OISo 

a 

= als eae 
(a, b, x, y) € N* (a, b, x, y) € N* 

2ax.+ by = 4n+3 2ax + by = 4n+3 
x = 1 (mod 2) ax = | (mod 2) 

and the required result follows from Theorem 16.16. ie] 

Theorem 16.18. For n € No we have 

( ) De ab 
(a, b, x, y) € N* 

2ax + by =4n+3 
ax = 3(mod 4) 

Proof. Interchanging the roles of a and x in the sum in the statement of the 

theorem, and noting that 

(a) rhatsn Nedran)\ ap) = ca) Aa) ig) 
we obtain 

~ (< > (5 > (<= pee xb} aby. 
(a, b, x, y) € N* (a, b,x, y) € N# (a, b, x, y) € N* 

2ax + by = 4n+3 2ax + by = 4n+3 2ax + by = 4n+3 
ax = 3 (mod 4) ax = 3 (mod 4) ax = 3 (mod 4) 

from which the asserted result follows. ie 

Theorem 16.19. For n € No we have 

a (=) = EEO +3) 
ab 4 ; 

(a, b,x, y) € NA 
2ax + by = 4n+3 

ax = 1 (mod 4) 

Proof. This theorem follows from Theorems 16.17 and 16.18. iD 

We are now ready to determine R(n). 

Theorem 16.20. For n € No the number R(n) of representations of n in the 

form ty + t2 + 2t3 + 2t4, where ty, tz, t3 and t4 are triangular numbers, is given 

by 

R(n) = joan + 3). 



220 Number Theory in the Spirit of Liouville 

Proof. We have 

R(n)= > h(m)h(n — 2m). 
méNo 

m <n/2 

Hence, by Theorem 16.1, we obtain 

m= E(E EME @) 
meéNo aéeN beN 
m<n/2 a|\4m+1 b| 4(n — 2m) +1 

Now for a, b € N we have 

a|4m+1, b|4(n — 2m) + 1 for some m € No with m < n/2 

if and only if 

4n +3 =2ax + by, ax = 1 (mod 4) for some x, y EN. 

Hence 

—4 
R@)= — m= © F ) 

(a, b,x, y)€ Nt 

2ax + by = 4n+3 

ax = | (mod 4) 

and the theorem follows from Theorem 16.19. LJ 

An immediate consequence of Theorem 16.20 is that every nonnegative inte- 

ger is of the form ft, + t) + 2t3 + 2t, for some triangular numbers fy, f2, £3, t4. 

Example 16.5. For n = 6 Theorem 16.20 gives 

1 
R(6) = a oQTy=10: 

The ten representations (ft), fy, t3, 4) € A* in 6 = ft) + tf + 2th + 2t are 

(t), ft, ZB.) =O; 0, 0, ); (0, 0, On 0), (0, 6, 0, 0), Cs ie ib 1); (Ot Bae 0, L): 

(13,1, O}re(S; 1,0; 1s G, 1,21,0), G, 3,0; 0), G, 0,0; 07 

Exercises 16 

1. Characterize those n € N which are not the sum of two triangular numbers. 
2. Prove that every positive integer is the sum of four triangular numbers. 

(Gauss proved that three triangular numbers suffice.) 
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Let d be a positive odd integer. Prove that 

y(S)=- (AS aa x d 2 

Since R(n) € N for all n € No it follows from Theorem 16.20 that 

a(4n + 3) = 0 (mod 4) 

for all n € No. Prove this congruence directly from first principles. 

Letn € N. Let f : Z — C be an even function. Prove that 

DY (f@-b)- flat b)=fMa(n/2)+ D> (F-4) FO. 
(a, b, x, y) € N* deN 

ax+by=n d\n 

x = y =1 (mod 2) dtn/2 

Let n € N. Deduce from Problem 5 that 

n—-1 

Yi oX(mjo*(n —m)= posta) — qo"). 

m=1 

Let n € N be even. Let f : Z — C be an even function. Prove that 

1 5 1 
Da (f(a-b) — f(a t+ b) = sf@o*(n) —5 Dafa). 

(a, b,x, y) € Nt deéeN 
ax+by=n d|n 

a=b=x=y=1(mod 2) d{n/2 

Let n € N be even. Deduce from Problem 7 that 

ile I I 
Y\o(2m — 1)o(n — (2m — 1) = gO3(02) — 03(n/2). 
m=1 

Deduce Theorem 13.13 from Problem 8. 

Let n € N be odd. Formulate and prove the analogue of Problem 8 for the 

sum 

(n—1)/2 

YS) o(2m = l)o(n — (2m — 1)). 
m=1 

Notes on Chapter 16 

Theorem 16.1, which gives a formula for f2(7), is a classical result. Proofs have 

been given by Adiga [1], Cooper and Lam [82] and Ono, Robins and Wahl [216, 

Corollary 1, p. 78]. Theorem 16.2 is of Liouville type but was not stated by 
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him. This theorem is given in Alaca, Alaca, McAfee and Williams [9, Theorem 

5.4, p. 16], where many other similar formulae are proved. 

Theorems 16.3—16.6 are taken from Huard, Ou, Spearman and Williams 

[137, pp. 261-2]. 

Theorem 16.7, which gives a formula for t4(n), was known to Legendre 

[163, Vol. 3, pp. 133-4], see Dickson’s History [93, Vol. 2, p. 19]. A proof 

of Theorem 16.7 using modular functions has been given by Ono, Robins and 

Wahl [216]. The proof given in this chapter is due to Huard, Ou, Spearman and 

Williams [137, Theorem 10, p. 259]. Other proofs have been given by Adiga 

[1] and Cooper and Lam [82]. 

Theorems 16.8-16.11 are taken from Huard, Ou, Spearman and Williams 

[137, pp. 262-5]. 

Theorem 16.12, which gives a formula for f¢(), was proved in Ono, Robins 

and Wahl (216, Theorem 4, p. 81] using modular forms. Our elementary arith- 

metic proof is based on Huard, Ou, Spearman and Williams [137, Theorem 11, 

p. 262]. Cooper and Lam [82] have also given a proof. 

Theorem 16.13, which gives a formula for fg(), was proved in Ono, Robins 

and Wahl [216, Theorem 5, p. 82] using modular forms. Our elementary arith- 

metic proof is taken from Huard, Ou, Spearman and Williams [137, Theorem 

12, p. 265]. Another proof has been given by Cooper and Lam [82]. 

Theorems 16.14-16.19 are taken from Williams [266]. Theorem 16.20 is 

due to Williams [266, p. 235]. Note that in the statement of the theorem in 

Williams [266] the sum S> (-1)%"?? =0. 
deN 

d|4n+3 

Ono, Robins and Wahl [216] have given formulae for tj9(n), ty2(n) and 

to4(n). We now give their formulae. 

The Ono, Robins and Wahl formula for t,9(n) (n € No) is 

1 —4 1 
t = ) ide era 

deN 

d|4n+5 

where a(n) (n € N) is defined by 

q[ [a@-—@7y*a -—g""a—9%")* = > aln)q’. 
n=1 n=1 

The Ono, Robins and Wahl formula for t)2(n) (n € No) is 

1 
tya(n) = ee +3) =D Zn. 3)), 
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where b(n) (n € N) is defined by 

CO (oe) 

q| [a-4")" = >¢ bq”. 
n=1 n=1 

Cheng and Williams [70, pp. 55-56] have given a simple proof of this result. 

A different evaluation of t)2(n) has been given by McAfee and Williams [199, 

p: 238). 

The Ono, Robins and Wahl formula for t24(n) (n € No) is 

tog(n) = (of (1 + 3) — t@@ + 3) — 2072t(n + 3)/2)) : 
1 

176896 

where the Ramanujan tau function t(n) (n € N) was defined in (13.15). 

Kac and Wakimoto [151, p. 452] have used the representation theory of 

affine super-algebras to show that 

1 
tien) = —— ») ab(a? —b*)?, nENo, 

192 
(a, b, x, y) € N# 

ax +by =2n+4 
a=b=x=y=1(mod2) 

a>b 

and 

1 
to4(n) = 75 ys ab(a* —b’’ neéeNo. 

(a, b,x, y) € N# 

ax + by =n+3 

x = y = 1 (mod 2) 

a>b 

Elementary proofs of these formulae have been given by Huard and Williams 

[140]. 

Other papers on triangular numbers include those of Cooper [75], Liu [184] 

and Zagier [274]. 

Problem 5 was stated but not proved by Liouville [170, Ist article, p. 144; 

2nd article, p. 194]. Proofs of this result have been given by McAfee [197] and 

Pepin [219, p. 159], see also Alaca, Alaca, McAfee and Williams [9, Theorem 

R27 LOR 

Problem 7 was stated but not proved by Liouville [170, 4th article, p. 242]. 

Proofs have been given by Baskakov [39, p. 344], Bugaev [53, p. 9], Deltour 

[86, p. 123], Humbert [143], Mathews [195], McAfee [197], Pepin [219, p. 

94] and Smith [244, pp. 346-348], [245, Vol. I, p. 348], see also Alaca, Alaca, 

McAfee and Williams [9, Theorem 5.3, p. 16]. 
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Sums of integers of the form x? + xy + y” 

Let k € N andn € No. We recall that 

rox (Nn) = Card {(x1, DON cach yi) Sea XK) [S T | n= as +x3 qr oon Se ey + x3} 3 

Analogously to r2;(n), we define 

Soe(n) = card {(x1, X2,..., X21, X2K) € L* |\n =x? +x1x2 + x3 

foe x5, + X2KR-1X2K +3; }- 

We note that x? + xy + y? = (x + 1)? + 3? € No for (x, y) € Z* and x* + 

xy + y? = Oif and only if x = y = 0. Thus s,(0) = 1 forall k € N. There isa 

formula, similar to that of Theorem 9.3, for the number s(n) of representations 

of n(€ N) by the form x? + xy + y”. This formula is conveniently stated in 

terms of the Legendre-Jacobi-Kronecker symbol for discriminant —3, which is 

defined for d € N by 

bias +1, ifd=1(mod3), 
(>) = 4-1, ifd =2(mod3), 

0, ifd =0(mod 3). 

Theorem 17.1. Let n € N. Then the number s(n) of (x1, x2) € Z? such that 

n =x + Xx X2 + x5 

is given by 

so(n) = 6 3 ae 2(n) = Fila is 

déeN 

d\n 

We refer the reader to the notes section at the end of this chapter for references 

to proofs of this result. For n € N we clearly have 

$2(n) = 6d),3(n) = 6d2 3(n). (17.1) 

224 
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Also, by (3.7) and (3.8) with m = 3, we have 

do,3(n) = d(n/3) 

and 

do,3(n) + di,3(n) + do,3(n) = d(n) 

respectively. Solving these three equations for do.3(”), d),3(n) and dz,3(n), we 

obtain the following result, which is an analogue of Theorem 9.4. 

Theorem 17.2. Forn —- N 

do3(n) = d(n/3), 
1 1 1 

d,3(n) = Ae = qa) + 732): 

1 1 1 
da ti) an jet) 

Liouville gave a formula for s4(n) valid for all n € N. We now prove Liou- 

ville’s formula in a manner similar to the proof of Theorem 11.1. 

Theorem 17.3. Letn € N. Then the number s4(n) of (x1, x2, x3, x4) € Z4 such 

that 

nxt + xyxy + x3 + x2 + xgx4 +22 

is given by 

s4(n) = 120(n) — 360 (1/3). 

Proof. Analogously to (11.1) we have 

s(n) = ) | s2(k)s2(n — k). 
k=0 

Since s2(0) = 1, we can write this as 

n—1 

sa(n) — 2s2(n) = ) | s0(k)s2(n — k). 
k=1 

Recalling from Theorem 17.1 that 

—3 
s(n) =6 >> (>) = 6(di,3(n) — do,3(n)), 

deN 

d\n 
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we obtain by the first part of Problem 5 of Exercises 3 

ee os led Bie) 
k=1 ‘aeN beN 

a|k b|n—k 

—3 
= 36 — > () 

(a, b, x, y) € N* 
ax+by=n 

— 36 ye (F;(a — b) — F3(a + b)). 
(a, b, x, y) € N* 
ax+by=n 

Appealing to Example 10.1, we have 

Y> (F(a -b) — F(a +b) 
(a,b, x, y) € Nt 
ax+by=n 

1 1 
= 30) —oa(n/3) — gts) — dz,3(n)) 

= son) —oa(n/3) — a nun), 

so that 

sa(n) = 28(n) +36) (F(a — 6) — F(a +b) 
(a, b,x, y) € N* 

ax+by=n 

= 252(n) + 36 (Gam — o(n/3) — 2) 

= 120(n) — 360(n/3), 

which is Liouville’s formula for s4(n). a 

We can also give a formula for sg(7). 

Theorem 17.4. Letn € N. Then the number s(n) of (x1, x2, ...,Xg) € Z® such 

that 

2 2 2 2 2 
N= Xy +XjX2 + HQ ANZA ABX4 + XG + XS + Xx5xX6 +. x¢ + x7 + x7x8 + x3 

is given by 

5g(n) = 2403(n) + 21603(n/3). 



Integers of the form x? + xy + y? at 

Proof. By Theorem 17.3 we have 

s4(n) = 120(n) — 360(n/3), neéN. 

Thus 

s(n) = ) | sa(m)sq(n — m) 
m=0 

n—-1 

= 2sa(n) + ) | s4(m)sa(n — m) 
mal 

= 240 (n) — 720(n/3) 

n—-1 

oF Y °(120(m) — 360 (m/3))(120(n — m) — 360 ((n — m)/3) 

m=1 

= 240(n) — 720(n/3) + 144A1(n) — 864A3(n) + 1296A;(n/3). 

Appealing to Theorem 12.1 (Besge’s formula) for the evaluation of A;(n) and 

A,(n/3), and to Theorem 15.3 for A3(n), we obtain the asserted formula. L) 

Next we determine the number of representations of n € N by the quaternary 

quadratic form x? + x1x2 + x5 + 2(x} + .x3x4 + x7). Liouville stated without 

proof a formula for this number in 1863. 

Theorem 17.5. Let n © N. Then the number of (x;, x2, X3, x4) € Z* such that 

= Ge + xx. + ne = rae + x3x4 + ae 

is given by 

60 (n) — 120(n/2) + 180(n/3) — 360 (n/6). 

Proof, Let n € N. The number of (x1, x2, x3, x4) € Z* such that 

n= xP + x4xXq +.x3 + 2(x2 + x3.x4 + x7) 

is 

De s2lk)s2(@) = 52(n) + 52(n/2) + DY) s2(k)s2(0). 
(k, £) € NG (k, £) € N? 
k+U=n k+2@=n 

Recalling from Theorem 17.1 that 

s(n) = 6 > (>) 
d 

deN 
d\n 
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we obtain (appealing to the first part of Problem 5 of Exercises 3) 

S~ sok) = D> sa(k)s2(€) 
(k, £) € N? (k, £) € N? 
k+2l=n 2k+l=n 

—3 
= 36 ==> > (S) 

(a, b,x, y) € N* 
2ax +by=n 

=36 > (B@-))- a+b). 
(a,b, x, y)€ Nt 

2ax +by=n 

By Problem 25 of Exercises 14, we have 

>> (B@-b)- F(a +5)) 
(a, b,x, y) € N* 
2ax+by=n 

_ 1 1 >) 1 setae) 
= so) ~ ao y+ pay. o(n/ 

1 it 
= 5641.3”) 03) = etc, — do3(n/2)) 

= o(n) ~ 50/2) a 5002/3) —a(n/6) 

1 1 
= PAs = se 

Thus the required number of representations is 

S2(n) + s2(n/2) 
1 1 1 

+ 36 (Zac - Roe AO) Oe 36 36 

which gives the asserted number. 

s2(n) _ s2(n/2) 

Our final theorem of this chapter gives Liouville’s formula for the number 

of representations (x1, x2, x3, x4) € Z* of n(€ N) by the quaternary quadratic 

form xe + x)x2 + Be + A(x} + x3xX4 + Mi). 

Theorem 17.6. Let n € N. Then the number of (x, x2, x3, x4) € Z* such that 

i S te + X1X2 + ae = A(x} + x3X4 + x) 

is 

(—1)"*"(60(n) — 180 (n/2) ~ 180(n/3) + 540(n/6)). 



Integers of the form x? + xy + y? 

Proof. Suppose first that n = 2 (mod 4). We have 

0 (mod 4), if x and y are both even, 

x ay y> Stet (mod 2), if x and y are of opposite parity, 

1 (mod 2), if x and y are both odd. 

Thus 

x? + xy + y? #2 (mod 4) 

for all integers x and y. Hence 

nz ae +x)xX. + xs + A(x3 + x3xX4 + £2) 

for any integers x1, x2, x3, x4. For n = 2 (mod 4) we have 

a(n) = o(2)o(n/2) = 30(n/2) and o(n/3) = 30(n/6), 

so that 

(—1)"*!(60(n) — 180(n/2) — 180(n/3) + 540(n/6)) = 0, 

proving the theorem in this case. 

Suppose next that n = 0 (mod 4). If 

i oe + x)x2 + xs + A(x3 + x3x4 + aa) 

for some integers x1, X2, x3, X4 then xj = x2 = 0 (mod 2) and 

nf = (x1/2)° + (x1/2)(x2/2) + (x2/2)° +.x3 + x3x4 + x4. 

Conversely if 

n/4= xe + x1Xx2 + x3 + x3 + x3X4 +x? 

then 

n = (2x1)? + (2x1 )(2x2) + (2x2)? + 4(xZ + x3.x4 + x9). 

Hence there is a one-to-one correspondence between the solutions of 

(p= x + xx. + x5 + A(x3 + x3x4 + sy 

and those of 

2 ey 2 nf[4 = x7 +X4xX2 + x7 +.%3 + x3X4 + X4. 

229 
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Thus the required number is 

s4(n/4) = 120(n/4) — 360 (n/12) 

by Theorem 17.3. For n = 0 (mod 4) we have by Theorem 3.1(ii) (with k = 1, 

p = 2 andn replaced by n/2) 

a(n) — 30(n/2) + 20(n/4) = 0. 

Thus 

(—1)"*!(60(n) — 180(n/2) — 180(n/3) + 540 (n/6)) 

= —6(a(n) — 30(n/2)) + 18(a(n/3) — 30 (n/6)) = 120 (n/4) — 360 (n/12), 

proving the theorem in this case. 

Finally we suppose that 7 is odd. In this case, in order to complete the proof 

of the theorem, we must show that the required number of representations is 

6a (n) — 180(n/3). The number of (x1, x2, x3, x4) € Z4 such that 

i= Me +x1xX2+ xB — A(x} + x3x4+ x) 

is 

Y_ s2lk)s2(€) = s(n) + YS) so(k)s2(£) 
(k, £) € NA (k, €) € N? 
k+4@=n k+4€=n 

=Him+36 (FS) (F a b 
(k, 2) €N? aeN beN 
k+4€=n a|k b\e 

—3 
= §(n) + 36 yy (=) 

(a, b, x, y) € Nt 

ax +4by=n 

=s(n)+36 > (=) 
(a, b, x, y) € N* 

4ax+by=n 

=s(n)+36 SY  (F(a—b)- F(a +b)) 
(a, b, x, y) € Nt 

4ax+by=n 

= 5,(n) — 36 (F3(2a — b) — F;(2a + b)), 
G, b, x, y) e Nt 

4ax+by=n 



Integers of the form x* + xy + y’ pe 

as F3(a + b) = F3(—a $ b) = F3(2a F bD). By Theorem 14.4 with f = F3, we 

have for n odd 

a (F3(2a — b) — F;(2a + b)) 
(a, b, x, y) € Nt 
4ax+by=n 

d 

=5 > (i+% “)A@- > Yo BO 
deN deN C= 

d\n d\n £=1 (mod 2) 

[d/3] 

=F eee 
deN deNn €=1 

d\n d\n £=1 (mod 2) 

3\d 

=5 0 (+5)- ¥ e-taop 
deN déeN 

d|n/3 d\n 

1 1 
= 54(n/3) + 50(n/3) — ve ({d/3] — [d/6]). 

d\n 

By (3.13) with m = 3 we have 

1 2 
>», l= 50") - zis(n) — 5db.3(n). 
déeN 

d\n 

For n odd, we have 

do.6(n) = 0, 

d).6(n) = d),3(n), 

dy.6(n) = 0, 

d3,6(n) = d(n/3), 

d4.6(n) = 0, 

ds6(n) = d23(n), 

so that by (3.13) with m = 6 we obtain 

1 5 
>, [d/61 = Fo(n) ~ 5d(n/3) — gain) — 2do,3(0). 
déeN 

d|n 
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Hence, by (17.1), we obtain 

> (a/3] - [d/h = o(n) 4 s4(n/3) - 5g”). 
déeN 

d\n 

Thus 

1 1 1 
D2 (FQa ~ b) ~ FsQa + by) = —Z0(n) + 50/3) + Fe 50(n) 

36 
(a,b,x,y)€ Nt 

4ax+by=n 

and the number of representations is 

s(n) — 36 (-Zou) + 50(n/3) — 5g) = 60(n) — 180 (n/3) 

as required. O 

Exercises 17 

1. Letn € N. Define a € No and N € N with3 { N by n = 3°N. Prove that 

s4(n) = 120(N). 

2. Deduce from Problem | that every positive integer n can be written in the 

form 

2 2 2 D 
WS Xi Ie hy BAS 3X4 XG 

for some integers x,, x2, x3 and x4. 

3. Prove that Theorem 17.3 can be written in the form 

s4(n) = 12 Da d. 
deN 

d\n 

3d 

4. Can every positive integer be written in the form 

z 2 2 2 
Ki or RIND eg Cer 03.04 4X) 

for some integers x;, X2, x3 and x4? 

5. Can every positive integer be written in the form 

ua AP O88) S- x + 4(x3 + X3X4 + 2) 

for some integers x1, x2, x3 and x4? 
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6. Prove that the number of representations of the positive integer n by the 

quadratic form 

ven + x)xo + “ =| A(x} PAB sr a) 

is 

120 (n/4) — 360(n/12), ifn =0 (mod 2), 

60 (n) — 180(n/3), if n = | (mod 2). 

7. (i) If x and y are integers prove that 

x” + yyy? =0.0r 1 (mod 3). 

(ii) If x and y are integers, prove that 

3(x* + xy + y*) =a’ +ab+b’, 

where the integers a and b are given by 

=i Sy, DS 2a y. 

(iii) Suppose that x and y are integers such that 

xo xy + y? = 0 Gnod 3). 

Prove that 

x = y (mod 3). 

Define integers u and v by 

“== y)/3,0 VS wet yy: 

Prove that x = 2u.+ v, y = —u + v and 

x? + IESE ig 

33 

8. Use Problem 7 to prove that positive integers n = 2 (mod 3) are not rep- 

resented by the quadratic form 

=u? +uv+v?. 

xz + x1X2 + re “- 6(x3 + x3x4 + 4G); 

9. Let n € N. If n = 0 (mod 3) use Problem 7 to prove that the number of 

representations of n by the quadratic form 

xe + x1X2 + x a6 6(x3 + x3x4 + a) 



10. 

11. 

12. 

13. 

14. 
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is the same as the number of n/3 by the form 

5% + xx. + es +: 203 + x3xX4 + xa 

Let n € N. If n = 1 (mod 3) use Problem 7 to prove that the number of 

representations of n by the quadratic form 

x2 + x)x2 + x3 + 6(x3 + x3x4 + x) 

is the same as the number of n by the form 

2 2 2 2 
XT Xin ey eg ad eg) 

Use Problems 8, 9 and 10 and Theorem 17.5 to prove that the number of 

representations of n by 

2 2 2 xT + xx. + x5 + O(x3 + .x3%4 + x7) 

is 

—6a(n) + 120(n/12) + 300(n/3) — 600(n/6), if n = 0 (mod 3), 

60 (n) — 120(n/2), ifn = | (mod 3), 

OF if nm = 2 (mod 3). 

Use Problem 7 to prove that positive integers n = | (mod 3) are not rep- 

resented by the quadratic form 

(x? + x)xX2 + x) _ 3(x5 + x3x4 + x2): 

Let n € N. If n = 0 (mod 3) use Problem 7 to prove that the number of 

representations of n by the quadratic form 

NG + xx. + x3) + 3 (x8 + x3x4 + o) 

is the same as the number of n/3 by the form 

XP + xX. +5 + (x? + x3x4 4+ xa). 

Let n € N. If n = 2 (mod 3) use Problem 7 to prove that the number of 

representations of n by the quadratic form 

Q(xt + x1x2 + x3) + 3(xd + x3xq + x3) 
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is the same as the number of n by the form 

a + x,x2 + x tz 2(x} + x3x4 + ce 

15. Use Problems 11, 12 and 13 and Theorem 17.5 to prove that the number 

of representations of n by 

2x? + x)xX2 + of) ao 3a? + x3x%4 + x) 

—60(n) + 120(n/2) + 300(n/3) — 600(n/6), if n = 0 (mod 3), 

0, if n = | (mod 3), 

60 (n) — 120(n/2), if n = 2 (mod 3). 

16. Conjecture and prove a formula for the number of representations of n by 

the quadratic form 

ve + x)x. + x a 3(x} + x3x%4 + sar) 

Notes on Chapter 17 

Theorem 17.1 is due to Lorenz [191]. In 1840 Dirichlet gave a formula for 

the number of representations of a positive integer n coprime with d by a set 

of inequivalent, positive-definite, primitive, integral, binary quadratic forms of 

discriminant d, see for example Dickson’s book [94, Theorem 64, p. 78]. An 

extension of this formula to all n coprime with the conductor f of the discrim- 

inant d has been given by Kaplan and Williams [152] and to all n by Huard, 

Kaplan and Williams [136, Theorem 9.1, p. 291]. Whend = —3 wehave f = | 

and all positive-definite, primitive, integral, binary quadratic forms of discrimi- 

nant —3 are equivalent to x* + xy + y? and we recover Lorenz’s formula from 

each of these extensions. Lorenz’s formula is also given in Dickson’s book [94, 

Problem 2, Exercises XXII, p. 80]. 

Theorem 17.3 was first stated by Liouville [177] and can be found in Peters- 

son [222] as well as in Lomadze [187, formula (I), p. 12], [188]. The first 

elementary arithmetic proof of Theorem 17.3 was given by Huard, Ou, Spear- 

man and Williams [137, Theorem 13, p. 266]. This is the proof presented in this 

chapter. A second elementary proof was given by Chapman [67] based upon 

ideas of Spearman and Williams [246]. . 

Theorem 17.4 is given in Petersson [222] and in Lomadze [187, formula 

(III), p. 12], [188]. The proof presented here is the first arithmetic proof of this 
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result. Lomadze [187] gives the formulae 

s(t) =e (= a )e-9 (=e 
déeN déeN 

d|n d|n 

and 

4 ee (< —\a se, (> >) at 

e ie n - i n 

as well as more complicated formulae for s;2(7), ... , 534(7). 

A result equivalent to Theorem 17.5 was stated by Liouville [178] but not 

proved by him. A proof was given by Alaca, Alaca and Williams [13, Theorem 

13, p. 180] using properties of the two-dimensional theta functions defined by J. 

M. Borwein and P. B. Borwein [50]. The proof given here is the first arithmetic 

proof of this result. 

Theorem 17.6 is due to Alaca, Alaca and Williams [13, Theorem 15, p. 181]. 

The proof presented here is the first arithmetic proof of this result. 

The number of representations of n € N by the form 

k(x? + x4xX2 + x3) + ae + x3x4 + i) 

was conjectured by Liouville [178], [179], [180], [181] and determined by 

Walfisz [257] in the cases (k, £) = (1, 2), (1, 3), 1, 4), (1, 6) and (2, 3). 

The number of representations of n by the quadratic form 

XP + xX. HAZ AZ + x3K4 + x5 + (xd + x5x6 + xg +.x3 + x7xg + x2) 

is known for k = 2 Alaca and Williams [29], k =3 Williams [268], k = 4 

Alaca, Alaca and Williams [12], k = 6 Alaca, Alaca and Williams [14] and 

k = 8 Alaca, Alaca and Williams [15]. 

Following Borwein, Borwein and Garvan [51, p. 36], we set 

CO 

dG) Dyes nage Cpalg| <I. 
x, y=—00 

By Theorem 17.3 we have 

a(q) = 2 san)" =1+ 2 sar)" 

16 EG eats (F *) 4 de 

d\n 
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so that 

d 

a(q) =1+6 (=) ——_.. 
dy d }1-—q?4 

This Lambert series expansion of a(q) is due to Lorenz [191, p. 111], see also 

Borwein, Borwein and Garvan [51, p. 43]. 

Appealing to Theorem 17.3, we obtain 

a°(q) = >) sa(n)q" 
==() 

= 1+) J sa(n)q” 
n=1 

Sp se Y5(120(n) — 360 (n/3))q" 
n= 

=1+ 12 o(n)q" 136 Satna” 
i nal 

ze co 

=1+12)> > dq" — 36) | yy ale 
n=1 deN n=l1deN 

d\n d\n 

CO [o.@) 

=1+12 5) dq® — 36 wad 
a,e=l d,e=1 

6° d eo 3d 

SL pee 
faa Pak: 

so that 

ee n 
n 

HQ =e) pan 
el 

34n 

This Lambert series expansion of a?(q) is due to Ramanujan, see Andrews and 

Berndt [30, Part I, p. 402]. 

The formula 

3(q)=1 (=) ee a = {|= — 
q ae 1 —q" 
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was given by Ramanujan, see Andrews and Berndt [30, Part I, p. 402]. A 

different (but equivalent) formula was given by Alaca, Alaca and Williams [23, 

p. 97]. 

In a similar manner from Theorem 17.4 we obtain the formula 

n nq oo Wa 

+ 216 See, 
he q” dX (<= qn 

which is due to Ramanujan, see Andrews and Berndt [30, Part I, p. 403]. For 

more formulae of this type, see Lomadze [186]. 

From Theorem 17.5 we obtain 

(oe) 

aX(q)=14+245> 
n=l 

lo, 2) 

a(q)a(q’) = ] + Y “(6o(n) — 120(n/2) + 180(n/3) — 360(n/6))q”. 

n= 

A simple proof of this formula has been given by Alaca, Alaca and Williams 

[13, p. 191]. From this formula we obtain the Lambert series expansion 

© oo 3n oe nq” ngq- 

a(q)a(q*) = 1+ 6 zy Tae ey hea 
n= rna= 

n = 1 (mod 2) n = 1 (mod 2) 

In a similar manner from Theorem 17.6 we obtain 

eS nq” ee nq’ 
aN 

n = | (mod 2) n # (0) (mod 3) 

n # 0 (mod 3) 

The Lambert series expansions of a(q)a(q?), a(q)a(q*), a(q)a(q°) and 

a(q*)a(q*) follow from the results of Alaca, Alaca and Williams [13, The- 

orems 14, 15, 16 and 17]. 
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Representations by x? + y? + 2? + 217, 
oy ee and ee yz er 

For n € No we define 

R,(n) := card{(x, y,z,t) € Z* |n =x? + y* +27 4 2¢7}, 

R2(n) := card{(x, y, z,t) € Zs |n=x7 + Me Ti) gue ott, 

R3(n) := card{(x, y, z,t) € Zs |n=x?+ 2y* 427" + 977}, 

Clearly R,(0O) = R2(0) = R3(0) = 1. 

In 1860-61 Liouville asserted without proof formulae for R\(n), Ro(n) and 

R3(n). In this chapter we show that Liouville’s formulae for R;(n), R2(n) and 

R3(n) are simple consequences of the elementary arithmetic theorems proved 

in Chapter 14. We begin with R2(n). 

Theorem 18.1. Letn € N. Then the number R(n) of solutions (x, y, z, t) € Z4 

of 

n=x?> + y? +277 +27 

is given by 

Rx(n) = 40(n) — 40(n/2) + 80(n/4) — 320(n/8). 

Proof. We have 

ROS == Scar 65) aaa 
(,myeN (x, y)eZ (z, the N 
+2manx?+y=t 24+t=m 

= > r(€)ro(m) 
(€,m) € NP 
£+2m=n 

=r2(n)+r2(n/2)+ YS) ro(l)ro(m). 
(€,m) € N? 

£+2m=n 

239 
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By Theorem 9.3, Theorem 3.10 and Problem 26 of Exercises 14, we obtain 

Y> n(Orn(m)= YD) r(0)r2(m) 
(€,m) € N? (€,m) € N? 
£+2m=n 2+m=n 

pe EPI) 
(€,m) € N* aeN — beN 
2+m=n all b|m 

ices (=) 
(a, b, x, y) € N* 
2ax +by=n 

=16 )) (F(a—b)— Fiat) 
(a, b,x, y) € N4 
2ax+by=n 

= 4o(n) — 40(n/2) + 80 (n/4) — 320(n/8) 

— A(di,4(n) — d3,4(n)) — 4(d1,4(n/2) — ds,4(n/2)) 

= 40(n) — 40(n/2) + 80(n/4) — 320(n/8) 

—r2(n) — ro(n/2), 

so that 

Ro(n) = 40(n) — 40(n/2) + 80(n/4) — 320(n/8) 

as asserted. U 

Before proving Liouville’s formulae for R;(n) and R3(n) we recall that the 

Legendre-Jacobi-Kronecker symbol for discriminant 8 is defined for d € N by 

: 0, if d = 0 (mod 2), 

(5) == <I, if d = 1,7 (mod 8), 

—1l, ifd=3,5 (mod 8). 

8 
We extend the definition of (5) (d €N)toalld € Zby 

(5)=() wom (0-4 
8 

so that 7 is an even function of d. The following two results are easily 

proved: fora,b EN 

ye =(@). a 
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and form € N 

1 /-8 Les 
-~{— —~-(—], if24m, He 8 alee hte (h) oes a 

dX fe eae a) 
= (>) . if 2-bm. 

m/2 

We are now ready to prove Liouville’s formulae for Rj(n) and R3(n). 

Theorem 18.2. Letn € N. Then the number Rj(n) of solutions (x, y, z, t) € ZA 

of 

n=x*+y?+27> +21? 

is given by 

n/(8 8 
R =e —{—])-2 d|— (hed be (5) 2 (5) 

déeN déeN 

d\n d|n 

and the number R3(n) of solutions (x, y, z, t) € Zt of 

hex Wye 40k Of? 

is given by 

n (8 8 
R —4 —{—]-2 d{—). the ek (5) dX (5) 

déeN deN 

d|n d\n 

Proof. First we prove the formula for Rj(n). We choose 

fo) = (5). xeZ, 
Xx 

in Theorem 14.2, and after a short calculation using (18.1) and (18.2), we obtain 

EZ) RGAE) 
(a, b, x, y) € N* eN 
ax+by=n d\n d|n 

1 8 n (8 
aes rk hers hes 

4 (5)+¥3(5) 
deN deN 

d\|n d|n 

For n € No we set for convenience 

a(n) := card{(x, y) € Z? |n=x" + y’}, 

and 

b(n) := card{(x, y) € Te to ea 2y*}, 
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so that a(n) = r2(n). Clearly a(0) = b(O) = 1. We recall that 

= ES 
a(n)=4 > (=). Kny= 2) (=). neN. 

déeN déeN 

d|n d|n 

Then, for n € N, we have 

Ri(n) = Yo alkyb(n =) 
k=0 

n—-|\ 

= a(n) + b(n) + Y > alkyb(n Eh) 
k= 

“Eerie GE). 
déeN déeN (a, b, x, y) € Nt 

d\n d\n ax+by=n 

that is by (18.3) 

n (8 8 

deN déeN 
d\n d\n 

as asserted. 

Next we prove the formula for R3(n). Let n € N. Choosing 

f@)= (=). x eZ, 
XxX 

in Theorem 14.3, we obtain after a short calculation using (18.1) and (18.2) 

» A@-42@-i2 4) ws 
de 

2ax+by=n d|n/2 d\n 

1 8 il n/[(8 
puerto d( =) e a = (= or eee iG), 

déeNn deN 

d\n d|n 

Then 

R3(n) = \s a(k)b(n — 2k) 
keENo 

k <n/2 

=a(n/2)+b@)+ S° a(k)b(n — 2k) 
keN 

k<n/2 
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eg 
deN deN 
d\n/2 d\n 

> Y(S) YF) a b 
keN aéeN beN 

lsk<n/2 alk b\|n—2k 

See Nemes) a es er a b 
deN deN (a, b, x, y) € N* 

d|n/2 d\n 2ax + by =n 

that is by (18.4) 

n (8 8 
Rx(n)=4 > =(5) -2a(5). 

deN deN 
d\n d\n 

as claimed. 

Example 18.1. We use the formula 

=8 
Pai (>). neN, 

déeN 
d|n 

to determine the number of representations of a nonnegative integer as the sum 

of a triangular number and a square. 

We begin by noting that if u and v are integers then 

u> + 2v? = 1 (mod 8) —> u = 1 (mod 2), v = 0 (mod 2). 

Then, for n € No, we have 

card f(x 9) ENoxZ|n= atx <i p+] 

] 2 1 2 = seard f(x.) €Z ee a aD 

= cardt (x, yyeZ | 8 +1 = (2x +1) + 8y7} 

= card (u, v) € Z* | 8n4+1 =u? + 2v’, u = 1 (mod 2), v = 0 (mod 2)} 

= card{(u, v) € Z| 8n+1 =u? +2v’} 

1 
= pos +51), 
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so the number of representations of n € No as the sum of a triangular number 

and a square is 

d ; 
deN 

d|8n+1 

Example 18.2. The number of representations of 7 as the sum of a triangular 

number and a square is 

—8 —8 —§8 —8 —§ 
SS) eas ee —— —— — J=14+14+14+1=4. Dei aa! ES a ela) a 

déeN 

d|57 

The four representations are 

7=3+(42" =6+(41). 

Example 18.3. We use Theorem 18.2 to determine the number of representa- 

tions of a nonnegative integer n as the sum of three squares and a triangular 

number. 

Let n € No. Suppose that 

Sn lax + yee + ot 

for some integers x, y, z and t. If t = 1 (mod 2) then 

x? ey? 427 ="8n 4 1 = 2977 Cod'8): 

which is impossible as, for any integers x, y and z, we have 

x*>+y? +2? =0, 1, 2,3, 4,5, 6 (mod 8). 

Hence t = 0 (mod 2). Then 

x? + y? +2? = 8n +1—2/ = 1 (mod 8) 

so 

x =y =O0(mod2), x =y(mod4), z=1 (mod 2) 

or 

x =z=0O(mod2), x =z(mod4), y =1 (mod 2) 

or 

y =z=0(mod2), y=z(mod4), x = 1 (mod 2). 
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Thus 

Gre, 1) = 3 card {(x, y,z,t)€Z* | 8n+1=x7+y? +27 4+22, 

x = y =0 (mod 2), x = y (mod 4), 

z = 1 (mod 2), t = 0 (mod 2)}. 

If x and y are integers such that 

x = y=0O(mod2), x = y (mod 4), 

then 

a= f(a +y), b= me Da 
4 4 

are integers such that 

x? + y? = 8a? + 8b’. 

Conversely, if a and b are integers, then 

Xs 204-2), y= 2a — 2p, 

are integers such that 

x? + y? = 8a” + 8b’ 

and 

x =y=0O(mod2), x = y (mod 4). 

Hence 

Ri(8n+1) = 3 card {(a, b,c, d) € Z* | 8n+1 = 8a? +8b°+8c" + (2d + 1)°} 

= 3 card {(a,b,c,d)€Z* |n=a’ +b? +c* +d(d + 1)/2} 

= 6card {(a,b,c,d)€Z* x No |n =a? +b? +c? + d(d+1)/2}. 

By Theorem 18.2 we have 

R(8n+l=8 >° = (5)-2 S (5) 
deN deN 

d|8n+1 d|8n+1 

8 

=# © 4(eapeneedanale) 
deN (SrtA )id deN d 

d|8n+1 d|8n+1 

lace), 
déeN 

d|8&n+1 
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Thus, equating the two expressions for R;(8n + 1), we obtain 

8 
card {(a,b,c,d)eZxNoln=@4+P4+e+ddt+/2}= > a(5). 

deéeN 
d|8n+1 

which is the required formula. 

Example 18.4. The number of representations of 7 as the sum of three squares 

and a triangular number is 

8 8 8 8 8 
4 (5) =1(F) +3(5) +19(5) +57() = 1-3 194 5736. 
deN 

d|57 

The thirty-six representations arise as follows: six from 0 + 0 + 1 + 6, six from 

0+0+4+ 3, and twenty-four from 1+ 1+4+1. 

Exercises 18 

Prove (18.1). 

Prove (18.2). 

Complete the details of the proof of (18.3). 

Complete the details of the proof of (18.4). 

Prove that 

8 

~«(3) d 
deN 

d\n 

tre the ep te 

is a multiplicative function of n. 

6. Prove that 

déeN 

d\n 

is a multiplicative function of n. 

7. Prove from first principles that 

R32n)= Rin), weN. 

8. Letn € N be odd. Prove from first principles that 

R\(n) = 3R3(n), ifn = 1,7 (mod 8) 



10. 

11. 

12. 

13. 
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and 

5 : 
R\(n) = 3 Ra(n), ifn = 3,5 (mod 8). 

Hint: Consider the identity 

ee yee ee ea (yee ier 

Letn € N. As R3(n) > 0 it follows from Theorem 18.2 that 

Prove the stronger inequality 

8 n (8 
yd(- >= (=). 

tole rbd 
déeN déeN 

d|n d\n 

Let n € N. Define a € No and N EN with N odd by n= 2°N. Use 

Theorem 18.1 to prove that 

40(N), ifa=0, 

Ro(n)= ) 80(N), ifa=1, 
240(N), ifa>2. 

Letn € N. Define a € No and N € N with N odd by n = 2°N. Prove that 

8 8 
d({-—j= d|{—}. ra(a)= Dela) déeN déeN 

d|n d|N 

Letn € N. Define a € No and N € N with N odd by n = 2°N. Prove that 

=3()-"() E-() 
déeN 

Letn € N. Define a € No and N € N with N odd by n = 2°N. Prove that 

pee 8 

nyo) =2(2 (7) -1) ea(3). 
deN 

d|N 
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14. Letn € N. Define a € No and N € N with N odd by n = 2°N. Prove that 

nioa(e"(§)-1) E4(8) 
deéeN 
d|N 

15. Deduce the result of Problem 7 directly from Problems 13 and 14. 

16. Deduce the results of Problem 8 directly from Problems 13 and 14. 

17. Let n EN. Define a € No and N EN with N odd by n = 2°N. Use 

Problems 13 and 14 to prove that 

(22843 Bay pete got (3)) 

Ria) = Qa+2 _ | 
R3(n). 

18. Let n € N. Define a € No and N € N with N odd by n = 2°N. For each 

(necessarily odd) prime p dividing N, let w,(N) be the largest positive 

integer such that p%) | N. Prove that 

ap(N)+1 : 1 — pa(vy41 (5) 

Ri(n) =2 ee @ — 1) ||. --—--.-—- 
N ic 8 

PIN r(5) 
19. Letn € N. Define a € No and N € N with N odd by n = 2°N. For each 

(necessarily odd) prime p dividing N, let w,(N) be the largest positive 

integer such that p%”™) | N. Prove that 

8 g 8 
bre atlif{ ° \ Ie Rain) =2(2 @ ii ( 

p|N Pp ? 

20. Letn € N be odd. Prove that 

8 
> «(5) >0 ifn =1,7 (mod 8) 
déeN 

d\n 

and 

8 
»«(5) <0 ifn =3,5(mod 8). 
déeN 
d\n 

21. Prove that every positive integer is of the form x* + y? + z? + 27? for 
some integers x, y, z and ft. 

22. Prove that every positive integer is of the form x” + y? + 2z2 + 27? for 
some integers x, y, z and tf. 
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23. Prove that every positive integer is of the form x? + 2y* + 2z* + 22? for 

some integers x, y, z and ¢. 

24. Prove or disprove 

Ri(n) => R3(n), neN. 

25. Characterize those positive integers which cannot be expressed as the sum 

of a triangular number and a square. 

Notes on Chapter 18 

Theorem 18.1 was stated without proof by Liouville [174] and proved by Pepin 

(219, pp. 185, 188], [221, p. 40], Bachmann [34], Chan [66, p. 68], Deutsch 

[88], Fine [106, p. 74] and Alaca, Alaca, Lemire and Williams [5, Theorem 

1.8, p. 284]. 

Theorem 18.2 was stated without proof by Liouville [175]. A search of the 

literature revealed eight proofs of the formula for R,(7) and four of the formula 

for R3(n). In 1884 Pepin [219, pp. 189-196] gave long proofs of the formulae of 

Theorem 18.2 using Liouville’s elementary methods and recurrence relations 

between Ri(n) and R3(n) as well as between R,(2*N) and R,(N). In 1901 

Petr [223, p. 8] gave some theta function identities from which a proof of the 

formula for R;(n) can be deduced. In 1964 Benz [42, pp. 168-175] gave proofs 

of the formulae of Theorem 18.2 using theta functions and recurrence relations 

such as the easily proved relation R3(2n) = Ri(n) (n € N). In 1968 Demuth 

[87, pp. 241-243] used Siegel’s mass formula to prove the formula for R;(7). 

In 1974 Wild [259] used modular forms to prove the formula for R,(7). In his 

book on hypergeometric series published in 1988, Fine [106, p. 75] gave an 

analytic proof of the formula for R;(n). Alaca, Alaca, Lemire and Williams 

[8] have given proofs of the formulae for Rj(n) and R3(n) using theta function 

identities. Williams [271] gave an elementary arithmetic proof of the formulae 

for R\(n) and R3(n). The proof of Theorem 8.2 is taken from Williams [271]. 

From Problems 21—23 we know that every positive integer is repre- 

sented by each of the forms x? by? +27 +207, x? + y? + 2z* + 21? and 

x? + 2y* +227 + 2t*. Ramanujan [231], [232, p. 170] listed 55 such forms 

with this property. However some of Ramanujan’s arguments relied upon 

unproved results about several ternary forms. These results were later proved by 

Dickson [90], [95, Vol. V, pp. 255-262], [92, Chapter 5, pp. 86-114]. Dickson 

[89], [95, Vol. Ill, pp. 443-444], [91], [95, Vol. I, pp. 461-478] noted that the 

form x? + 2y? + 5z? + 5t? in Ramanujan’s list does not represent the integer 
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15 and he completed the proof that the remaining 54 forms given by Ramanujan 

represent every positive integer. In this connection see also Kloosterman [154], 

Wepye 

Problem 7 is taken from Benz [42, p. 171]. Problem 8 is taken from Benz 

[42, pp. 173, 174]. The formulation of Rj(n) and R3(n) given in Problems 13 

and 14 respectively appears in Benz [42, p. 174]. 

For results on representing positive integers as mixed sums of squares and 

triangular numbers, the interested reader should consult Adiga, Cooper and 

Han [2], Barrucand, Cooper and Hirschhorn [38], Guo, Pan and Sun [120], 

Lam [161], Oh and Sun [213], and Sun [250]. Recently Berkovich and Jagy 

[43] have proved certain positivity results for mixed sums of squares and 

triangular numbers such as 

card{(x, y)€ Z2|n=x(x+)D/2+y°+2} 

> card{(x, y) € ZL? |n=x(x+ 1)/2+ 3y7 + 327} 

for alln EN. 

The number of representations of a positive integer n by the quaternary 

quadratic form ax* + by* + cz? + dt? has been determined for forms other 

than’ x? y? + 27+ 227, x? + y? + 277 + 22? ‘and x? + 2y” + 27? + 277.,A 

historical summary of results is given in Cooper [79]. We just mention two such 

results. The number of representations of n by the form x? + y* + 3z* + 3f? is 

4a(n) — 80(n/2) — 120(n/3) + 160(n/4) + 240 (n/6) — 480(n/12), 

see for example Alaca, Alaca, Lemire and Williams [5, p. 297], and the number 

of representations of n by the form x* + y? + 4z? + 4t? is 

(2 +2 (=)) a(n) — 20(n/2) + 80(n/8) — 320(n/16), 

see for example Alaca, Alaca, Lemire and Williams [5, p. 298]. The interested 

reader should consult Alaca [3], Alaca, Alaca, Lemire and Williams [4], [5], 

[6], [7], [8], Alaca, Alaca and Williams [17], Bachmann [34], Cooper [78], 

[79], Griffiths [116], Kloosterman [154], [155], Kohler [156], Pepin [221] and 

Petersson [222]. 

For representations by a sextenary quadratic form ax; at eect A6X2, see 

Alaca, Alaca, Uygul and Williams [11], Alaca, Alaca and Williams [19], [20], 

[23] and [26] and Nazimoff [210, pp. 24-27]. 
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Sums of Eight and Twelve Squares 

In this chapter we prove Jacobi’s formula for the number rg() of representations 

of a positive integer 1 as a sum of eight squares as well as Liouville’s formula 

for the number 7;2(1) of representations of an even positive integer as a sum of 

twelve squares. 

We make use of Theorems 11.1, 12.1 and 15.2 to determine rg(n). 

Theorem 19.1. Letn be a positive integer. Then 

rs(n) = 16(—1)" ) > (—1)%a?. 
deN 
d\n 

Proof. Letn and s denote positive integers. Recall from (15.1) 

A,(n) = om o(k)o(n — sk). 
keN 

k <n/s 

From Besge’s formula (Theorem 12.1) we have 

5 1 1 
A(n) = Te + & _ 5) a(n), (19.1) 

and from Theorem 15.2 that 

I 1 1 
ND ay SEU a NUT In ee 

1 1 1 1 
+ (5; _ a") a(n) + (5 = i") a(n/4). (19.2) 

We have 

n n—-1 

rg(n) = Yo ra(k)ra(n — k) = 2ra(n) + Yo ra(Kra(n —k), (19.3) 
k=0 k=1 

Dol 
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as r4(0) = 1. Appealing to Jacobi’s formula for r4(n) (Theorem 11.1), namely, 

r4(n) = 80(n) — 320(n/4), (19.4) 

we obtain 

n—-l 

ya ra(k)ra(n — k) = 648, — 256S> — 2563 + 102454, (19.5) 
Ve | 

where 

n—-l 

S, = Yo o(kjo(n Ei), (19.6) 
k=1 

n-1 

S. = Yo o(k/4)o(n = hy, (19.7) 
k=1 

n—-1 

S83 =) a(k)o((n — k)/4), (19.8) 
k=l 

n—l 

Ss = )° o(k/4)o((n — &)/4). (19.9) 
k=1 

Clearly S$; = Aj;(n) and changing the summation variable in (19.8) from k to 

n —k shows that S3 = Sz. Since the only terms in S$; and S4 which do not 

vanish are those for which 4 | k, replacing k by 4k in (19.7) and (19.9), we 

find that Sy = A4(n) and S4 = A;(n/4). Appealing to (19.1) and (19.2) for the 

values of A,(n) and A4(n), and to (19.4) for the value of r4(n), we obtain from 

(19.3) and (19.5)-(19.9) 

rg(n) = 1603(n) — 3203(n/2) + 25603(n/4). (19.10) 

Examining the three possibilities 2 {n, 2 || n and 4 | n individually, we find 

that the right hand side of (19.10) is the same as the right hand side of the 

formula in the theorem. C) 

In 1864 Liouville stated a formula for 7;2(n) valid for all even positive inte- 

gers. We make use of Theorems 3.1, 9.5, 13.11 and 19.1 to give an elementary 

proof of Liouville’s formula. Recall from (13.13) 

n—-1 

Sep(n) = Yolmos(n—m), e, f.neN. (19.11) 
m=1 
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We require the value of S;,3(). From Example 12.2 we have 

7 1 1 1 
S13(n) = a 4p (5, — 3") ony ere: (19°12) 

It is also convenient to define the twisted convolution sum 

Ae, (m) := Te ¢2(n) = e omofn— 2m), ¢€,f,nEN, (19.13) 

meN 
m<n/2 

see (13.14). We just need the values of A;,3(m) and A3 ,(n), which were given 

in Theorem 13.11. We have 

1 1 1 1 1 
A; 3(n) = 7375) a Tee) = (5 - 16 nonin) ~ a 

(19.14) 

and 

1 1 1 1 
A3,1(n) = a posinl2) + (3 - sr) oxtn/2) ~ Ob): 

Theorem 19.2. Let n be an even positive integer. Then 

r12(n) = 805(n) — 51205(n/4). 

Proof. Let n be an even positive integer. Set n = 2N, where N €N. By 

Theorem 3.1(i1) we have 

o(2N) — 30(N) + 20(N/2) = 0. (19.16) 

Then, by Theorem 9.5, we deduce that 

r4(n) = r4(2N) = 80 (2N) — 320(N/2) = 240(N) — 480(N/2). (19.17) 

Again by Theorem 3.1(ii) we have 

03(2N) — 903(N) + 803(N/2) = 0. (19.18) 

Then, by Theorem 19.1, we obtain 

rg(n) = rg(2N) 

SiG ay (Bene 
deN 

d|2N 

=16 ~ Chee 1) id 16 De da 
déeN deN 

d|2N d|2N 

= 25603(N) — 1603(2N), 
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and thus by (19.18) 

re(n) = rg(2N) = 11203(N) + 12803(N/2). (19.19) 

Now 

rin) = ) > ra(n — k)rg(k) (19.20) 
k=0 

so that 

n—-1 

rio(n) = ra(n) + rg(n) + Y—ra(n — k)rs(k). (19.21) 
k=1 

Appealing to (19.17), (19.19) and (19.21), we obtain 

rj2(n) = 11203(N) + 12803(N/2) + 240(N) — 480(N/2)+ 70+ Th, 

(19.22) 

where 

2N-—1 

T= > s r4(2N —k)rg(k), i= 0,1. (19.23) 
k=A4 

k =i (mod 2) 

It remains to evaluate Jp and 7}. 

We first evaluate Ty. Appealing to (19.23), (19.17) and (19.19), we obtain 

2N-1 N71 
Ty = D0 r42N — byrg(k) = D0 ra(2N — 2k)rg(2k) 

ay i 2 | k 

Wal 

= )\(240(N — k) — 480((N — k)/2)(11203(k) + 12803(k/2)), 
k=1 

that is 

To = 2688U, — 5376U2 + 3072U3 — 6144U4, (19.24) 

where 

N-1 

Ui a(N — k)o3(k) = $13(N), 
k=1 

N-1 

Une = o((N — k)/2)o3(k) = ss a(k)o3(N — 2k) = Ai3(N), 
k=] keN 

k<N/2 
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IES 

U3: = ) J o(N —kyox(k/2) = D) o(N — 2k)o3(k) = As,i(N), 
= ee 

Ne 

Us: =} o((N —k)/2)o3(k/2) =D) o((N/2) — kos(k) = S1,3(N/2), 
k=1 keN 

k<N/2 

so that from (19.12), (19.14) and (19.15), we obtain 

To = 13605(N) — 64005(N/2) — 11203(N) — 12803(N/2) 

— 240(N) + 480(N/2). (19:25) 

Now we turn to the evaluation of 7,. By (19.23) and Theorems 9.5 and 19.1, 

we obtain 

2N-1 

Ti = Do raQN — k)rs(k) 
k=1 
2tk 

N 

DE ra(2N — (2k — 1))rg(2k — 1) 
k=1 

N 

128 > o(2N (2h — 1) os (te 1), 
k=l 

that is 

T; = 128V; — 128V>, (19.26) 

where 

2N-1 N-1 

Vie DE o(2N —k)o3(k), V2:= y\oQNn — 2k)o3(2k). (19.27) 

f= k=1 

First we evaluate V,. By Theorem 3.1(ii) we have 

05(2N) — 3305(N) + 3205(N/2) = 0. (19.28) 

Then, by (19.27), (19.11), (19.12), (19.16), (19.18) and (19.28), we obtain 

240V; = 2405;,3(2N) 
= 2105(2N) + (10 — 60N)o3(2N) — o(2N) 

= 69305(N) + (90 — 540N)o3(N) — 30(N) 

— 67205(N /2) — (80 — 480N)o3(N /2) + 20(N /2). 
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Next we evaluate V>. By (19.27), (19.16), (19.18), (19.11) and (19.13), we 

obtain 

N-1 

Y= >> Go(N —k)—2a0((N — k)/2)(903(k) — 803(k/2)) 

k=l 

= 27S,,3(N) — 18A1,3(N) — 24A3 1(N) + 1651,3(N/2). 

Then, by (19.12), (19.14) and (19.15), we deduce 

240V2 = 45305(N) + (90 — 540N )o3(N) — 30(N) 

— 43205(N/2) + (—80 + 480N )o3(N/2) + 20(N/2). 

Hence, by (19.26), we have 

T, = 12805(N) — 12805(N/2). (19.29) 

Thus, by (19.22), (19.25) and (19.29), we obtain 

112(2N) = 26405(N) — 76805(N/2). 

Therefore for n = 0 (mod 2) we have by (19.28) 

r12(n) = 26405(n/2) — 76805(n/4) = 805(n) — 51205(n/4), 

which is Liouville’s formula. O 

Glaisher [112, p. 480], [113] gave a formula for rj2(n) valid for all n € N in 

1907. A simple proof of a formula equivalent to Glaisher’s formula is given in 

Williams [272]. Define the integers b(n) (n € N) by 

[o.0) co 

> dng" = 4] Ja-49")", gee, igi <1. (19.30) 
(ell n=1 

Then 

rj2(n) = 805(n) — 51205(n/4) + 16b(n), neN. 

In the expansion of the right hand side of (19.30) in powers of g only odd 

powers of g occur so we have 

b(n) = 0, if n = 0 (mod 2), 

and we recover Theorem 19.2. 

Theorem 19.1 gives the number of representations (x), ..., xg) € Z® of 

a positive integer n by the octonary quadratic form x? + ---+ x We con- 
clude this chapter by briefly discussing the determination of the number N(n) 
of representations of n by the similar quadratic form x7 + x3 +x} +x2+ 
2x5 + 2x§ + 2x7 + 2xg. As this form can be written as x7 + x? + x2 + x24 
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2(x2 + te + xe 4. xa); N(n) is given as a convolution sum analogous to that 

for rg(n) in (19.3), namely, 

[n/2] 

N(n) = Y) ra(k)ra(n — 2k), 
k=0 

so that 

N(n) = ra(n) + ra(n/2) + D7 ralk)ra(n — 2k). 
kKeN 
k<n/2 

Appealing to (19.4), we obtain 

N(n) = 80(n) — 320(n/4) + 80(n/2) — 320(n/8) 

+ 64W, — 256W2 — 256W3 + 1024W4, 

where 

W,: be o(k)o(n — 2k), 
keN 

k <n/2 

S> a(k/4)o(n — 2k), 
keN 

k <n/2 

Y= o(k)o((n — 2k)/4), 
keN 

k <n/2 

Y> o(k/4)o((n — 2k)/4). 
keN 

k <n/2 

W2: 

W3 : 

W4 : 

Clearly 

W, = Ad(n), 

W3= DY) o(n/2 — 26)o(€) = Ar(n/2), 
LEN 

£<n/4 

Wa= )~ a(€)o(n/4 — 20) = Ap(n/4). 
LEN 
£<n/8 

Thus the values of W;, W3 and W, follow from Theorem 15.1, which gives the 

value of A2(n). However 

W2= DY) o(6)o(n — 8) = Ag(n), 
LeN 
L<n/8 
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and we have not determined the value of the twisted convolution sum Ag(n) 

in this book. In this case the values of 03(n), 03(1/2), 03(n/4), 03(n/8), o(n), 

o(n/2), o(n/4) and o(n/8) do not suffice to evaluate the sum. We require in 

addition the integers k(n) (n € N) defined by 

o) CO 

Dik” =a] Ja-aya-49"y, ge, Ial<1. (19.31) 
n=l jel 

Only odd powers of g occur in the expansion of the right hand side of (19.31) 

as a power Series in g, SO 

k(n) =0, if n = 0 (mod 2). 

Expanding the first few terms of the product as a power series in g, we find 

k(1) = 1, kG) =—4; kG) = —2, kk) = 24, k(9) = —11. 

It was shown in Williams [270] that 

1 1 1 1 
Ag(n) = 79373 + Pr lis Sip 16 ae Bel) 

1 1 1 1 1 
= (5 = =") a(n) + € Bs i") a(n/8) — ra 

Using the values of W,, W2, W3 and W4, we obtain 

N(n) = 403(n) — 403(n/2) — 1603(n/4) + 25603(n/8) + 4k(n). 

This is the result we were seeking. In particular, for an even positive integer n, 

we see that the number of representations of n by the octonary quadratic form 

xP + x3 + xf +22 + 2x2 + Qx?2 + 2x? 4 2x? 

is given by 

403(n) — 403(n/2) — 1603(n/4) + 25603(n/8). 

Exercises 19 

1. Letn € N. Prove that 

(—1)" ) | 14d? = 03(n) — 203(n/2) + 1603(n/4). 
deéeN 
d\n 

2. Letn € N. Use Theorem 3.1 (ii) to prove that 

Gckela le) S) 
03(n/4) = pose) = © 03(n). 
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3. Use Problems | and 2 and Theorem 19.1 to show that 

rg(n) = 16(—1)""'(03(n) — 1603(n/2)). 

4. Deduce from Problem 3 that rg(n) > 0 for alln € N. 

5. Prove that k(n) cannot be given linearly in terms of 03(n) and o(n) for all 

positive odd integers n. 

6. Let n be an even positive integer. Use Theorems 3.1(ii), 15.1 and 15.2 to 

prove that 

1 1 1 
Ag(n) = 192 3M + Bae akg Teco 5ouin/8) 

1 1 ] ] g i (5; z 1) a(n) + (4 2 i") o(n/8). 

Notes on Chapter 19 

The formula 

ra(n) = 16(-1)" 5° (-1)"d?,_ n EN, 
deN 

d\n 

first appeared implicitly in the work of Jacobi [146], [148, Vol. I, §840-42, 

pp. 159-170] and explicitly for odd n in the work of Eisenstein [98], 

[101, Vol. 1, p. 501]. The standard arithmetic proof of Theorem 19.1 uses 

an elementary identity due to Liouville, see Nathanson [209, p. 402], to show 

that the function on the right hand side of Theorem 19.1 satisfies the same 

recurrence relation as rg(n) with the same initial conditions so that the two 

functions are the same, see for example Nathanson [209, pp. 441-445]. The 

proof in this chapter was given in Williams [265]. 

Liouville’s formula for r,2(n) for n = 2 (mod 4) appeared in [173] and for 

all n = 0 (mod 2) in [176]. The proof of Theorem 19.2 presented here is due to 

Huard and Williams [139]. An historical account of formulae for r;2(n) is also 

given in [139]. 

The evaluation of Ag(n) given in this chapter was derived in Williams [270, 

Theorem 1, p. 388] and the formula for N(n) was obtained as a corollary [270, 

Theorem 2, p. 388]. The analogous formulae for A16(n) and 

card{(x1,..., xg) € Z8 |n = xf +x5 +45 +249 + 4x3 + 4x8 + 4x7 + 4x3} 

were proved in Alaca, Alaca and Williams [18]. As a consequence of these 

formulae the number of representations of a positive integer n = 0 (mod 4) by 
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the octonary quadratic form 

ae + x3 + 2x3 + ing 4x2 + 4x2 +4x2 +4 4x3 

is 

03(n) + 303(n/2) — 6803(n/4) + 4803(n/8) + 25603(n/16). 

Formulae for the number of representations by other octonary quadratic forms 

can be found in Alaca, Alaca and Williams [12], [14], [15], [21], [25], Alaca 

and Williams [29], Petersson [222], and Williams [268], [269]. 

Liouville [182] gave a formula for r;o(7) valid for all n € N in 1865 as did 

Glaisher [112] in 1907. Alaca, Alaca and Williams [22] gave a proof of the 

formula 

rio(n) = . a (=) d* + = (=) d*+ = w(0), 
déeN déeN 

d\n d|n 

where the integers w(n)(n € N) are defined by 

[oe) [oe) 

1 wend a= A ay Sig ae) 
n=l n=l 

There is a vast literature on the representations of integers as sums of squares. 

The interested reader is referred to the books by Grosswald [119], Hardy [125, 

Chap. IX], Moreno and Wagstaff [207], and Nathanson [209, Chap. 14]. Some 

relevant papers are Alaca, Alaca and Williams [24] (4s squares), Bell [41] 

(2s squares), Bhargava and Adiga [49] (2 and 4 squares), Carlitz [57] (24 

squares), Carlitz [58] (4 and 6 squares), Carlitz [59] (4 squares), Chan [65] 

(6 squares), Chan and Chua [62] (32 squares), Chan and Krattenthaler [64] 

(4s? and 4s(s + 1) squares), Cooper [75] (2s squares), Cooper [76] (5, 7 and 9 

squares), Cooper [77] (11 and 13 squares), Cooper and Lam [82] (2, 4, 6 and 

8 squares), Eisenstein [99], [101, Vol. I, p. 505] (5 squares), Ewell [104] (16 

squares), Glaisher [112] (2, 4, 6, 8, 10, 12, 14, 16 and 18 squares), Glaisher 

[114] (14, 16 squares), Glaisher [115] (18 squares), Hardy [122], [123], [124] 

(5, 7 squares), Hirschhorn [132] (4 squares), Hirschhorn [133] (2 squares), 

Hirschhorn [134] (4 squares), Huard and Williams [138] (16 squares), Huard 

and Williams [139] (12 squares), Kratzel [157] (4s squares), Kratzel [158] 

(4s + 2 squares), Liouville [182] (10 squares), Liouville [173] (12 squares), 

Liu [183] (12, 16, 20 and 24 squares), Long and Yang [190] (4s? and 4s(s + 1) 

squares), McAfee and Williams [198] (6 squares), Milne [203], [204] (4s? and 

4s(s + 1) squares), Mordell [205] (2s squares), Mordell [206] (2s + 1 squares), 

Ono [215] (4s* and 4s(s + 1) squares), Petr [224] (10, 12 squares), van der 
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Pol [227] (8, 16 and 24 squares), Ramanujan [230, p. 184], [232, p. 162] (2s 

squares), Rankin [234] (20 squares), Rosengren [237] (18 squares, 2s” squares), 

Smith [245, Vol. II, pp. 623-680] (5 squares), Stanley [248] (7 squares) and 

Williams [272] (12 squares). 

Other relevant papers are Bulygin [54], [55], [56], Carlitz [60], Cooper and 

Hirschhorn [81], Estermann [103], Lomadze [185], Mathews [196], Rankin 

[233], [235] and Uspensky [252], [253]. 

A connection between squares and triangular numbers has been given by 

Cooper and Hirschhorn [80]. 



20 

Concluding Remarks 

In this book we have used Liouville’s ideas to give elementary proofs of many 

arithmetic formulae. Using more advanced mathematics, such as the theory of 

modular forms, we can prove these and other formulae. In this chapter we sketch 

how the theory of modular forms can be used to prove arithmetic identities. To 

keep the discussion concrete, we focus on using modular forms to prove the 

following three identities, which are valid for all n € N, namely, 

1 I 
d_osm)os(n — m) = —oorln) — = poaln), (20.1) 
n—1 

m=1 

n—-1 
65 1 3 

Dd os(m)os(n — m) = aroun) + 5050) — Zt(n), (20.2) 

r4(n) = 80(n) — 320(n/4). (20.3) 

m=1 

The first of these is Theorem 13.5. The second identity cannot be proved 

by Liouville’s method as it contains the non-elementary function t(n) (the 

Ramanujan tau function, see (13.15)). The third identity is Jacobi’s formula for 

r4(n) (Theorem 11.1). 

The set of 2 x 2 matrices with integer entries and determinant | is a group 

with respect to matrix multiplication. This group is denoted by SL2(Z) (“SL” 

stands for Special Linear Group) and is called the modular group, that is 

six(2)= || 4 Al |a,b,c,d €Z, ad —be =I}. 

Let H denote the upper half of the complex plane, that is 

H := {z €C | Im(z) > 0}. 

(=**) Im(z) 
Im = ———_., 

Coad |cez+d |? 

The formula 

262 
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b 
shows that if z € H then sa € H. Letk € N. If f : H — Cis a meromor- 

. . . . CZ . 

phic function, which satisfies the transformation formula 

az+b Se k 
5(S**) = (cz +d) f(z) 

for p A € SL2(Z) and z € H, then f is said to be weakly modular of 

weight k for SL2(Z). If f is weakly modular of weight k for $L2(Z) then it 

satisfies 

f@+l)= f@), zeH, 

ikowal 
as F | € SL2(Z). Thus f has a Fourier expansion 

[OD eng he =e eh, 
neZ 

in a suitable neighborhood of the origin. As f is meromorphic only finitely 

many of the a, with n < 0 are nonzero. In particular if a, = 0 for n < 0 then 

we say that f is holomorphic at oo. A function f : H — C, which is 

(i) weakly modular of weight k for SL2(Z), 

(ii) holomorphic on H, 

(111) holomorphic at 00, 

is called a modular form of weight k for SL2(Z). The set of all modular forms 

of weight k for SL2(Z) is denoted by M;(SL2(Z)). Itis known that M;,($L2(Z)) 

is a finite-dimensional vector space over C. When k is an even positive integer 

the dimension of M;,(SL2(Z)) is given by 

k 
dim(M;(SL2(Z))) = | +O, 

where 

yy, afi ifk #2 (mod 12), 
k= )0, ifk =2(mod 12). 

Let k be an even integer with k > 2. The Eisenstein series E;,(q) is defined 

by 

2k 
BiG) = Wee og =e re Hl, 

n=1 
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where the Bernoulli numbers B,, (m € No) were defined in (3.17) (or (3.18)). 

As By = 1/6, Bg = —1/30, Bo = 1/42, Bg = —1/30, Bio = 5/66 and By = 

—691/2730, we have 

E,(q): = 1-24) o(n)q”, 
n=1 

E4(q) : = 14240) 03(n)q", 
n=1 

E6(q) : = 1 — 504} \05(n)q”, 
n=1 

E3(q) : = 1+480) \o7(n)q", 
n=1 

E,0(q) : = 1 — 264) | o0(n)q", 
n=1 

pc DOREY 
E42(q): = 6o1 er mule 

The Eisenstein series E>(q) is not a modular form. However, it is known that 

for k > 4 the Eisenstein series E;,(q) is a modular form of weight k for the 

modular group, that is 

E, € M,(SL(Z)), kEeN, k (even) > 4. 

If f, is a modular form of weight k, for SL2(Z) and f> is a modular form 

of weight ky for SL2(Z) then f; f2 is a modular form of weight k,; + k» for 

SL>(Z). Thus we have 

Ey! € M(SL2(Z)), k (even) > 4, €(even)>4, &[k. 

We now prove (20.1). We have 

Ej, Ex € Mg(SL2(Z)). 

By (20.4) we have 

dim(Mg(SL2(Z))) = S| ‘ogi "02-1 = 1. 

Hence there exists c € C such that 



Concluding Remarks 265 

Thus 

CO co 2 

1+ 480° o7(n)q” =c ( fi 240) osu 
n=1 n=1 

Equating constant terms, we deduce that c = 1. Then, equating coefficients of 

q” (n € N), we deduce 

n—-l 

48007(n) = 48003(n) + 2407 Ds 03(m)o3(n — m) 
m=1 

from which (20.1) follows. 

Next we prove (20.2). We have 

E}, Ez, E12 € Mi2(SL2(Z)). 

Thus 

1 
IN = = es — E2) € My2(SL2(Z)). 

Ramanujan has shown that 

[o-) 

A@)=q|]a-4")" 
n=) 

so that by (13.15) we have 

oe) 

A(q) = >) t(n)q", 
n=1 

where t(n) is the Ramanujan tau function. We show that E12 and A are linearly 

independent over C. For suppose 

aEy,+bA =0 

for some a, b € C. Taking g = 0 we obtain 

aE\2(0) + bA(O) = 0 

so that (as E;2(0) = 1, A(O) = 0) we have a = 0 and thus b = 0. Now 

12 
dim M,2(SL2(Z)) = Fa a= OF) = LS le 2 
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so that {E}7, A} is a basis for the vector space M12(SL2(Z)). Hence there exist 

c,d € C such that 

EZ = cE}? +d. 

Hence 

2 
= 65520 =< 

(' — 504 ye csi’) = = (14 Sor = o11(n)q” +d De t(n)q”. 

n= n=l 

Taking g = 0 we obtain c = 1. Equating coefficients of g, we deduce 

65520 
1008 = —— +d 

691 23 

so that 

_ —762048 

So ae 

Equating coefficients of g” (n € N), we have 

n—1 
se 762048 

—100805(n) + 504 Y° o5(m)os(n — m) = appa bike aaa mc 
m=1 

from which (20.2) follows. 

Finally we prove (20.3). We require the subgroup 

T(4) = {|< 4 € SL>(Z) | c = 0 (mod 4) 

of SL2(Z). We note that |; | € I9(4) and [SL2(Z) : 1o(4)] = 6. Ramanu- 

jan’s theta function g(q) is defined by 

9(q) = >> 4” 
neZ 

Clearly 

gq) = >_ ra(n)q”. 
n=0 

The function g*(q) is not weakly modular of weight 2 for SL7(Z). However it 

satisfies 

4(aztb al Dy ci 
g (=**) = (cz + d)°y"(z) 
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b 
for F 2 € T9(4) and z € H so we say that *(q) is weakly modular of 

weight 2 for I9(4). Let k € N. A function f : H — C, which is 

(1) weakly modular of weight k for [9(4), 

(ii) holomorphic on H,, 

(iii) and such that (cz + d)~* f ( aztb) is holomorphic at 00 

for all B : | € SL>(Z), 
Oval 

is called a modular form of weight k for I'o(4). The set of all modular forms 

of weight k for [9(4) is denoted by M;(ITo(4)). It is known that M;(To(4)) 

is a finite-dimensional vector space over C. In particular we have y*(q) € 

M>(T(4)) and dim M2(T(4)) = 2. The Eisenstein series 

E2(q) = 1-24) °o(n)q" 
n=1 

is such that 

E>(q) — 2E2(q”) € M(To(4)) 

and 

Ep(q”) — 2E2(q*) € M2(T0(4)). 

Since 

Ex(q) — 2E2(q”) = —1 — 24q — 249? ---: 

and 

E>(q”) — 2E2(q*) = —1 — 24g” — 24q* — --- 

itis clear that Ey(q7) — 2E2(q*) and E(q”) — 2E2(q*) are linearly independent 

over C and thus form a basis for M2(T'9(4)). As g(g)* € M2(T0(4)) there exist 

e, f € C such that 

g(q)" = e(E2(q) — 2E2(q")) + f(E2(q”) — 2E2(q*)). 
Thus 

WE 89 424g? ee e(E 1 Ag dg? Sen) 

+ f(—1 — 24g? — 24g* —---). 

Equating constant terms and the coefficients of g, we obtain 

—-e—f=1, —24e=8, 
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so that 

e=-1/3, f =-2/3. 

Therefore 

gq) = —5(B2(q) — 2E,(q*)) — = (Ex(q?) — 2E,(q")). 

Hence 

1 4 
= —<-E ~E,(q4 3 2(q) + 3 2(q°) 

1 = . 4 eo ‘ 
nig (' = eo +, ( — 245) o(n)q* 

n=1 

Re — = 7, Q 
= 

1+8 5 Gaia — 32 y > o(n)q™ 

n=1 n=1 

[e,@) (o-) 

=14+8) o(n)q" — 32) a(n/4)q”. 
n=1 n=1 

Equating coefficients of g” (n € N), we deduce 

r4(n) = 80(n) — 320 (n/4), 

which is Jacobi’s formula for r4(n). 

The reader will find proofs or references to proofs of the facts used in these 

remarks in Kilford’s book on modular forms [153]. 
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